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Abstract

The 1-versus-2 queries problem, which has been extensively studied in computational
complexity theory, asks in its generality whether every efficient algorithm that makes
at most 2 queries to a X¥-complete language Ly, has an efficient simulation that makes
at most 1 query to L. We obtain solutions to this problem for hypotheses weaker than
previously considered. We prove that:
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(I) For each k> 2, P,»" CZPP*+") — PH = ¥}, and

arn PN ¢ zppNPll — pH = g2,

Here, for any complexity class C and integer j > 1, we define ZPPCU to be the class
of problems solvable by zero-error randomized algorithms that run in polynomial time,
make at most j queries to C, and succeed with probability at least 1/2+1/poly(-). This
same definition of ZPPC[J], also considered in [CCO06], subsumes the class of problems
solvable by randomized algorithms that always answer correctly in expected polynomial
time and make at most j queries to C.

Hemaspaandra, Hemaspaandra, and Hempel [HHH98|, for & > 2, and Buhrman and
Fortnow [BF99], for k¥ = 2, had obtained the same consequence as ours in (I) using

P

the stronger hypothesis Pi’“p] C P¥ill. Fortnow, Pavan, and Sengupta [FPS08] had
obtained the same consequence as ours in (II) using the stronger hypothesis PtNth -
PNP[l] )

Our results may also be viewed as steps towards obtaining solutions to arguably the

p

most general form of the 1-versus-2 queries problem: For any k > 1, whether Ptzt’c 2 can
be simulated in BPPZ# 1,
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1 Introduction

1.1 Background

Krentel [Kre88] studied the functional version of the 1-versus-2 queries problem. He proved
that if every deterministic polynomial-time computable function that makes at most two
queries to SAT has a deterministic polynomial-time simulation that makes at most one
query to SAT, then P = NP. That is, if FPNP ¢ FPNPI then P = NP. There has
also been work on the functional versions of other related query problems (see, e.g., [Kre88,
ABGO03,CP07]).

The decision version of the 1-versus-2 queries problem seems to be more difficult than its
functional counterpart. A long list of work on the decision version of the 1-versus-2 queries
problem has appeared in the literature. We review the progress made on this problem.
Kadin [Kad88] proved that if PNPRI € PNPII then NP C coNP/poly. Yap [Yap83]
proved that the polynomial hierarchy collapses to the third level if NP C coNP/poly,
and Cai et al. [CCHOO05] improved this collapse to SN under the same assumption.
Thus, Kadin’s result implied that if PNPRI € PNPI then PH = SYP. Wagner [Wag89)]
improved Kadin’s result and showed that the polynomial hierarchy collapses to P2 under
the assumption PNPI2l € PNPUI Bejgel, Chang, and Ogiwara [BCO93| built upon the work
of Wagner [Wag89] and Chang and Kadin [CK96] and made further improvements to the
solution of PNPI2l ¢ PNPI They proved that if PNPI2l € PNPI then every language in
the polynomial hierarchy can be solved by a deterministic polynomial-time oracle Turing
machine that makes at most one query to an NP oracle and at most one query to a 35

oracle. Since it is known that PNF[2l ¢ PNPL] jf ngp] C PNPl] [CK95], all these results
involving the hypothesis PNP[2l € PNPI] 4]0 hold if we assume the weaker hypothesis
PEPD] c pNP[]

Hemaspaandra, Hemaspaandra, and Hempel [HHH98] studied the 1-versus-2 queries

P
problem in a more general context. They proved that for k > 2, if Pi’“ 2 C Pl then

PH = ZZ, and extended this result for the 1-versus-2 queries problem to the result for an
even more general problem: the m-versus-(m + 1) queries problem. In particular, they
proved that for each m > 0 and each k > 2, if every deterministic polynomial-time Turing
machine that makes at most m + 1 truth-table queries to a Ei—complete language Ly has a
deterministic polynomial-time simulation that makes at most m truth-table queries to Ly,

then the boolean hierarchy over Ei collapses to the m’th level. That is, they proved that

P P
for each m > 0 and each & > 2, if P ¢ PYH™ hen DIFF,,(S?) = coDIFF,, (20) =

BH(Ei).2 It is known that if the boolean hierarchy collapses, then the polynomial hierarchy

'SP introduced independently by Russell and Sundaram [RS98] and by Canetti [Can96], is called the
symmetric alternation class. The definition of SY¥ is the same as that of S5 (see Definition 2.3) except with
the following difference: In S5, the polynomial-time predicate R has no oracle access whereas in SYP R has
access to an NP oracle. It is known that P™ C S§F C X2 N TI3.

*For any complexity class C, the boolean hierarchy BH(C) over C [CGHT88,CGHT89] is defined as follows:
BH(C) =ar U,,,», DIFF.,(C), where DIFF(C) = C and for all m > 1, DIFF,,+1(C) ={L | (3L, € C)(3L: €



also collapses (see, e.g., [Kad88,Wag89,CK96,BC093]). Thus as a consequence of this
relationship between the two hierarchies (in particular, via a result of Beigel, Chang, and
Ogiwara [BCO93]), the result of Hemaspaandra, Hemaspaandra, and Hempel [HHH98] also
implied that for each m > 0 and each k > 2, if Pii [met1] C Pﬁz [m], then every language in
the polynomial hierarchy can be solved by a deterministic polynomial-time oracle Turing
machine that makes m — 1 truth-table queries to Ei 41 and an unbounded number of queries
to X7.

Hemaspaandra, Hemaspaandra, and Hempel [HHH98] left open the case k = 2 in their
solution to the 1-versus-2 queries problem, which was subsequently settled by Buhrman
and Fortnow [BF99]. Buhrman and Fortnow [BF99] proved that if PtEté’[Q] c P01 then
PH = ¥8. They also proved that no relativizable proof technique can establish a similar

result for NP. That is, they showed that the result “if PEP[Q] C PNPI then PH = NP”
cannot be proved using relativizable proof techniques. In spite of this negative result,
they were able to obtain several other consequences, though weaker than the much sought
after consequence PH = NP, of the ngm C PNPII hypothesis including (a) locally either
NP = coNP or NP has polynomial-size circuits, (b) PH = BPPNPI () ¥b C 115/1,
(d) £5 = UPNPI A RPNPI and (e) PN = PNPUI. OQur result in this paper for the
hypothesis ngp] C ZPPNPI subsumes the consequences (a) and (c) obtained by Buhrman

NP[2] — pNP[1]

and Fortnow [BF99] for their stronger hypothesis Py, . However, we could not

prove the consequences (b), (d), and (e) assuming PEP[Z] C ZPPNPU because of a technical
reason related to the fact that a ZPP computation may have multiple computation paths
corresponding to choices of random strings.

In another paper, for the case k¥ = 2, Hemaspaandra, Hemaspaandra, and
Hempel [HHHO5] extended the solution of the 1-versus-2 queries problem by Buhrman and
Fortnow [BF99] to the solution of the m-versus-(m + 1) queries problem. Hemaspaandra,
Hemaspaandra, and Hempel proved that even for the case £ = 2 and for all m > 0, if
posm T pRM then DIFF,,(S7) = coDIFF,,(SF) = BH(X?). We mention here that
for the case k =1 and for any m > 1, no solution is known for the following version of the
m-versus-(m + 1) queries problem: whether Pii 41 Yas a simulation in Piz b

Fortnow, Pavan, and Sengupta [FPS08] improved upon the result of Buhrman and
Fortnow [BF99] by showing that if PEP[Z] C PNPI then PH = S5. Note that S} satisfies
PNP C 8P [RS98] and S5 C ZPPNP ([Cai07]) € X5 N1, This was the first solution
to the 1-versus-2 queries problem for the case k = 1 (i.e., NP oracle) that achieved a
collapse of the polynomial hierarchy to a level that is known to be not above ¥. A major
ingredient in their proof was a lemma, whose proof ideas were inspired from the paper of
Bshouty et al. [BCGT96]. This lemma states that for every n > 0 and every k > 0, if
SAT has no circuit of size n*+2 at length n, then there exists a polynomial-size collection
S of satisfiable formulas of length n such that every circuit of size n* fails to produce any

DIFF,,(C))[L = L1 — L2]}. We refer the reader to the papers [CGHT88,CGH™89] for the original source,
motivation, structural properties, and applications of the boolean hierarchy.



satisfying assignment for at least one formula from S. This lemma has found applications
elsewhere (see [PSV06)).

Recently, Chakaravarthy and Roy [CRO6] introduced the new classes Ob, YO, and NO}
as subclasses of Sh. These classes were introduced with the motivation of improving several
existing complexity theoretic results such as the classical Karp-Lipton theorem [KIL80] and
a theorem of Yap [Yap83]. Chakaravarthy and Roy [CR06] showed that these new classes
have an implication also on the solution to the 1-versus-2 queries problem. They proved
that if ngm C PNPUI then PH = NOYNYOR. This gives an improvement over the solution
given by Fortnow, Pavan, and Sengupta [FPS08].

More recently, Chang and Purini [CP07] proved that if the NP machine hypothesis holds,
then PEP[Q] C PNPI implies PH = NP. The NP machine hypothesis postulates that there
exist an 0 < € < 1 and a nondeterministic polynomial-time Turing machine N such that
L(N) = 0* and for any 2"°-time bounded deterministic Turing machine M, M (0™) produces
an accepting path of N(0™) only for finitely many n.

