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Abstract. Recently, the property of unambiguity in alternating Turing
machines has received considerable attention in the context of analyzing
globally-unique games by Aida et al. [1] and in the design of efficient pro-
tocols involving globally-unique games by Crasmaru et al. [7]. This paper
investigates the power of unambiguity in alternating Turing machines in
the following settings:

1. We construct a relativized world where unambiguity based hierar-
chies—AUPH, UPH, and UPH—are infinite. We construct another
relativized world where UAP (unambiguous alternating polynomial-
time) is not contained in the polynomial hierarchy.

2. We define the bounded-level unambiguous alternating solution class
UAS(k), for every k > 1, as the class of sets for which strings in the
set are accepted unambiguously by some polynomial-time alternat-
ing Turing machine N with at most k alternations, while strings not
in the set either are rejected or are accepted with ambiguity by N. We
construct a relativized world where, for all &k > 1, UP<, C UP<g41
and UAS(k) C UAS(k +1).

3. Finally, we show that robustly k-level unambiguous polynomial-time
alternating Turing machines accept languages that are computable
in P¥reA , for every oracle A. This generalizes a result of Hartmanis
and Hemachandra [11].

1 Introduction

Chandra, Kozen, and Stockmeyer [6] introduced the notion of alternation as
a generalization of nondeterminism: Alternation allows switching of existen-
tial and universal quantifiers, whereas nondeterminism allows only existential
quantifiers throughout the computation. Alternation has proved to be a central
notion in complexity theory. For instance, the polynomial hierarchy has a char-
acterization in terms of bounded-level alternation [6,23], the complexity class
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PSPACE can be characterized in terms of polynomial length-bounded alterna-
tion [6], and many important classes have characterizations based on variants of
alternation (see Chapter 19 of [20]).

Unambiguity in nondeterministic computation is related to issues such as
worst-case cryptography and the closure properties of #P (the class of functions
that count the number of accepting paths of NP machines). The complexity class
UP captures the notion of unambiguity in nondeterministic polynomial-time
Turing machines. It is known that one-to-one one-way functions exist if and only
if P # UP [10, 14] and that UP equals probabilistic polynomial-time if and only if
#P is closed under every polynomial-time computable operation [19]. Factoring,
a natural problem with cryptographic applications, belongs to UP N coUP and
is not known to belong to a subclass of UP N coUP nontrivially.

This paper studies the power of unambiguity in alternating computations.
Niedermeier and Rossmanith [18] gave the following definition of unambiguity
in alternating Turing machines: An alternating Turing machine is unambiguous
if every accepting existential configuration has exactly one move to an accepting
configuration and every rejecting universal configuration has exactly one move
to a rejecting configuration. They introduced a natural analog UAP (unambigu-
ous alternating polynomial-time) of UP for alternating Turing machines. Lange
and Rossmanith [17] proposed three different approaches to define a hierarchy for
unambiguous computations: The alternating unambiguous polynomial hierarchy
AUPH, the unambiguous polynomial hierarchy UPH, and the promise unam-
biguous hierarchy UPH. Though it is known that Few C UAP C SPP [18] and
AUPH C UPH C UPH C UAP [7,17], a number of questions—such as, whether
UAP is contained in the polynomial hierarchy, whether the unambiguity based
hierarchies intertwine, whether these hierarchies are infinite, or whether some
hierarchy is contained in a fixed level of the other hierarchy—related to these
hierarchies have remained open [17]. Relatedly, Hemaspaandra and Rothe [13]
showed that the existence of a sparse Turing-complete set for UP has conse-
quences on the structure of unambiguity based hierarchies.

Recently, Aida et al. [1] introduced “uniqueness” properties for two-player
games of perfect information such as Checker, Chess, and Go. A two-person per-
fect information game has global uniqueness property if every winning position
of player 1 has a unique move to win and every mis-step by player 1 is punishable
by a unique winning reply by player 2 throughout the course of the game. Aida et
al. [1] showed that the class of languages that reduce to globally-unique games,
i.e., games with global uniqueness property, is the same as the class UAP. In
another recent paper, Crasmaru et al. [7] designed a protocol by which a series
of globally-unique games can be combined into a single globally-unique game,
even under the condition that the result of the new game is a non-monotone
function of the results of the individual games that are unknown to the play-
ers. In complexity theoretic terms, they showed that the class UAP is self-low,
ie., UAPYAY = UAP. They also observed that the graph isomorphism problem,
whose membership in SPP was shown by Arvind and Kurur [2], in fact belongs
to the subclass UAP of SPP.