1.2 Our Results

In this paper, we obtain solutions to the 1-versus-2 queries problem for the hypothesis
Pii 2 C ZPPEi[l], for integers k > 1. Note that P> is a subclass of ZPPEi[l], and so the
hypothesis we consider here, namely, Piim C ZPPEi[l], is weaker than the previously
considered hypothesis Ptztzm C Pl (see [Kad88,Wag89,BCO93,HHHI8,BF99,FPS08,
CRO06,CP07]). Our results may also be seen as steps towards obtaining solutions to the
general form of the 1-versus-2 queries problem, which can be stated as whether every Piz 2
algorithm has a BPP>:l simulation.

The classes ZPPZII;[”, considered in the hypotheses of the statements of our results, have
been recently used in some inclusion relationships between complexity classes. Cai [Cai07]
proved that S C ZPPNP: however, the question of whether this inclusion is also an equality
is open. Cai and Chakaravarthy [CCO06] proved that if one empowers a ZPP algorithm so
that it is allowed to make at most one query to an NP oracle (for any input and random
string), then such an algorithm can be simulated in S5. In other words, they proved that
ZPPNPI SE. For k > 2, they proved that zpp=ill] C p=il2, They observed that
BPP C zppNPll (also proven implicitly in some other papers) and used this observation
to infer that it is hard to prove ZPPNPII C pNP unconditionally since otherwise it would
yield an unconditional containment of BPP in PNP| which has been open for a long time.

In all these results, the success probability of yARY algorithms, for an arbitrary
complexity class C, is required to be at least 1/2 + 1/poly(-).

2 Preliminaries

Our alphabet is ¥ = {0,1}. N is the set of all nonnegative integers. We assume familiarity
with basic notions in computational complexity theory such as complexity classes (P, NP,



ZPP, BPP, X}, IIY, PZi, PH, etc.), decision problems (SAT, >P-complete languages),
oracles, reductions (<F,, <%, <), and Turing machines (deterministic, randomized). Let
(-,-) be a multi-arity, polynomial-time computable, and polynomial-time invertible pairing
function. DPTM (DPOTM) will stand for “deterministic polynomial-time (oracle) Turing
machine,” and RPTM (RPOTM) will stand for “randomized polynomial-time (oracle)
Turing machine.” For a deterministic Turing machine M and a string x € ¥*, we use
M(x) to denote the computation of M on input x. Similarly, for a randomized Turing
machine M and strings z,r € ¥*, we use M (x;r) to denote the computation of M on input
x and random string r. At few places, we abuse notation for the sake of brevity and let
M(z) € {ACCEPT,REJECT} also denote the outcome of a deterministic Turing machine
M on an input = and let M(z;r) € {ACCEPT,REJECT, 7} also denote the outcome of a
randomized Turing machine M on an input x and a random string r (which sense is being
used for M (z) or M (z;7) will be clear from the context).
We will need the following definition.

Definition 2.1 1. [HHH98] For any oracles C and D, let M(©P) denote a DPOTM M
making at most one query to C and at most one query to D in a truth-table fashion,
i.e., in parallel. Then, for any complezity classes C and D,

PCP) =y {L C 5" | (3C € C)(3D € D)3 DPOTM M)[L = L(M L)},

2. For any oracle C and integer j > 0, let MUl denote a DPOTM M making at most
J adaptive, i.e., sequential, queries to C'. Then, for any complexity class C,

Pl =, {L € ¥* | (3C € €)(3DPOTM M)[L = L(MCU)]}.

3. For any oracle C and integer j > 0, let Mgm denote a DPOTM M making at most
j nonadaptive, i.e., parallel, queries to C. Then, for any complexity class C,

Pl = {L C ¥ | (3C € €)(3 DPOTM M)[L = L(MS )]}

In this paper, we will consider zero-error randomized polynomial-time algorithms that can
make at most j queries, for some j > 1, to an oracle C'. The class of decision problems
solvable by such algorithms is denoted by ZPPCM, where C' is the oracle and j is a bound
on the number of queries to C made by the algorithm. Notice that a Zppclil algorithm
never yields a wrong answer, though on any input it may fail to produce an answer with
bounded probability.

Some subtlety is involved when we talk about the success probability of a bounded
query randomized algorithm (e.g., a ZppCl] algorithm). In particular, while the success
probability of a ZPP algorithm can be amplified from 1/n°M to 1/2 4+ 1/n°M using a
standard technique, which involves running the algorithm on several independently chosen
random strings and making a decision based on the outcome of the runs, the same technique
does not work for the case of ZPPCl] algorithms since an application of the same technique



would result in an algorithm that asks more than the allowed number j of queries to C.
Hence, we need to specify our assumption regarding the success probability of yAQ
algorithms (because different bounds on the success probability of yAR algorithms could
define different complexity classes).

Throughout this paper, we require the success probability of Zppcl] algorithms to be
at least 1/2 4+ 1/poly(-). Cai and Chakaravarthy [CC06] imposed the same requirement on
the success probability of ZPPCU! algorithms in proving their results ZPPNPIU C St and
7ZPPEill] C PEk2 for integers k > 2.

We next formally define ZPPCV! for any arbitrary complexity class C and integer j > 1.

Definition 2.2 ([CCO06]) Let C be a complexity class and j > 1 be an integer. A language
L € ZPPCU! if there exist a RPOTM M(-;-), an oracle C € C, and a polynomial p(-) such
that M satisfies the following requirements for any input x € X*:

1. For any random string r, M (x;r) makes at most j adaptive (i.e., sequential) queries
to the oracle C'.

2. For any random string r, the output MU (x;7) belongs to {ACCEPT,REJECT,?}
such that (a) if x € L, then MCUl(z;r) € {ACCEPT,?} and (b) if x ¢ L, then
MCUl(z;r) € {REJECT,?}. That is, the machine M has zero-error.

3. M succeeds with probability at least 1/2 4+ 1/p(-). That is,

_l’_

Prob, [MCU] (z;7) = ACCEPT or MCW(z;7) = REJECT] >

N | =
]

(l=])

Remarks on the robustness of the class ZPPCU! defined in Definition 2.2. The
class ZPP has two equivalent definitions:

(A) The class of problems solvable by randomized algorithms that always answer correctly
and run in expected polynomial time.

(B) The class of problems solvable by zero-error randomized algorithms that run in
polynomial time and succeed with probability at least 1/poly(+), where the probability
is over the uniform choice of random strings.

These equivalences are not known to hold for ZPPCUl.  Our definition of ZPPCU! in
Definition 2.2 requires the success probability to be at least 1/2 4+ 1/poly(-) (instead of
1/poly(-)), and thus may only partially capture the interpretation of ZPPCUl as in (B).
However, our definition of ZPPV! does indeed fully capture the interpretation of 7ppcll
as in (A), and so in this sense our definition of ZPPCV! is robust. To see this, let P be a
problem solvable by a randomized algorithm M that always answers correctly in expected
polynomial time p(-) and makes at most j queries to C. Consider a randomized algorithm
M’ that on any input x, simulates M (z) for 4p(|z|) steps, outputs according to M if M (x)
halts within 4p(|x|) steps, and outputs ? if M(x) does not halt within 4p(|z|) steps. By
Markov’s inequality, it follows that M’ is a j-query zero-error randomized algorithm for P,



runs in time 4p(-), and succeeds with probability at least 3/4. Thus, P also belongs to the
class ZPPCU! defined in Definition 2.2.

From the above remarks, it follows that ZPPZil1l subsumes the class D of problems
solvable by randomized algorithms that always answer correctly, run in expected polynomial
time, and make at most 1 query to Ei. In this paper, we prove that a Pkl algorithm
cannot be simulated by a zpp=illl algorithm unless the polynomial hierarchy collapses. The
definition of ZPPZ%[! allows to conclude a similar result for algorithms defining the class D.
That is, it follows from our result and from the containment of the class D in ZPP>il1 that
a PZil2 algorithm cannot be simulated by an algorithm of the type D unless the polynomial
hierarchy collapses. Thus, using the definition of ZPP¥:l as in Definition 2.2 makes our
results stronger than the ones we could have for algorithms of the type D.

The class S5 was introduced independently by Russell and Sundaram [RS98] and by
Canetti [Can96]. A formal definition of S} is as follows.

Definition 2.3 ([Can96,RS98]) S} is the class of all languages L for which there exist a
polynomial-time predicate R(-,-,-) and a polynomial p(-) such that for all x € ¥*,

rel = (Fy)(Y2)R(z,y,z2), and
r¢ L = (F2)(Yy)-R(z,y,z).

Here, we define (Fw) =4 (Jw € ¥* : |w| < p(|z])) and (VPw) =g (Vw € ¥* : |w| < p(|z])).

The class S5 contains both MA and PNP [RS98]. Cai [Cai07] proved that S} is a subclass
of ZPPNP. Fortnow et al. [FIKUO05] gave an alternative proof of this result and identified
problems complete for the class promise-Sh, the promise version of S5. They proved that the
problem of approximating the value of a succinctly given zero-sum matrix game to within
an additive factor is complete for promise-S5. They also proved another problem, a version
of Succinet Set Cover, to be complete for promise-S.