In this paper, we investigate the power of unambiguity based alternating
computation in three different settings. First, we construct a relativized world
in which the unambiguity based hierarchies—AUPH, UPH, and UPH—are in-
finite. We construct another relativized world where UAP is not contained in
the polynomial hierarchy. This latter oracle result strengthens a result (relative
to an oracle, UAP differs from the second level of UPH) of Crasmaru et al. [7].
Our results show that proving that any of the unambiguity based hierarchies
is finite or that UAP is contained in the polynomial hierarchy is impossible by
relativizable proof techniques. We mention that the structure of relativized hi-
erarchies of classes has been investigated extensively in complexity theory (see,
for instance [5,12,15,16,25]) and our investigation is a work in this direction.

Second, for every k > 1, we define a complexity class UAS(k) as the class
of sets for which every string in the set is accepted unambiguously by some
polynomial-time alternating Turing machine N with at most k£ alternations,
while strings not in the set either are rejected or are accepted with ambiguity
by N. A variant of this class (denoted by UAS in this paper), where the number
of alternations is allowed to be unbounded, was studied by Wagner [24] as the
class VP of all sets which can be accepted by polynomial-time alternating Turing
machines using partially defined AND and OR functions.® Beigel [3] defined the
class UP <y, as the class of sets in NP that are accepted by nondeterministic
polynomial-time Turing machines with at most k(n) accepting paths on each
input of length n. Beigel [3] constructed an oracle A such that PA ¢ UPA ¢
UPék(n) C UPék(n)_H C FewP? ¢ NP#, for every polynomial k(n) > 2. We
show that there is a relativized world B such that, for all £ > 1, UP%, ¢ UPE,CH,
UAS(k)® < UAS(k + 1)B, and relative to B, the second level of UPH is not
contained in any level of AUPH.

Finally, we investigate the power of alternating Turing machines that pre-
serve the bounded-level unambiguity property for every oracle. We show that a
polynomial-time alternating Turing machine that preserves k-level alternation
unambiguously in every relativized world requires only weak oracle access in
every relativized world, i.e., for every oracle A, the language of such a machine
can be computed in P¥i®A. This is a generalization of a result of Hartmanis
and Hemachandra [11], which states that if a nondeterministic polynomial-time
Turing machine is robustly categorical (i.e., for no oracle and for no input, the
machine has more than one accepting path), then for every oracle A, the machine
accepts a language in PNPO&A,

The paper is organized as follows. Section 2 describes the notations and the
definitions that are relevant to this paper. In Section 3, we describe our results
on relativized separations of unambiguity based hierarchies and relativized non-
inclusion of UAP in the polynomial hierarchy. In Section 4, for every k > 1, we
define a complexity class UAS(k) and study its relativized complexity w.r.t. the

3 The partial counterparts AND* and OR* differ from boolean functions AND and
OR, respectively, as follows: AND™ is undefined for input (0,0) and OR" is undefined
for input (1, 1). Thus, these partially defined boolean functions are the unambiguous
counterparts of boolean AND and OR functions, respectively.



bounded-ambiguity class UP<j 1. Finally, Section 5 includes our results on the
power of robustly bounded-level unambiguous polynomial-time alternating Tur-
ing machines. (Proofs omitted due to space limitations can be found in the
detailed version available at http://www.cs.rochester.edu/trs/theory-trs.html.)

2 Preliminaries

Let NT denote the set of positive integers. We assume that the root of a computa-
tion tree of every alternating Turing machine (or, ATM in short) is an existential
node. We recursively assign levels in a computation tree T of an ATM as follows:
(a) the root of T is at level 1, (b) if a node v is assigned a level ¢ and if v is
an existential node, then the first nonexistential (i.e., universal or leaf) node w
reachable along some path from v to a leaf node of T is assigned level i 4 1,
(c) if a node v is assigned a level 7 and if v is a universal node, then the first
nonuniversal (i.e., existential or leaf) node w reachable along some path from v
to a leaf node of T' is assigned level ¢ 4+ 1, and (d) for all other nodes of T', the
concept of levels is insignificant to this work and so the levels are undefined. We
term the nonleaf nodes for which levels are defined as the salient nodes in the
computation tree of an ATM. For any k € NT, a k-level ATM is one for which,
on any input, the maximum level assigned to a salient node in the computation
tree of the ATM is at most k.

For every polynomial p(.) and for every predicate R(z,y, z) of variables x, y, z,
we use (IPly)(VP12)R(x,y, z) to indicate that there exists a unique value y; for
the y variable with |y1| < p(|z|), such that for all values z; for the z variable
with |z1] < p(|z]), R(z,y1,21) is true, and for all values yo # y; for the y
variable with |ya| < p(|z]), there exists a unique value z(ys) for the z variable
with |z(y2)| < p(Jz|), such that R(z,y2,2(y2)) is false. In the same way, we
interpret expressions, such as (FPlyy)(VPlys)(FPlys) ... R(x,y1,Y2,Ys, . ..), with
an arbitrary number of unambiguous alternations.

Definition 1 (Unambiguity Based Hierarchies [17,18]).

1. The alternating unambiguous polynomial hierarchy AUPH =4 (J,~, AUXY,
where AUYY =4 P and for every k > 1, AUSY is the class of all sets L C X*
for which there exist a polynomial p(.) and a polynomial-time computable
predicate R such that, for all x € X%,

x € L= (FPly;)(VPlya) .. . (QPlyx) R(z, 91, Y2, - -, Yk), and
v ¢ L= ("y)(F) .. (Q"lyk)~R(x, 91, Y2, - Yr),

where Q =3 and Q =V if k is odd, and Q =V and Q = 3 if k is even.

2. The unambiguous polynomial hierarchy is UPH =4 |J,~, UX}, where ULY
=af P and for every k > 1, UXY =4 UPY¥i-1,

3. The promise unambiguous polynomial hierarchy is UPH =4 UpsqUEY,
where UXE =4 P, UL =4 UP, and for every k > 2, UXY is the class
of all sets L € X%V such that for some oracle NPTMs Ny, Na, ..., Ng,



LL(Ng)

L = L(NlL(Né )), and for every x € X* and for every 1 < i < k —

'.L(Nk-)

(N> )(w) has at most one accepting path and if N; asks a query
_.L(Nk) '.L(Nk)

w to its oracle L(N;,, ) during the computation of Ny (z), then

LL(NR)
N1 (w) has at most one accepting path.

1, N

Definition 2. [18] UAP is the class of all sets accepted by unambiguous ATMs
in polynomial time.

Theorem 3. 1. Forallk >0, AUXYY CUXY CUxy C X7 [17].
2. Forallk > 1, UP<, C AUXP C USP CUSP C UAP ([7] + [17)).
3. Few C UAP C SPP ([17] + [18)).

3 Relativized Separations of Unambiguity Based
Hierarchies

In this section, we apply random restrictions of circuits for separating the levels
of unambiguity based hierarchies. Sheu and Long [22] constructed an oracle
A relative to which UP contains a language that is not in any level of the
low hierarchy in NP. Formally, Sheu and Long [22] showed that (3A)(Vk >

1)[2£’UPA ¢ Eﬁ’A}. In their proof, they introduced special kinds of random
restrictions that were motivated by, but different from, the restrictions used by
Hastad [12]. Using the random restrictions of Sheu and Long [22], we construct a
relativized world A in which the unambiguity based hierarchies—AUPH, UPH,
and UPH—are infinite. This extends the separation of relativized polynomial
hierarchy [25,12] to the separations of unambiguity based relativized hierarchies.
We use the same restrictions to construct an oracle A relative to which UAP
is not contained in the polynomial hierarchy. Our separation results imply that
proving that any of the unambiguity based hierarchies extend up to a finite level
or proving that UAP is contained in the polynomial hierarchy is beyond the
limits of relativizable proof techniques.