For a complexity class C, the complexity class C/poly is defined as follows:

Definition 2.4 ([KL80]) For any complezity class C and function f : N — N, C/f denotes
the class of all languages L such that for some C' € C and for some function h : N — ¥*
satisfying (VYn)[|h(n)| = f(n)], it holds that for all x € X*, x € L <= (z,h(|z|)) € C.

A language L is said to be in C/poly if and only if L € C/p for some polynomial p.

An important structural property of SAT is its 2-query disjunctive self-reducibility. This
means that for any boolean formula ¢(x1,x9,...,z,) of n variables, ¢ € SAT if and only
if ¢p(x1 := true,xa,...,x,) € SAT or ¢(x1 := false,xa,...,2,) € SAT. The 2-query
disjunctive self-reducibility of SAT on ¢ induces a binary self-reduction tree T of ¢ as
follows: The root of T' is ¢, and if ¢’ is a formula in T with free variables 1, xa, ..., T/,
then the two child nodes of ¢’ are ¢'(x1 := true,xa, ..., zy) and ¢ (x1 := false, za, ..., Tm).



3 Results

3.1 The Case of Integers k > 2

Y4
Hemaspaandra, Hemaspaandra, and Hempel [HHH98| proved that for any & > 2, if Pi’cm -

P>l then PH = ¥7. Buhrman and Fortnow [BF99] proved that this result holds also for
the case k = 2: If Pﬁg[z] - PE’Z’[I}’ then PH = ¥8. In Theorem 3.1, we derive the same
consequences under hypotheses weaker than the ones considered in the above two results.

Assuming the hypothesis Piﬁ 2 C ZPPEZ[”, for k > 2, we prove that for a Zi—complete
language Ly, its complement L; belongs to >¥. This will prove that if Pii 2 C ZPPzzm,
then IT7 C X7 and hence the polynomial hierarchy collapses to 7. For technical reasons,
explained below while presenting the proof idea of Theorem 3.1, the proof of Theorem 3.1 is
separated into two lemmas: Lemma 3.2 handles the case of even integers k and Lemma 3.3
handles the case of odd integers k.

For the sake of clarity, the polynomial-length bounds on quantifiers (3, V) are omitted
almost everywhere throughout the paper.

Theorem 3.1 For any integer k > 2,
pAPE) C zppilll — pH = 32,
Proof Theorem 3.1 follows from Lemmas 3.2 and 3.3 stated below. 0  (Theorem 3.1)

We present the proof idea of Theorem 3.1. Fix an integer k > 2. Let Ly be a Ei-complete
language. We can assume w.l.o.g. that Ly is defined so that for all x € ¥*, if k is even then

x € Ly <= (3y1)(Vy2) - (3yk-1)[P2.1,92,....n—1 & SATI, (3.a)
and if £ is odd then

r € Ly <~ (Elyl)(va) T (Vykfl)[¢x7y17y2,---7yk—1 € SAT]- (3’b)

Here ¢z 4, yo,....yr_, 15 @ boolean formula computable in deterministic polynomial time given
T, Y1, Y2, ---, Ye—1. We also define a language D, where

D =df (Lk X m) @) (fk X SAT)
= {(z,¢) | (x € L, and ¢ ¢ SAT) or (z € Ly and ¢ € SAT)}.

Clearly, D € PNP.3) and hence by the hypothesis P(NP.E) C ZPPEz[l], we have D €
7PP> ! via a ZPP [ machine NL+[! such that D = L(NE&[]).

We partition all input strings z into the disjoint sets NICE and NON-NICE as follows:
A string « € NICE if and only if there exist a formula ¢ and a random string r (both of
length bounded by some fixed polynomial in |z|) such that

o NEkU((z 4);r) has a definite outcome, i.e., the outcome is either ACCEPT or
REJECT but not ?, and



o NEkU((z,4);r) makes a query 7 and in fact 7 € Ly,

On the other hand, a string + € NON-NICE if and only if x ¢ NICE. (Thus, NON-NICE
is the same as the set ¥* — NICE.) The strings = that belong to the set NICE are called
nice, otherwise they are called non-nice strings or not nice.

Because the base computation of NE+ll is a ZPP computation and because a ZPP
computation is never wrong, we can easily show that if input strings x are restricted to nice
strings, then Ly, is in Ei. More precisely, we can describe a Eﬁ—procedure UEICE<-) such
that for all x € NICE,

z € Iy« o) '°B(z) = ACCEPT. (3.c)
For a nice string z, the X-procedure o 1°F(z) will include (1) a guess for the formula ¢, (2)
a guess for the random string r, (3) a X¥-procedure for 7 € Ly, and (4) a X5-procedure for
even k and a II5-procedure for odd k that depend on whether the outcome NE (2, 4); )
is ACCEPT or REJECT and whether 1) is in SAT or SAT.

The difficult part of the proof is when the input string x is not nice. In this case, we
notice that for every formula ¢ and for every random string r (both of length bounded by
some fixed polynomial in |z|) such that NE+1((x,1); ) reaches a definite outcome, i.e., the
outcome € {ACCEPT,REJECT}, the query 7 made by NE+[U((z,4);7) to Lj must be
answered “no.” Note that the base computation of N2+l is a ZPP computation and a ZPP
computation yields correct answer with high probability and never yields a wrong answer.
Therefore, for every polynomially length-bounded formula ), the fraction of polynomially
length-bounded random strings r for which NZ#[((z,4));r) reaches a definite outcome,
which would be ACCEPT if (x,v) € D and REJECT if (x,%) & D since D = L(N+[l),
is large (actually, this fraction is at least 1/2 + 1/poly([{x,)|)). Thus, it follows that if =
is not nice, then for every polynomially length-bounded formula v, there is a large fraction
of polynomially length-bounded random strings r such that

e the query 7 made by NL+[U((x,v);7) to Ly, is answered “no,” and

o NELll((z,9);r) = ACCEPT if (z,v) € D and N5 ((z,¢);r) = REJECT if
(z,¢) ¢ D.

At this point, we define an RPTM N, that on input (x, 1), simulates N ({x,)) on a uniform
random string r, answers “no” to the query 7 made by N, and outputs N ({(z,);r). Note
that N, does not require an oracle. We then make the crucial observation that if z is not
nice, then for every polynomially length-bounded v, Ny, determines (z,) € D in a BPP
fashion. That is, if = is not nice, then the following conditions hold for every polynomially
length-bounded :

If (x,v) € D, then Nyo({(z, 1)) accepts with high probability, and if (x,v) & D,
then Nyo({(x, 1)) rejects with high probability.

Notice that in the simulation of Ny, on input (x,1), if the answers supplied to the oracle
queries corresponding to different choices of random strings r are correct, then the outcomes



of Ny are either ACCEPT and ? or REJECT and ?. But if the answers supplied to the
oracle queries for choices of random strings r are incorrect, then the outcomes of Ny, on
such 7’s could be ACCEPT, REJECT, and 7.

Since a BPP computation can be performed in P/poly, if = is not nice then there is a
deterministic polynomial-time simulation of Ny, that uses a polynomial-length advice string.
(The P/poly simulation of Ny, requires amplifying the success probability of Ny,, which
can be accomplished without any trouble, unlike the case of a bounded query randomized
algorithm, since N, does not require an oracle.) Thus, it follows that if = is not nice,
then for every polynomially length-bounded v, we can determine whether (x,v) € D in
deterministic polynomial time when given this advice string.

For even integers k, we use the expression

r & Ly, <= (Yy1) Fy2) - - - (VYe—1) (P21 2,y € SAT]

given by Statement (3.a) in order to describe a EZ—procedure for deciding the membership
of non-nice strings in L. We show in Lemma 3.2 that for any even integer k > 2 we can use
the definition of D, the P/poly simulation of N, and the self-reducibility of SAT to find
a satisfying assignment for each instance ¢z y, yo....y, , belonging to SAT in deterministic
polynomial time. As a result, we show in Lemma 3.2 that for every even integer k > 2,
there is a XP-procedure op ON-NMCE () such that for all z € NON-NICE,

x € Ly <= oy ONNCE() — ACCEPT. (3.d)
For odd integers k, the expression for determining whether « ¢ Ly, is

x & Ly <= (Yy1)(Fy2) - BYk—1)[P2.01 92,01 & SAT]

by Statement (3.b). That is, in this case for a non-nice input z, we need to prove that
Doy, & SAT. However, we cannot certify in deterministic polynomial time that
some unsatisfiable instance ¢z y; yo.... 4., is not in SAT unless we know for sure the advice
string ' required for the P/poly simulation of Ny,. Therefore, in Lemma 3.3, for a non-
nice input z, we first describe a X5-procedure that finds this correct advice string 7" and
then we use 7’ to certify in deterministic polynomial time that all unsatisfiable instances
Gz y1,y2,.yp_y are not in SAT. As a result, we show in Lemma 3.3 that for every odd integer
k > 3, there is a X}-procedure UEON‘NICE(-) such that for all z € NON-NICE,

x € Ly <= oy ONNCE() — ACCEPT. (3.€)
Finally, since ¥ is closed under union operation, we combine the X-procedures oh1“F (")
and JEON‘NICE(), where the first one appears in Statement (3.c) and the second one appears

in Statement (3.d) for even integers k£ > 2 and in Statement (3.e) for odd integers k > 3,
to obtain for every integer k > 2, a Zi—procedure that accepts Lj. Thus, it follows that
¥P =TI, = PH.