We now introduce certain notions that are prevalent in the theory of circuit
lower bounds. We represent the variables of a circuit by v,, for some z € X*. The
dual of a circuit C is obtained from C' by replacing OR gates with ANDs;, AND
gates with ORs, variables x; with =;, and variables =; with x;. A restriction p
of a circuit C is a mapping from the variables of C' to {0,1,x}. We say that
a restriction p of a circuit C is a full restriction if p assigns 0 or 1 to all the
variables in C. Given a circuit C' and a restriction p, C[, denotes the circuit
obtained from C' by substituting each variable = with p(z) if p(x) # . For every
A C X*, the restriction ps on the variables v, of a circuit C' is pa(v,) = 1 if
z€ A, and pa(v,) =0if z ¢ A. The composition of two restrictions p; and po,
denoted by p;pa, is defined as follows: For every x € X*, p1pa(x) = pa(p1(x)).

We define specialized circuits, Xk (m)-circuits and T (m)-circuits, used for
constructing relativized worlds involving X and Iy classes.



Definition 4. For every m > 1 and k > 1, a Xy (m)-circuit is a depth k + 1
circuit with alternating OR and AND gates such that

1. the top gate, i.e., the gate at level 1, is an OR gate,
2. the number of gates at level 1 to level k — 1 is bounded by 2™,
3. the fanin of gates at level k 4+ 1 is < m.

A Iy (m)-circuit is the dual circuit of a Xy (m)-circuit.

For every k > 1, we say that o is a Z‘i’(')—predicate if there exist a predicate
R(A;x,u1,...,yk) over a set variable A and string variables x, y1, yo, . . . , Yk, and
a polynomial ¢ such that the following hold: (i) R(A4;x,y1,¥y2,-..,yx) is com-
putable in polynomial time by a deterministic oracle Turing machine that uses
A as the oracle and {x, y1, . .., yr) as the input and (ii) for every set A and string
z, o(A;z) is true if and only if (3%y;)(Viy2) ... (Qlyr)R(A; 2, y1,y2,. .., yk) is
true, where Qr = 3 if k is odd and Q) = V if k is even. We say that o is a
H,f’(‘)—predica‘ce7 for k>1,if o isa E,f’(‘)—predicate.

The following proposition states the relationship between Elf’(‘)

-predicates
(H,f’(‘)—predicates) and X (m)-circuits (respectively, ITj(m)-circuits).

Proposition 5 (see [15,21,22]). Let k > 1. For every Eg’(')—predicate (H,f’(')—
predicate) o, there is a polynomial q(.) such that, for all x € X*, there is a
Zi(q(|x]))-circuit (respectively, II(q(|z|))-circuit) Cy , with the following prop-
erties:

1. For every A C X*, Cya[p,=1 if and only if o(A;x) is true, and
2. if v, represents a variable in C, , then |z| < q(|z]).

Let B = {B;};_,, where B;’s are disjoint sets that cover the variables of C,
and let ¢ be a real number between 0 and 1. Sheu and Long [22] defined two
probability spaces of restrictions, ]%;; g and R; 5 and a function ¢’ that maps a
random restriction to a restriction. A random restriction p € RIB (pe E;B) is
defined as follows: For every 1 < ¢ < r and for every variable x € B;, let p(x) =
with probability ¢ and p(z) = 1 (respectively, p(x) = 0) with probability 1 — q.
We now define the function ¢’ for p € R+ For every 1 <i <r, let s; = x with
probability ¢ and let s; = 0 with probablhty 1 —gq. Let V; C B; be the set of
variables x such that p(z) = *. ¢’(p) selects the variable v with the highest index
in V;, assigns value s; to v, and assigns value 1 to all other variables in V;. The
function ¢’(p) for p € R; g is defined in an analogous way by replacing 0 with 1
and vice versa.

Lemma 6 (Switching Lemma [22]). Let C be a circuit consisting of an AND
of ORs with bottom fanin < t. Let B = {B;}I_, be disjoint sets that cover the
variables of C, and let q be a real number between 0 and 1. Then, for a random
restriction p € R+B, Prob[Cfpg s not equivalent to an OR of ANDs with
bottom fanin < s] < o, where « < 6qt. The above probability holds even when
R+B is replaced by R o.5: or when C'is an OR of ANDs and is being converted
to an AND of ORs.



Sheu and Long [22] defined a kind of restriction, called U condition, on the
assignment of variables in certain circuits. A restriction p is said to satisfy the U
condition if the following holds: At most one variable is assigned * or 0 in each
set B; if p is a random restriction from R(i 5> and at most one variable is assigned
* or 1 in each set B; if p is a random restriction from R; 5 [22]. Below, we define

a global uniqueness condition (also called GU conditioﬁ) on full restrictions of
any circuit C.