We next compare the proof technique of Theorem 3.1 with those used previously in
obtaining solutions to the 1-versus-2 queries problem. The proof of the statement “if
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Pig[z] C P then PH = %" by Buhrman and Fortnow [BF99] used the following
observation: If a language A € P51 via a DPOTM M such that A = L(MP), then there
is a deterministic polynomial-time computable function h : ¥* — ¥* x {4+, —} such that
x € A if and only if either h(z) = (2,+4) and z € B or h(x) = (z,—) and z ¢ B. Here,
z is the query made by M(x) to B if the outcome of M (x) depends on the answer to the
query, and z is some fixed string known to be in (or out of) B if the outcome of M (z)
is independent of the answer to the query. In our proof, the query made by a ZPP? 1]
computation MBI may vary with the choice of random string r. Therefore, for our proof,
we cannot say anything about the existence of a deterministic polynomial-time computable
function h along the lines of the proof in [BF99]. The proof of the statement “for every

P

integer k > 2, if Pi’“[z] C PEZ[”, then PH = Ei” by Hemaspaandra, Hemaspaandra, and

Hempel [HHH98]? used the fact that PRl has <P,-complete languages. For our proof, we

cannot use arguments similar to those in the paper [HHH98], since it is not known whether

7PPZ U has complete languages. In fact, there are relativized worlds where ZPP and many

other promise complexity classes do not have complete languages (see, e.g., [Sip82,HJV93]).
We now come to the statement and the proof of Lemma 3.2.

Lemma 3.2 Let k > 2 be an arbitrary even integer. Then the following holds:
pAPED) C zppilll — pH = 32,
Proof Let L; denote a Ez—complete language such that for every x € ¥*:

v € Ly, <= (3y1)(Vy2) - - - ye—1)[Pz 01 2, ny & SAT],

where ¢z 4 yo.....yn_, 1S a boolean formula computable in deterministic polynomial time given
Z, Y1, Y2, - -, Yp—1. Without loss of generality assume that |@z .y, s,y 1| = M, Where m
is some polynomial in |z|. Define a language D, where

D =df (Lk X m) @] (fk X SAT)
= {{(z,¢) | (x € L, and ¢ ¢ SAT) or (z ¢ Ly and ¢ € SAT)}.

Clearly, D € PNPE)) By the assumption POPED ¢ zPPZ| it follows that D €
ZpPpill,

Let NZ:[ be a ZPP¥ [ machine such that D = L(NZ+[l) and the success probability
of NEx[W is at least 1/2 + 1/poly(-), where poly(:) denotes some fixed polynomial. Thus,
the following holds for all (z,):

Lall] L r 1t
(z,9) € D = Prob,[N"((z,9);r) = ACCEPT] > 5T poly (|{z, 4)])

and (3.9)

x i 1,1
(x,9) ¢ D = Prob,.[N"W((z, );r) REJECT]Z2 poly ([{z, &)

3In fact, Hemaspaandra, Hemaspaandra, and Hempel [HHH98] proved a somewhat stronger statement.
They proved that for any 0 < i< j < k and i < k — 2, if p5=h) - P(Ef’zz), then PH = ¥7.

+
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Notice that for all (z,v) € D and for all r, if N¥((z,4);r) does not output ACCEPT
then it outputs 7, and for all (z,¢) ¢ D and for all r, if it does not output REJECT then
it outputs 7.

We call a string = nice if and only if there exist a formula v, where || < m, and a
polynomially length-bounded string r such that the following holds:

(%) NEslU((z,9);r) makes a query 7 for some 7 € Ly and NE:U((z, 4);r) €
{ACCEPT,REJECT}.

A nice string does not need to be in Lj. The following YF-procedure decides the membership
of nice strings = in Lg: Guess polynomially length-bounded v and r, and test whether (%)
holds. More precisely, we show in Claim 1 that if = is nice, then the following statement is
true:

x & Ly < (F)(3Fr)Fy1) (Vy2) - - - Cur—1)[Q@1 (2, %, 7, Y1, Y2, - -+ Yg—1) oF
Q2($7¢7T,yl>y2;--->yk—1)],

where Ql(‘r71/}7 Y, Y2, .- 7yk—1) =df
e ¢ € SAT and

o NE:((z,4):r) queries T and
e N({(z,v);r) = ACCEPT when the answer to the query 7 is considered “yes” and

® Oryiynyn—s & SAT,
and QQ(J;’ VT YL, Y2, - 7Z/k—1) =df
o NE:((z,4):r) queries T and

e N({(z,v);r) = REJECT when the answer to the query 7 is considered “yes” and
e ¢ ¢ SAT and

® Oryryonyes & SAT.

Claim 1 The following statements are true:

1. (x is nice and x ¢ L) =

(31/} : W‘ < m)(ﬂr)(ﬂyl)(VyQ) o (Hykfl) {Ql(%wﬂ"a Yi,Y2, .- 7yk71) or

QQ(:E)T!}vT? Y1,Yy2, ... 7yk‘—1)i| .

(3 = [9] <m)(Fr)(By1)(Vy2) - (Fye—1) [Ql(%ﬂ)ﬂ“, Y1,Y2s - - > Yk—1) OF
QQ(:U7 wu TY1,Y92, - - 71/]671)]
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Proof of Claim 1. Recall that a nice string does not need to be in Lj. Suppose that
is nice and that € Lj. By the definition of a nice string, there exist a formula v and a
string r (both of length bounded by some fixed polynomial in |z|) such that

o NEkU((z,4);r) makes a query 7 and 7 € Ly, and
o NLU((z,¢);r) € {ACCEPT, REJECT}.

If b € SAT, then by the definition of D and the assumption that = & Ly, it follows that
(x,v) € D; so, Nl ((z,4):r) = ACCEPT since D = L(N™[). Furthermore, since
T € Lj, we have

(Fy1)(Vy2) - -+ Byr—1) [Dryn yseus & SAT]

by the definition of Lj. Thus, if ¢» € SAT, then we get
(Eh/])(zlr)(zlyl)(va) U (Elyk_l)[Ql(I'7 1/% ™YL, ... 7?/k—1)]-

Similarly, we can show that if ¢ ¢ SAT, then we get

(Fp)(3Fr)(Fyr) (Vy2) - - Cyr—1)[Q2(x, %, 7,91, - - Y—1)]-

Next suppose that the statement

(F)(3r)Fy1) (Vy2) - - - Cur—1)[Q (2,0, 7, y1, Y2, - -+ Yr—1)]

is true. (The proof under the assumption

“(3)(Fr)By1) (Vy) - Gyr—1)[Q2(z, ¥, 7, 91,92, -+ -, yk—1)]”

is similar.) Then, by the definition of Ly and @1, it follows that 7 € L. Therefore, the
query 7 made by N({x,v);r) to L is answered “yes,” and so by the definition of @1,
NLk[l]((x,v,/J);r) — ACCEPT. Since N[ accepts D with zero-error, we conclude that
(x,v) € D. By the definition of @1, we note that 1) € SAT. Hence, x ¢ Ly by the definition
of D. B (Claim 1)

We now deal with the case that x is not nice. In this case, we have
(V) : [io] < m)(¥r) [N (@, 45); ) queries 7 and 7 & Ly, or N™ U ((z,9);r) = 7] (3.g)

Let Ny, be an RPTM that on input (z, ), simulates N({x,)) on a polynomially length-
bounded uniform random string r, answers “no” to the query 7 made by N, and outputs
N({z,v);r). Thus, in particular, Nyo({z,%);r) denotes the outcome of NEx[((z );r)
when the answer to the query 7 is considered “no.” Recall that for all (x,) € D and for all
r, if NLU((z,4);r) does not output ACCEPT then it outputs ?, and for all (z,1) & D
and for all r, if it does not output REJECT then it outputs 7. Also, note that N, does
not require an oracle.

13



If = is not nice, then Statement (3.f) and Statement (3.g) imply that for every 1 such
that || < m,

1 1
(1,4) € D == Proby[Nuo((x,¢);7) = ACCEPT] >  + poly(z])

and (3.h)
(z,9) ¢ D = Prob,[Nyo((z,¢);r) = REJECT] > ;*I)OJM’

where poly(-) denotes some fixed polynomial.

Notice that in the simulation of Ny, on input (x, 1)), if the answers supplied to the oracle
queries corresponding to different choices of random strings r are correct, then the outcomes
of Ny, are either ACCEPT and ? or REJECT and 7. But if the answers supplied to the
oracle queries for choices of random strings r are incorrect, then the outcomes of Ny, on
such r’s could be ACCEPT, REJECT, and ?.

We amplify the success probability of Ny, using a standard technique. Specifically,
define an RPTM N that on input (x, 1), where || < m, performs m-poly?(|z|) independent
simulations of Ny, ((z,%);r) (i.e., in every such simulation, r is chosen uniformly at random
and independently of the polynomially length-bounded random strings picked in previous
simulations), accepts if majority of the simulations accept, and rejects if majority of the
simulations reject. Since Ny, does not require an oracle, N also does not require an oracle.

By an application of Chernoff bounds, it follows from Statement (3.h) that for every 1
such that || < m,

(@) €D —> Prob,[N((z,d);r) = ACCEPT] > 1 — ﬁ

and (3.1)

(@,) ¢ D —> Prob,[N((z,¢);7) = REJECT] > 1 — 271“

Thus, it follows from Statement (3.i) and by the probabilistic method that there exists a
polynomially length-bounded string ' such that for every v such that |¢| < m,

() €D <= N({z,¥);r') = ACCEPT
and (3.J)
() ¢ D <= N((z,¥);r') = REJECT.