Definition 7. We say that a full restriction p satisfies the GU condition for a
circuit C, if the assignment of variables by p leads to the following characteristics
in the computation of C':

1. If an OR gate G; in C outputs 1, then there is exactly one input gate to G;
that outputs 1, and

2. if an AND gate G; in C outputs 0, then there is exactly one input gate to
G; that outputs 0.

Theorem 8. (3A4)(Vk > 1)[AUE£’A ¢ H,IC”A].

Proof Our proof is inspired from that of Theorem 4.2 (relative to some oracle

D, for all k > 1, E,’;’UPD ¢ ZZ’D) by Sheu and Long [22]. For every k > 1, we
define a test language Ly (B) as follows: Ly (B) C 0* such that, for every n € Nt

0" € Lp(B) = (F"ly1)(V"ya2) ... (Q™yx) [0*1y1y2 ...y, € B], and
0" & Li(B) = (V"ly1)(3"ly2) ... (Q"lyk) [0¥1ynyo ...y & B],

where Q = Jand Q =V if k is odd, and Q =V and Q = 3 if k is even. Choose
O C X* such that, for every k > 1, L, (O) = 0*. For every k > 1, let 04,1, 0%,2, - . -
be an enumeration of Z,f’(')-predicates. In stage (k, i), we diagonalize against oy, ;
and change O at a certain length. Finally, let A := lim,— oo U,en+ O™". We now
define the stages involved in the construction of the oracle.

Stage (k,%): Choose a very large integer n so that the construction in this
stage does not spoil the constructions in previous stages. Also, n must be large
enough to meet the requirements in the proof of Claim 1. Set @ := O—Xkn+1)+1,
Choose a set B C 0¥1X%" guch that the following requirement is satisfied:

0" € Ly(B) <= 01,,(OU B;0") is true. (1)

In Claim 1, we show that there is always a set B C 0¥1X*" satisfying Eqn. (1).
Let O := O U B and move to the next stage.
End of Stage

Clearly, the existence of a set B satisfying Eqn. (1) suffices to successfully finish
stage (k,i). We now prove the statement in Claim 1.

Claim 1 In every stage {k,i), there is a set B C 0¥1X*" satisfying Eqn. (1).



Proof Assume to the contrary that in some stage (k, i), Eqn. (1) is not satisfied.
Then, the following holds: For every B C 0¥1X*" 0" € Ly(B) if and only if
0%, (O U B;0™) is true. We define a C(n, k) circuit as follows: The depth of
C(n, k) is k, the top gate of C(n, k) is an OR gate, the fanin of all the gates at
level 1 to k is 2", and every leaf of C'(n, k) is a positive variable represented by
v, where z € 0¥1X*%". The following proposition is evident.

Proposition 9. For every B C 0F15k",

0" € Ly(B) <= [pB satisfies the GU condition for C(n, k) and C(n,k)[,,= 1],
and
0" € Li(B) <= [pp satisfies the GU condition for C(n,k) and C(n,k)[,,=0].

For every h > 1, we define a family of circuits F*. Ko [15] defined a C' circuit
to be a depth k circuit in .7-',? with fanin of gates at level k exactly equal to v/h
and used these circuits to separate the relativized polynomial hierarchy.

Family .7:',’: of circuits, where h > 1: A circuit C of depth ¢, where 1 < ¢ < k,
is in ]—',? if and only if the following holds:

1. C has alternating OR and AND gates, and the top gate, i.e., the gate at
level 1, of C is an OR gate,

2. the fanin of gates at level 1 to £ — 1 is h,

3. the fanin of gates at level £ is > v/h,

4. every leaf of C' is a unique positive variable.

Let Cy,, , be the ITy(p;(n))-circuit corresponding to =0y ;((.); 0™), for some poly-
nomial p;(.). From Proposition 9, we wish to find a set B C 0¥1.5*" such that (i)
if pp satisfies the GU condition for C(n, k) and C(n, k)[,,= 1, then Co, ,[ppz=
0, and (ii) if pp satisfies the GU condition for C(n, k) and C(n,k)[,,= 0, then
Co,... 1 pous= 1. Clearly, the existence of a set B satisfying (i) and (ii) suffices to
prove the claim. Next, we describe our approach to show the existence of such a
set B.