We say that a string r’ is correct for x, if ' satisfies: For every v such that |¢]| < m,

Y € SAT <= N((z,¢);r') = ACCEPT
and (3.k)
¢ & SAT <= N((z,9);7') = REJECT.

If a string ' is not correct for x, then we say that ' is incorrect for x.

14



We can define a deterministic polynomial-time predicate P(z,1,r’), where [t < m and
r’ is the presumed random string used by N ({(z,)), such that
P(z,,r") is true = ¢ € SAT
and (3.1)
P(x,9,r") is false = ¢ & SAT or 7/ is incorrect for .

The predicate P(x,1,7’) uses the self-reducibility of SAT and the relation
(1 € SAT <= N({(z,1);r') = ACCEPT) and (¢ ¢ SAT <= N((z,%):r') = REJECT)

to determine whether a satisfying assignment for i exists. If a satisfying assignment for )
is found, then P(x,1,7’) returns true, otherwise P(x,,r’) returns false. Clearly, if 7/ is
correct for x, then for every v such that || < m, it holds that i) € SAT <= P(x,¢,r') is
true.

A non-nice string does not need to be in L. We use the relation

r € Ly — (Hyl)(VyQ) T (Elyk*1>[¢$7ylv-“uyk—1 ¢ SAT]

to show in Claim 2 that there is a EZ—procedure that decides the membership of non-nice
strings  in L. This is the first place in the proof of Lemma 3.2 where we crucially require
that k is an even integer.

Claim 2 The following statements are true:
1. (x is not nice and x & L) = (3r')(Vy1)(3y2) - - - (Vye-1) [P (2, by o eoopi > 7))
2. (3 (VY1) Fy2) -+ (VY1) [P(%, by o1 7)] = & & Li.

Proof of Claim 2. Recall that a non-nice string does not need to be in Lj. Suppose that
x is not nice and that x € L. Then by the definition of Ly, we have that the statement

(V1) (3y2) - (VY1) [Dz.y1.05,.. -1 € SAT]

is true. Also, then by the definition of D, Statement (3.j) and Statement (3.k) imply
that there exists a polynomially length-bounded correct string 7’ for x. Thus, for every
1 such that [¢| < m, we can deterministically determine whether ¢» € SAT using the
polynomial-time predicate P(x,,7’) defined in Statement (3.1). In particular, we can
determine whether ¢z, yo....yr , € SAT via deciding P(x, ¢z y, yo,....yx_1, 7 ) in deterministic
polynomial time. Hence, the consequence follows.

Next suppose that the statement

3 (Vy1)Fy2) -+ (Yye—) [P (@, ba i gz 7)) (3.m)

is true. Then by the definition of P (see Statement (3.1)), we have that the statement

(Vy1)(3y2) - - (vyk—l)[¢m7y1,y27---7yk—1 € SAT]
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is true. Note that it does not matter if the r’ in Statement (3.m) is one of the correct
r’ for x since, for any v such that |[¢)| < m, P(x,,r’) returns true only if a witness for
the membership of 1 in SAT is found. Hence, it follows from the definition of L; that
x & Ly. B (Claim 2)

From Claims 1 and 2, we get Claim 3.

Claim 3 For every x € ¥, v ¢ Ly, <= [0)'CF(z) or oNONNICE ()] where
oNE@) = (@[] < m)EF)E) (%) - Guer) [Qu@ by, i) or
Qa2(z, ¥, 7, Y1, Y2, - - >yk—l)}
and
o ONNICE () = () (Fy0) Ga) -+ (F9-1) [P, Brn g 17

Proof of Claim 3. Suppose that x ¢ L. If x is nice, then Claim 1(1) implies that
J}:HCE (z) is true, and so the consequence is true. If x is not nice, then Claim 2(1) implies
that of ON-NCE(2) is true, and so the consequence is true.

The other direction of the implication follows directly from Claim 1(2) and
Claim 2(2). B (Claim 3)

Notice that both UEICE(-) and U}C\ION‘NICE(-) are X-predicates, and so the or of these two
predicates is also a Ei—predicate. Hence, it follows from Claim 3 that Ly € Zi. This proves
that X = II} = PH, since Ly, is X¥-complete. I (Lemma 3.2)

We next come to the statement and the proof of Lemma 3.3.
Lemma 3.3 Let k > 3 be an arbitrary odd integer. Then the following holds:
pAPED) € zppilll — pH = 3P,

Proof The proof differs from that of Lemma 3.2 in essentially the way we deal with
non-nice strings. Let L; denote a Ei—complete language such that for every z € ¥*:

S Lk — (Elyl)(\v/yz) e (Vyk—l)[¢x,y1,y2,...7yk_l S SAT]

Here ¢z 4, yo,....yr_, 15 @ boolean formula computable in deterministic polynomial time given
T, Y1, Y2, - Yk—1- Let [Pz yi o, yr_q| = M, where m is some polynomial in |z|. We define

aset D, a ZPP=i[1 machine N, and the notion of nice strings as in the proof of Lemma 3.2.
A nice string does not need to be in Li. The following EZ—procedure decides the
membership of nice strings = in Lj:

r¢ Ly <= (F)(3Fr)Fyr) Vy2) - - (Yyr—1)[Q1(z, 9,7, y1, 42, - - -, Yk—1) OF
Q2(, 0, 7, y1, Y25 - Yk—1)]

16



where Ql(xa wa Y1, Y2, - 7yk71) =df
. NLk[l}(<x,1/1>;'r) queries 7 and

e N({(x,v);r) = ACCEPT when the answer to the query 7 is considered “yes” and
e 1) € SAT and
® Oryyyoyu_1 € SAT,

and Q2($7wa Y1, Y2, - 7yk—1) =df
e ) ¢ SAT and

o NLU((z 4):r) queries T and
e N((z,¢);r) = REJECT when the answer to the query 7 is considered “yes” and
® Dryiysyes € SAT.
Thus, we can prove the following claim similar to the proof of Claim 1.
Claim 4 The following statements are true:
1. (z is nice and x ¢ L) =

(31/} : W’ S m)(ar)(zlyl)(va) e (vykfl)[Ql(xa l/%?“a Yy1,Y2, - .- 7yk71> or
Q2($7¢, YL, Y2, - 7y/€—1)]'

(EW) : |¢’ < m)(ar)(zlyl)(va) to (vyk—l)[Ql(lL‘a ¢7T7 Y, Y2, .-+, yk—l) or
QZ('T7 ?/)7 Y1, Y2, - ,yk—l)]

:>$€Lk.

We now consider the case that z is not nice. Let N be an RPTM defined as in the proof of
Lemma 3.2. Then the following holds: There exists a polynomially length-bounded string
r’ such that for every ¢ such that |[¢p| < m,

(z,) € D < N({(z,9);7') = ACCEPT
and (3.n)
(x,0) €D <= N((z,0);r) = REJECT.

A non-nice string need not be in L;. We use the relation

r € Ly, <= (3y1)(Vy2) - - - (VYe—1)[P21 2,y € SAT]

to show in Claim 5 that there is a Zi—predicate that decides the membership of non-nice
strings x in Lg. This is the first place in the proof of Lemma 3.3 where we require that k
is an odd integer.
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In the remaining part of this proof, we will need the predicate R(x,,r’), which we
define as follows:

R(z, 1) =g (¢ € SAT <= [N((z,);r') = ACCEPT]> and
(zp & SAT <= [N((z,);7") = REJECT]) .

Claim 5 The following statements are true:

1. (z is not nice and x ¢ Li) =

(@) (¥ : Y] < m)R(z, 1) and

(V1) (3y2) -+ Gy DIV (@, S a1 )i7') = REJECT]]

(3r') | (W : [ < m)R(z,,7') and
(Vy1)3y2) -+ -1 [N (2, b ooy )i 7') = REJECT]
=z ¢ L.

Proof of Claim 5. Note that a non-nice string does not need to be in L;. Suppose that
x is not nice and that x € Li. By the definition of L; and the assumption that x & Ly, we
have that the statement

(Vy1)By2) - - (BYr-1) b1 w2, iy & SAT]

is true. Since x is not nice and = ¢ Ly, it follows from Statement (3.n) and the definition
of D that there exists a polynomially length-bounded string r’ such that for every 1, where

| < m,

W €SAT <= N((z,¥);r) = ACCEPT
and (3.0)
¢ & SAT <« N((z,¢);r') = REJECT.

This proves that (V¢ : 1| < m)R(x,1,r’). Note that since ¢z y, yo...yp_,| = M, We can
apply Statement (3.0) with ¢z, ys,....y,_, i place of 1. Thus, we can determine whether
Gran o, & SAT by deciding whether N({(z, ¢z oy ); ™) = REJECT. Hence,
the consequence follows.

For the other direction, suppose that the antecedent in part (2) of the claim is true. Since
(Vo : || < m)R(x, v, ") and |pgy; yo,...pi_1| = M, we can use the definition of R(x,v,r")
to show that Statement (3.0) is true for ¢ := ¢y, 4oy, , and for the assumed /. Thus,
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we can replace “N(@,¢x,y1,y2,...,yk,1>;7"/) = REJECT” by “Guyiys,.n. & SAT” in the
statement

(V1) (3y2) - Gy IN(@, bo gy )i 7') = REJECT],

which is known to be true by our assumption. Hence, we have that the statement

(Yy1) Fy2) - - Fyr—1) P12,y & SAT]

is true. This proves, by the definition of Ly, that x & Ly. B (Claim 5)

From Claims 4 and 5, we get Claim 6.

Claim 6 For every x € ¥, x & Ly, <= [0)'CF(z) or oNONNICE ()] where

N

(FY =[] <m)(Fr)(3y1) (Vy2) - (Vyr—1) [Ql(fﬂﬂﬂﬂ“, Y1,Y2, -+, Yk—1) OF

QQ(J/‘; @bﬂ“a Yy1,Yy2, ... 7yk:—1)i|

and

JIIC\TON—NICE (.%')

(3r") [(Vw | < m)R(z,1,r") and
V1) (Fv2) -+ G 1) [N (2, Doy o )i ) = REJECT]} .

Proof of Claim 6. Suppose that © ¢ Li. If z is nice, then Claim 4(1) implies the
consequence. If x is not nice, then Claim 5(1) implies the consequence.

The other direction of the implication follows directly from Claim 4(2) and
Claim 5(2). B (Claim 6)

Notice that both oNI“E(+) and oYON-NCE(.) are $7-predicates, and so the or of these two
predicates is also a Ei—predicate. Hence, it follows from Claim 6 that Ly € Ei. This proves
that X7 =1II7 = PH, since Ly, is X¥-complete. I (Lemma 3.3)

Theorem 3.1 cannot be strengthened via a relativizable proof so that the statement
“PEP[Q} C ZPPNPIl — PH = NP” holds because of the following result of Buhrman and
Fortnow [BF99]: There exists a relativized world where NP # coNP but PNl = PSPACE.

We mention that our idea of partitioning input strings into nice and non-nice strings in
the proofs of Lemmas 3.2 and 3.3 is inspired from the work of Cai and Chakaravarthy [CC06].
In their proof of the result ZPPNPI SE, they defined nice strings to be those input strings
z of a ZPPSATH] computation M for which there is some random string r such that M
accepts or rejects x along r and the oracle query 7 made by M along r is satisfiable. They
showed that there is an easy-to-describe Sb proof system for nice strings and there is also
an Sh proof system for non-nice strings. Our proofs of Lemmas 3.2 and 3.3 also have a
similar flavor. We defined, though in a manner different from theirs, nice and non-nice
strings, and showed that if input strings are restricted to nice strings, then L;, € ¥?, and if
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they are restricted to non-nice strings, then also Lj, € ¥F. (Here, Ly, is the X7 -complete set
used in the description of the proof idea of Theorem 3.1 and in the proofs of Lemmas 3.2
and 3.3.) However, we would like to stress that the results of Cai and Chakaravarthy [CCO06]
do not have any direct, obvious bearings on the solutions (particularly, our solutions) to
the 1-versus-2 queries problem.

3.2 The Caseof k=1

We next consider the hypothesis ngp] c zPP NP We show in Corollary 3.12 that

the polynomial hierarchy collapses to S5 under this hypothesis. (Note that S§ is known
to lie between PNP and Y5 N 1I5.) Fortnow, Pavan, and Sengupta [FPS08] obtained the
same consequence under the stronger hypothesis PEPM C PNPI. That is, they proved
that if ngm C PNPU then PH = S5. Earlier, Buhrman and Fortnow [BF99] showed
that if PEP[Q] C PNPI then locally either every unsatisfiable formula has a short proof of
unsatisfiability (i.e., coNP = NP) or SAT is decidable by a polynomial-size circuit. The
proof of Fortnow, Pavan, and Sengupta [FPS08] was built on the consequence of this result.

In Theorem 3.4, we derive the consequence stated in the aforementioned result of
Buhrman and Fortnow [BF99] under the weaker hypothesis PEP[Q] c zPPNPUI Since
the proof of Fortnow, Pavan, and Sengupta [FPS08] was built on this same consequence, we

obtain a collapse of the polynomial hierarchy to S5 under the hypothesis ngm C zppNPI,
Theorem 3.4 If ngm C ZPPNP[”, then there exist a polynomial-time predicate R and a
constant k > 0 such that for every n one of the following statements is true:

1. Locally NP = coNP, i.e., for every boolean formula ¢ of length n, it holds that ¢ &
SAT <= (Jw)[R(¢, w)], where |w| is bounded by a fixed polynomial in n.

2. There is a circuit of size n* that decides SAT at length n.

For the proof of Theorem 3.4, we will need the following languages:

o C =4 SAT x SAT
= {{¢,9) | ¢ € SAT and ) € SAT}.

e D =4 (SAT x SAT) U (SAT x SAT)
= {(¢,¥) | (¢ € SAT and ) € SAT) or (¢ € SAT and ¢ € SAT)}.

Note that both C' and D are in PEPP], and so by the assumption ngm - ZPPNP[H, they are
. NPJ[1] SAT[1] SAT[1] NP[1] . . SAT([1] .
in ZPP . Let Ny and N, be ZPP machines such that C' = L(V; ), D =

L(NQSAT[I]), and both leATm and N2SAT[1] succeed with probability at least 1/241/poly(+),

for some fixed polynomial poly(-).

We use the framework of “easy-hard” arguments in the proof of Theorem 3.4. These
arguments were introduced by Kadin [Kad88], and since then they and their variations have
found applications in several papers (see [BC0O93,CK96, HHH98,BF99,HHH05,CP07]).
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The proof of Theorem 3.4 builds on a variation of “easy-hard” arguments developed by
Buhrman and Fortnow [BF99]. Their proof technique involved partitioning unsatisfiable
formulas into sets EASY-i and HARD-i, for each i € {I,II,III,IV}. Then, they made use of
properties of these sets in proving their aforementioned result. We modify the definitions
of these sets for our purpose. We show that our new definitions of EASY-i and HARD-i
sets (see Definitions 3.5 and 3.6) retain the properties, which we identify in Proposition 3.7,
that Buhrman and Fortnow made use of in their proof.

We next define four sets of formulas: EASY-I, EASY-II, EASY-III, and EASY-IV. All
of these sets are contained in SAT. Also, for each of these sets, the formulas that belong to
the set have a short proof of membership. In other words, each of these sets is in NP.

Definition 3.5 The sets of formulas EASY-I, EASY-II, EASY-III, and EASY-IV are
defined as follows:
1. A formula ¢ is in EASY -1 if and only if
(a) there exist a formula ¥ of length |¢| and a polynomially length-bounded string r
such that
NIATU (¢ ) r) = ACCEPT and
) NSAT ((¢,0); 1) makes a query T and T € SAT.

2. A formula ¢ is in EASY-II if and only if
(a) ¢ € EASY-I, or

(b) ¢ is a leaf of a self-reduction tree and is false, or
(c) ¢ self-reduces to two EASY-I formulas.

3. A formula ¢ is in EASY-IIT if and only if

(a) ¢ € EASY-II, or

(b) there exist a formula v € EASY-IL of length |¢p| and a polynomially length-
bounded string r such that

N (. ¢);r) = REJECT and
SAT 11((?,/} ¢);r) makes a query T and T € SAT.

4. A formula ¢ is in EASY-IV if and only if

(a) ¢ € EASY-III, or

(b) there exist a formula ¢ € SAT of length |¢| and a polynomially length-bounded
string r such that

NyA (g, ):r) = ACCEPT and
SAT W((p,0);7) makes a query T and 7 € SAT,

or
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(c) there exist a formula v € EASY-III of length |¢| and a polynomially length-
bounded stm'ng r such that

NSATOI (. 4): 1) = REJECT and
SAT ”((gb ¥y; 1) makes a query T and T € SAT.

In the above definition of the set EASY-I of formulas, the formula ¢ in fact belongs to SAT
since (¢, v) € L(NY ) = SAT x SAT. Also, in the above definition of the set EASY-II
of formulas, we use the self-reduction algorithm for SAT. Recall from the end of Section 2
that the self-reduction algorithm for SAT on any boolean formula ¢(x1,xo, ..., x,) induces
a binary self-reduction tree T" as follows: The root of T'is ¢, and if ¢’ is a formula in T" with
free variables x1, za, ..., Ty, then the two child nodes of ¢’ are ¢'(x1 := true, xa, ..., )
and ¢'(z1 := false,xa,...,xm).

We next define four sets of formulas: HARD-I, HARD-II, HARD-III, and HARD-IV.
All of these sets are contained in SAT. Also, for each of these sets, the formulas that do
not belong to the set have a short proof of nonmembership. In other words, each of these
sets is in coNP.

Definition 3.6 The sets of formulas HARD-I, HARD-II, HARD-III, and HARD-IV are
defined as follows: For each i € {I,11,111,IV},

HARD-i = SAT N EASY -i.
Proposition 3.7 1. For each i € {I,ILIIL, IV}, every formula ¢ is either in SAT or in
EASY-i or in HARD-i.
2. For each © € {I,ILIII,IV}, EASY-i € NP and HARD-i € coNP.
3. EASY-I C EASY-II C EASY-III C EASY-IV C SAT.
4. HARD-IV C HARD-III € HARD-II € HARD-I C SAT.
5. If there is a formula ¢ € HARD-I, then there is a formula « € HARD-I N EASY-II.