We define a restriction po on Cy, ; as follows: For every variable v, in Cy, ,,
if z € O then let po(v,) = 1, if z & O UO0F1X*" then let po(v,) = 0, and
if z € 0¥1X%" then let po(v:) = *. Let Cy, ,0) =df Co.,[po- Thus, the only
variables v, appearing in C,, (o) are the ones for which 2 € 0*1X*". Suppose
that no set B C 0¥1X*" satisfying (i) and (ii) exists. Then, the following holds:
For every B C Oklﬂk”,

pp satisfies the GU condition for C(n, k) and C(n,k)[,,= Cs, ;0)]ps=1,
or (2)
pp satisfies the GU condition for C(n, k) and C(n,k)[,,= Cys, ,0)]pz= 0.

Lemma 10. For every 1 < ¢ < k and for all sufficiently large h, for any circuit
Cr € FP of depth £, and for any II,(m)-circuit Cy., if it holds that



(for every full restriction p satisfying the GU condition for Cr)[Cx[,= Cx[,],
then m > & - h'/3, where § = 1/12.

Since C(n, k) € F2", Cy,...(0) is a I} (p;(n)) circuit, and p;(n) = 0(2"/3), we get
a contradiction with Eqn. (2) and Lemma 10. | (Claim 1 and Theorem 8)

Corollary 11. There is an oracle A relative to which the alternating unambigu-
ous polynomial hierarchy AUPH, the unambiguous polynomial hierarchy UPH,
the promise unambiguous polynomial hierarchy UPH, and the polynomial hier-
archy PH are infinite.

Note that Theorem 8 does not imply relativized separation of UAP from PH
in any obvious way. We achieve this separation, using the proof techniques of
Theorem 8, in Theorem 12.

Theorem 12. (3A)[UAPA ¢ PHA|.

Crasmaru et al. [7] showed that there is an oracle relative to which UAP # U 37.
Corollary 13 shows that in some relativized world, UAP is much more powerful
than the promise unambiguous polynomial hierarchy UPH. Thus, Corollary 13
is a strengthening of their result.

Corollary 13. There is an oracle relative to which UPH C UAP.

4 Complexity of Unambiguous Alternating Solution

Wagner studied the class VP, denoted by UAS in this paper, of all sets that are
accepted by polynomial-time alternating Turing machines with partially defined
AND and OR functions. UAS is a natural class with complete sets and is related
to UAP in the same way as US [4] is related to UP. We define a variant of UAS,
denoted by UAS(k), where the number of alternations allowed is bounded by
some constant k > 1, instead of the unbounded number of alternations in the
definition of UAS. (Thus, UAS(1) is the same as the unique solution class US.)

Definition 14. [24] The class UAS, denoted by VP in [24], is the class of all
sets L C X* for which there exist polynomials p(.) and q(.), and a polynomial-
time computable predicate R such that, for all x € X*,

z € L <= (F1y1)(Vy2) ... (@ yg)R(z, y1,2, - - - Yq),
where Q = 3 if q(|z]) is odd and Q =V if q(|z|) is even.

The class UAS(k), for every k > 1, consists of all sets for which strings in the
set are accepted unambiguously by some polynomial-time alternating Turing
machine N with at most k alternations, while strings not in the set either are
rejected or are accepted with ambiguity by N. A formal definition is as follows.
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Definition 15. The class UAS(k), for k > 1, is the class of all sets L C X* for
which there exist a polynomial p(.) and a polynomial-time computable predicate
R such that, for all x € X%,

x € L <= (FPly1)(VPlya) ... (QPlyr)R(z,y1,Y2, - - -, Yk)
where Q = 3 if k is odd and Q =V if k is even.

Theorem 16. 1. US CUAS C C_P and UAS CVaP [24].
2. For every k > 1, UP C US C UAS(k) € UAS(k 4 1) C UAS.
3. For every k > 1, AULY C UAS(k) C Pk,

Recall from Theorem 3(2) that UP<;, C AUXY, for every k > 1. Thus, it follows
from Theorem 16(3) that UP<, C UAS(k). However, Theorem 17 shows that
relative to an oracle A, for all k > 1, UP<j11 is not contained in UAS(k).
Thus relative to the same oracle, the bounded ambiguity classes UP<; and the
bounded-level unambiguous alternating solution classes UAS(k), for k& > 1, form
infinite hierarchies. Theorem 17 also implies that there is a relativized world
where for all k£ > 1, UP<y41 is not contained in AUXY. In contrast, Lange and
Rossmanith [17] proved that FewP C U/ X% in every relativized world. It follows
that relative to the oracle of Theorem 17, for all k > 1, UX5 ¢ AUXY.

Theorem 17. (3A)(Vk > 1)[UPZ,,; € UAS(k)*].

Corollary 18. There is an oracle A such that, for every k > 1, UP“<4,€ C

UPZ,. .1, AUSPA € AUDPY UASA(K) € UASA(k+1), andUSH™ ¢ AUSPH.

5 Power of Robustly Unambiguous Alternating Machines

Hartmanis and Hemachandra [11] showed that robustly categorical nondeter-
ministic polynomial-time Turing machines (i.e., NPTMs that for no oracle and
no input have more than one accepting path) accept simple languages in the
sense that, for every oracle A, the languages accepted by such machines are in
PNP®A Thus, if P = NP, then NPTMs satisfying robustly categorical prop-
erty cannot separate P4 from NP“, for any oracle A. Theorem 19 generalizes
this result of Hartmanis and Hemachandra [11] and shows that, for every oracle
A, robustly k-level unambiguous polynomial-time alternating Turing machines
accept languages that are in pPrio4, Thus, similar to the case of robustly cate-
gorical NPTMs, if P = NP, then robustly k-level unambiguous polynomial-time
alternating Turing machines cannot separate P4 from Ei’A, and consequently
cannot separate P4 from NP4,

Theorem 19. For all k € N*, the following holds:
(VA)[N4 is a k-level unambiguous polynomial-time ATM] = (V.A)[L(N*) € P¥£®4],

Corollary 20. For all k € Nt if P = NP and (VA)[NA is a k-level unambigu-
ous polynomial-time ATM)], then (VA)[L(N4) € PA].
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Crescenzi and Silvestri [8] showed that languages accepted by robustly comple-
mentary and categorical oracle NPTMs are in P(UPUcoUP)&A Ty fact, their proof
actually shows that the languages of such machines are in P(UPNeoUP)®A Theo-
rem 21 is a generalization of this result of Crescenzi and Silvestri [8] for robustly
bounded-level unambiguous polynomial-time alternating Turing machines.

Theorem 21. For all k;, k;j € N*t, if for all oracles A, NiA and N;4 are, respec-
tively, k;-level and kj-level unambiguous polynomial-time ATMs and L(N,;A) =

L(N]A), then for all oracles A, L(N#) € P(UpzkflmCOUPEkfl)eaA, where k =

max{k;, k;}.

6 Open Questions

We now mention some future research directions. Theorem 8 implies that there
is a relativized world where the unambiguity based hierarchies are infinite. How-
ever, a number of questions related to the relativized structure of unambiguity
based hierarchies remain open. For instance, is there a relativized world where
AUPH is finite, but UPH and UPH are infinite? Is there a relativized world
where the polynomial hierarchy is infinite, but AUPH and UPH collapse?

Hemaspaandra and Rothe [13] showed that if UP has a sparse Turing-complete
set, then for every k > 3, UEZ cu Eﬁil. Are there other complexity-theoretic
assumptions that can help in concluding about the structure of unambiguity
based hierarchies?

Fortnow [9] showed that PH C SPP relative to a random oracle. Theorem 12
shows that there is a relativized world where UAP ¢ PH. Can we extend the
oracle separation of UAP from PH to a random oracle separation?

Aida et al. [1] and Crasmaru et al. [7] discussed whether UAP equals SPP.
In fact, Crasmaru et al. [7] pointed out their difficulty in building an oracle A
such that UAPA + SPP#. Can the ideas involved in oracle constructions in this
paper be used to attack this problem?

Finally, is it the case that similar to robustly bounded-level unambiguous
polynomial-time ATMs, robustly unbounded-level unambiguous polynomial-time
ATMs require weak oracle access in every relativized world?

Acknowledgment We thank Lane Hemaspaandra for helpful advice and guid-
ance throughout the project.
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