Proof Propositions 3.7(1)—(4) follow easily from Definitions 3.5 and 3.6. So, we prove
Proposition 3.7(5) only. This proof is the same as the proof of Lemma 5.8 by Buhrman
and Fortnow [BF99]. Let ¢; be a deepest formula in the self-reduction tree of ¢ such that
¢1 € HARD-I. Note that ¢; ¢ SAT since ¢; € HARD-I and by definition HARD-I C SAT.
Then either ¢, is a leaf of the self-reduction tree or ¢, self-reduces to two EASY-I formulas.
In both the cases, ¢1 € EASY-II by Definition 3.5(2). B (Proposition 3.7)

We introduce in Definition 3.8 the notion of the P/poly-separator between two disjoint sets
at a fixed length. This notion is a natural generalization of the notion of the polynomial-time
separator, which Buhrman and Fortnow [BF99] (informally) coined in their proof argument.
(In the context of Definition 3.8, the term polynomial-time separator would be called P-
separator.)
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Definition 3.8 Fiz a DPTM M and a polynomial p. For each n € N, let adv(n) be an
advice string of length p(n) for M. We say that [M;adv(n)] is a P/poly-separator between
disjoint sets S1 and So at length n if the following holds: For every x € 3",

r€e S = M(z;adv(n)) = ACCEPT,
x €S = M(z;adv(n)) = REJECT, and
g S1USy = M(x;adv(n)) € {ACCEPT,REJECT}.

Here, M(x;adv(n)) denotes the output of M on input x and advice string adv(n).

Our plan of proving Theorem 3.4 is as follows. We will first show that there are DPTMs
M; and Ms, and polynomials pi(-) and pa(-) such that for every integer n, the following
holds: If there is a HARD-IV formula of length n then there are advice strings advy(n) of
length p1(n) and adva(n) of length pa(n) such that

1. [My;advi(n)] is a P/poly-separator between SAT and EASY-III at length n.
2. [My;adva(n)] is a P/poly-separator between SAT and HARD-IIT at length n.

Statement (1) will be shown in Lemma 3.10 and Statement (2) will be shown using
Proposition 3.7 and Lemma 3.9. From Statements (1) and (2), we will show that there
is a polynomial p(-) such that for all n, if there is a HARD-IV formula at length n, then
SAT is accepted by a circuit of size p(n). On the other hand, if there is no HARD-IV
formula at length n, then EASY-IV and SAT will coincide at length n by the definition of
HARD-IV. Hence, in this case at length n, SAT will be accepted by the NP algorithm for
EASY-IV. Thus, we will have at each length n, SAT accepted by a P/poly algorithm or
SAT accepted by an NP algorithm. So, the consequence of Theorem 3.4 will follow.

We now come to the detailed proof of Theorem 3.4. We start with proving Lemma 3.9.

Buhrman and Fortnow [BF99] showed that if there is a formula ¢ € HARD-INEASY-II,
then there is a deterministic polynomial-time separator between SAT and HARD-III.* We
show in Lemma 3.9 that if there is a formula ¢ € HARD-I N EASY-II, then there is a
P /poly-separator between SAT and HARD-III at length |¢|.?

Lemma 3.9 There exist a DPTM M and a polynomial p(-) such that the following holds
for all m € N: If there is a formula ¢ € HARD-I N EASY-IL of length n, then there is
an advice string adv(n) of length p(n) such that [M;adv(n)] is a P/poly-separator between
SAT and HARD-III at length n.

Proof Let ¢ € HARD-I N EASY-II. By the definition of HARD-I formulas and the
assumption that ¢ € HARD-I, we have that for all ¢» € SAT of length |¢| and for all
polynomially length-bounded strings r,
NP (6, v)ir) € {REJECT, 7},
or (3.p)
leATm(M), Y);r) makes a query 7 and 7 ¢ SAT,

“Referring to the definitions in [BF99).
SReferring to Definitions 3.5 and 3.6 in this paper.
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since otherwise ¢ would be in EASY-I. By the definition of HARD-III formulas, we have
that the following holds for all formulas ¢’ € HARD-III: For all ' € EASY-II of length |¢/|
and for all polynomially length-bounded strings r,

SAT 1](@/ ¢');r) € {ACCEPT,?}, or
. NfAT U(!, ¢');r) makes a query 7 and ¢ SAT,

since otherwise ¢’ would be in EASY-III. By switching the order of quantifiers on ¢’ and
', we have that the following holds for all formulas ¢’ € EASY-II: For all ¢’ € HARD-III
of length [¢)/| and for all polynomially length-bounded strings r,

. leAT“](<w’,¢’>;7“) € {ACCEPT,?}, or
o Ny, 6);r) queries 7 and 7 ¢ SAT.

Using the assumption that ¢ € EASY-II, and setting ¢ for ¢’ and 1) for ¢’ in the above
definition of EASY-II, we have that the following holds: For all ¢y € HARD-III of length
|¢| and for all polynomially length-bounded strings r,

N (g, p)ir) € {ACCEPT, 7},
or (3.q)
SAT[I ({(¢,v);7) queries T and 7 ¢ SAT.

Let Nino be an RPTM that on input (¢,), simulates Ni({¢,%)) on a uniform random
string r, answers “no” to the query 7 asked by Nj, and outputs Ni({¢,v);r). Thus,
Nino((@,9);r) denotes the output of Ni({¢,®);r) when the answer to the query 7 is
considered “no.” Note that Ni,, does not require an oracle.

Since ¢ € HARD-I, by Proposition 3.7(4), ¢ ¢ SAT. Thus, by the definition of C,
for every ¢ € SAT, (¢,v) € C. Also, since N; SATI] 45 o ZPPNPI machine accepting C,

it follows that for every ¢ € SAT and every r, NISAT[”(@,@, r) € {ACCEPT,?}. The
success probability of N; and Statement (3.p) imply that for every i» € SAT of length |¢|,

1,1
2 poly(laﬁ!)'

Here, poly(:) denotes some fixed polynomial. Note that we write poly(|¢|) instead of
poly([{¢,1)|), since || is a polynomial in |¢| (in fact, |¢| = |¢]).
Since ¢ ¢ SAT and every ¢» € HARD-III formula is in SAT (by Proposition 3.7(4)),
it follows from the definition of C' that (¢,v¢) ¢ C. Thus, using the fact that N, SATH g
a ZPPNPI machine accepting C, it follows that for every ¢» € HARD-III and every r,
SAT[I ((p,9);r) € {REJECT,?}. The success probability of N; and Statement (3.q)
1mply that for every formula v € HARD-III of length |¢],

Prob,. [Nl,no(<¢7w>; ) ACCEPT] > (31‘)

[a—

1

Probr [N1.00((¢, ¥);r) = REJECT] 2 5 + s,

(3.8)
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By amplifying the success probability of Ny, and using the probabilistic method as we did
in the proof of Lemma 3.2, we can define an RPTM N and a polynomially length-bounded
string r’ such that for every formula 1 of length |¢|,

Y € SAT = N((¢,);7') = ACCEPT,
and (3.1)
¢ € HARD-III = N({¢,);7') = REJECT,

and if ¥ ¢ SAT U HARD-III, then N((¢,¢);r') € {ACCEPT,REJECT}. Let M
be a DPTM that on any input % of length |¢|, gets (¢,7') as an advice string and
simulates N((¢,4);r'). That is, M(; (¢, 1)) =af N((¢,0);7"). Thus, it follows from
Statement (3.t) that [M;(4,7")] is a P/poly-separator between SAT and HARD-III at
length |¢|. I (Lemma 3.9)

Buhrman and Fortnow [BF99] showed that if there is a formula ¢ € HARD-IV, then there
is a deterministic polynomial-time separator between SAT and EASY-IIL.5 We show in
Lemma 3.10 that if there is a formula ¢ € HARD-IV, then there is a P/poly-separator
between SAT and EASY-III at length |¢].7

Lemma 3.10 There exist a DPTM M and a polynomial p(-) such that the following holds
for all n € N: If there is a formula ¢ € HARD-IV of length n, then there is an advice
string adv(n) of length p(n) such that [M;adv(n)] is a P/poly-separator between SAT and
EASY-III at length n.

Proof Let ¢ be in HARD-IV. By the definition of HARD-IV formulas, we have that for
all ¢ € SAT of length |¢| and for all polynomially length-bounded strings r,

NEMTU (6, ;i r) € {REJECT, 7},
or (3.u)
SAT[l ({¢,7);7) makes a query 7 and 7 &€ SAT,

since otherwise ¢ would be in EASY-IV. Similarly, we also have that for all ) € EASY-III
of length |¢| and for all polynomially length-bounded strings 7,

NSATM (g, 0 7) € {ACCEPT, 7},
or (3.v)
SAT[I ((¢,); ) makes a query 7 and 7 & SAT,

since otherwise ¢ would be in EASY-IV.
Let N2 o be an RPTM that on input (¢, ), simulates Na((¢,)) on a uniform random
string r, answers “no” to the query 7 asked by N, and outputs Na({¢,®);r). Thus,

SReferring to the definitions in [BF99).
"Referring to Definitions 3.5 and 3.6 in this paper.
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Nono((@,1);7) denotes the output of Na({¢,);r) when the answer to the query 7 is
considered “no.” Note that N» ., does not require an oracle.
Since ¢ € HARD-IV, by Proposition 3.7(4), ¢ ¢ SAT. Thus, for every ¢» € SAT,

(¢,1) € D by the definition of D. Also, since NQSAT[H is a ZPPNPI machine accepting D,

it follows that for every ¢ € SAT and every r, N2SAT[1](<¢,1/J>;7’) € {ACCEPT,?}. Then

the success probability of ]\72S ATOL and Statement (3.u) imply that for every i» € SAT of

length [¢],

1
poly(|¢[)

By Proposition 3.7(3) and the definition of D, for every ¢ € EASY-III, we have that
(¢,1) ¢ D. Thus, using the fact that Ng’ AT 45 o ZPPNPI machine accepting D, it follows
that for every 1) € EASY-III and for every r, N5 (¢, 4):7) € {REJECT, ?}. Then the

Prob, [Nano((¢,9);r) = ACCEPT] > — + (3.w)

1
2

success probability of st ATH and Statement (3.v) imply that for every ¢» € EASY-III of
length |6],
Proby [Nano((6,); ) = REJECT] >  + — (3)
T 2,I1 9 ; == = = . X
° 2 poly(|g])

By amplifying the success probability of N2, and using the probabilistic method as we did
in the proof of Lemma 3.2, we can show that there exist an RPTM N and a polynomially
length-bounded string r’ such that for every v of length |¢],

¢ € SAT = N((¢,v);r') = ACCEPT,
and (3.y)
¢ € EASY-III = N({¢,%);r') = REJECT,

and if ¥ ¢ SAT U EASY-III, then N({¢,9):) € {ACCEPT,REJECT}. Let M
be a DPTM that on any input @ of length |¢|, gets (¢,7') as an advice string and
simulates N((¢,4);7'). That is, M(y; (¢, 7)) =af N({(¢,¥);7"). Thus, it follows from
Statement (3.y) that [M;{(¢,r’)] is a P/poly-separator between SAT and EASY-III at
length |¢|. I (Lemma 3.10)

We now proceed to the proof of Theorem 3.4.

Proof of Theorem 3.4. Fix n. If ¥ N SAT = EASY-IV, then by Proposition 3.7(2), the
NP algorithm for EASY-IV accepts SAT at length n.

So assume otherwise that there exists ¢ € X" N SAT such that ¢ ¢ EASY-IV. Then
¢ € HARD-IV by Proposition 3.7(1). It follows from Lemma 3.10 that there exist a fixed
DPTM Mj, a fixed polynomial p;, and an advice string advy(n) with |advi(n)| = pi(n)
such that [M;;advy] is a P/poly-separator between SAT and EASY-III at length n.

By Proposition 3.7(4), ¢ also belongs to HARD-I. Thus, by Proposition 3.7(5), there is
a formula o € HARD-IN EASY-II. W.l.o.g., we can assume that |a| = n. It follows from
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Lemma 3.9 that there exist a fixed DPTM Ma, a fixed polynomial py, and an advice string
adva(n) with |adva(n)| = pa(n) such that [Ma;advs] is a P/poly-separator between SAT
and HARD-IIT at length n.

Consider the P/poly algorithm M shown in Figure 1.

Algorithm M
Input: ¢ € X"

Advice (adv): If X" N HARD-IV = (), then adv := 0. If ¢ € X N HARD-IV , then
adv := (1,advy, advy), where adv; and advy are such that at length n, (1) [M;;advy] is
a P/poly-separator between SAT and EASY-III, and (2) [Ma;advse] is a P/poly-separator
between SAT and HARD-III.

1. If adv =0 then REJECT.
> Otherwise, adv = (1,advy, adva)
9. If M (¢;advy) £ ACCEPT then
> ¢ cannot be in SAT
REJECT
3. If My(¢;advy) # ACCEPT then
> 1 cannot be in SAT
REJECT
4. Else
> We now have Mj(¢;advi) = ACCEPT and M2 (y;adve) = ACCEPT.
> Thus, 1 must be in SAT, since ¥ cannot be in EASY-III and in HARD-III.
ACCEPT

Figure 1: The P/poly algorithm M.

Claim 7 M accepts SAT at length n if ¥ N HARD-IV # ().

Proof of Claim 7. Assume that " N HARD-IV # (). Then adv := (1,advy, advs), where
[M;;advq] is a P/poly-separator between SAT and EASY-IIT at length n, and (2) [Ma; adva]
is a P/poly-separator between SAT and HARD-III at length n.

If ¢ € ¥ N SAT, then M;(¢;advy) = ACCEPT and Ms(¢;adve) = ACCEPT. Thus,
in this case M accepts 9. If ¢p & SAT, then either v € EASY-III or ¢» € HARD-III. If
¢ € EASY-III, then M;(¢;advy) = REJECT, and so M rejects . If ¢y € HARD-III, then
Ms(;adve) = REJECT, and so M rejects . B (Claim 7)

Thus, we have shown that there is an NP algorithm and a P/poly algorithm such

that if ¥ N HARD-IV = (), then the NP algorithm accepts SAT at length n, and if
Y NHARD-IV # (), then the P/poly algorithm accepts SAT at length n. This completes
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the proof of Theorem 3.4 B (Theorem 3.4)

Assume that the consequence in the statement of Theorem 3.4 holds. Fortnow, Pavan,
and Sengupta [FPS08] used this assumption to prove that the polynomial hierarchy PH
collapses to Sh. Chakaravarthy and Roy [CRO6] proved that under the same assumption
PH collapses to NO5 N YOS, The classes NOS and YO} satisfy NP C NOY C SP and
coNP C YO} C Sb [CRO6]. The formal definitions of these classes are as follows:

Definition 3.11 ([CR06]) 1. NOY is the class of all languages L for which there exist a
polynomial-time predicate R(-,-,-) and a polynomial p(-) such that the following holds:
For all n € N, there exists a string z* with |z*| = p(n) such that for all x € X",

rel = (Fy)(V2)R(z,y,z), and
r¢ L = (YPy)-R(z,y,z%).

2. YOL is the class of all languages L for which there exist a polynomial-time predicate
R(-,+,-) and a polynomial p(-) such that the following holds: For alln € N, there exists
a string y* with |y*| = p(n) such that for all x € X",

xelL = (YW2)R(z,y",z), and
P EL = (F2)(Py-R@,y,2).

Thus from the aforementioned results of [FPS08] and [CRO6], we get the following result:

Corollary 3.12 P)'? ¢ ZzPPNPI — PH = S = NOS N YOR.
In a recent work, Chang and Purini [CP07] proved that if the NP machine hypothesis holds,
then ng[z] C PNPI implies PH = NP. For this result, they redefined the easy and hard
sets in the proof given by Buhrman and Fortnow [BF99] of the statement “ng[z] C PP
implies that locally either NP = coNP or NP C P /poly.” Using their new definition of the
easy and hard sets, Chang and Purini [CP07] were able to show that the advice in the P /poly
case can be made polynomially shorter than the input string. Thus, they proved that if the
P /poly case occurs infinitely often, then it would be possible to compute satisfiability in
subexponential time in a way that violates the NP machine hypothesis.

We observe that the advice strings used in the proof of Theorem 3.4 include random
strings r that can be too long for the NP machine hypothesis. Thus, it does not seem that
the technique of Chang and Purini could help in proving “if the NP machine hypothesis

holds, then PY" 2 € ZPPNPII implies PH = NP.”

4 Conclusion and Open Problems

We obtained solutions to the 1-versus-2 queries problem for hypotheses weaker than the
P
previously considered hypotheses Pikm C P¥l. We showed that for each k > 2, if
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P C ZPP™ then PH = 3P, and if PAT C ZPPNPUI, then PH = S5. We list some
open problems.

The foremost open problem is to see if our solutions can be extended to the solutions
of the general 1-versus-2 queries problem: For any k > 1, whether there is a simulation

of Piz[z] in BPP”[.  Buhrman and Fortnow [BF99] asked for implications of the
hypothesis BPPNPRI — BPPNP[”, which is closely related to the problem we posed
here. Hemaspaandra, Hemaspaandra, and Hempel [HHH98 HHHO05] studied the m-versus-
(m + 1) queries problem. They obtained solutions to this problem for the hypothesis

P P
Pi’JmH} - Pi’“[m], for each & > 2 and each m > 0. It could be possible to obtain the

. S YP[me] S [m]
same solutions for the weaker hypothesis P, C ZPP,"* ", for each k > 2 and each
m > 2. It is interesting to note that no solution is known for this problem for the hypothesis

P [m+1] P [m] B . .
Py C P,* ", for the case k = 1 and any m > 2. We would like to see a resolution
of the m-versus-(m + 1) queries problem for this special case not only for the hypothesis
Pgﬂmﬂ} C ng[m] but also for the weaker hypothesis Pgﬂmﬂ} C ZPPgP[m]. All these open
questions may also be worth looking at when we use Turing reductions in place of truth-
table reductions (for instance, what happens if PNPIm+1] ¢ ZPPNPIM| for some nonconstant
m > 2). Finally, in this paper we require the success probability of Zppel] algorithms, for
any complexity class C and integer j > 1, to be at least 1/2 + 1/poly(-), where poly(-) can
be any arbitrary polynomial. It would be interesting to see whether our results also hold
when we require the success probability of ZPPCV! algorithms to be less than 1 /2 (e.g., 1/4).
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