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Abstract

We study the complexity of quantum complexity classes such as EQP, BQP, and
NQP (quantum analogs of P, BPP, and NP, respectively) using classical complexity
classes such as ZPP, WPP, and C_P. The contributions of this paper are threefold.
First, via oracle constructions, we show that no relativizable proof technique can
improve the best known classical upper bound for BQP (BQP C AWPP [FR99]) to
BQP C WPP and the best known classical lower bound for EQP (P C EQP) to
ZPP C EQP. Second, we prove that there are oracles A and B such that, relative to
A, coRP is immune to NQP and relative to B, BQP is immune to P°=F. Extending a
result of de Graaf and Valiant [dGV02], we construct a relativized world where EQP is
immune to Mod,,»P. Third, motivated by the fact that counting classes (e.g., LWPP,
AWPP, etc.) are the best known classical upper bounds on quantum complexity classes,
we study properties of these counting classes. We prove that WPP is closed under
polynomial-time truth-table reductions, while we construct an oracle relative to which
WPP is not closed under polynomial-time Turing reductions. The latter result implies
that proving the equality of the similar appearing classes LWPP and WPP would
require nonrelativizable proof techniques. We also prove that both AWPP and APP
are closed under <9P reductions. We use closure properties of WPP and AWPP to
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prove interesting consequences, in terms of the complexity of the polynomial-hierarchy,
of the following hypotheses: NQP C BQP and EQP = NQP.

Keywords: computational complexity, quantum complexity classes, gap-definable counting
classes, relativization theory, reduction closure properties.

1 Introduction

Quantum complexity classes such as EQP, BQP [BV97] (quantum analogs, respectively, of
P and BPP [Gil77]), and NQP [ADH97| (quantum analog of NP) are defined using quantum
Turing machines [BV97], the quantum analog of classical Turing machines. EQP is the class
of languages L accepted by a quantum Turing machine M running in polynomial time such
that, for each = € ¥*, if € L, then the probability that M (z) accepts is 1, and if z ¢ L,
then the probability that M (z) accepts is 0. BQP is the class of languages L accepted
by a quantum Turing machine M running in polynomial time such that, for each x € ¥*,
if x € L, then the probability that M (x) accepts is at least 2/3, and if x ¢ L, then the
probability that M (z) accepts is at most 1/3. NQP is the class of languages L accepted
by a quantum Turing machine M running in polynomial time such that, for each x € ¥*,
x € L if and only if the probability that M (z) accepts is nonzero.

Quantum complexity classes represent the computational power of quantum computers.
Some fundamental computational problems—for example, factoring, discrete logarithm [Sho97],
Pell’s equation, and the principal ideal problem [Hal02]—are not believed to be in BPP,
and yet have been shown to be in BQP. One of the key issues in quantum complexity
theory is studying the relationship between classical and quantum complexity classes. The
inclusion relationships of BQP with some natural classical complexity classes are known.
Bernstein and Vazirani [BV97] showed that BPP C BQP C P#P. Adleman, DeMarrais,
and Huang [ADH97| improved that to BQP C PP. Fortnow and Rogers [FR99] showed
that the investigation of counting classes can give us insights into the classical complexity
of quantum complexity classes. In particular, they studied the complexity of BQP using
gap-definable counting classes [FFK94]. (See section 2 for definitions of complexity classes
not defined in this section.) Loosely speaking, gap-definable counting classes capture the
power of computing via counting the gap (i.e., difference) between the number of accepting
and rejecting paths in a nondeterministic polynomial-time Turing machine. Fortnow and
Rogers proved that BQP C AWPP, where AWPP is a gap-definable counting class. Since
AWPP C PP, this gives a better upper bound for BQP than that of Adleman, DeMarrais,
and Huang. Thus, the best known lower and upper bounds for BQP in terms of classical
complexity classes are, respectively, BPP and AWPP: BPP C BQP C AWPP C PP.
Similarly, the best known classical lower and upper bounds for EQP are, respectively, P
and LWPP: P C EQP C LWPP C AWPP C PP. The quantum complexity class NQP
coincides with coC_P [FGHP98,YY99].

In light of these connections between quantum and counting complexity classes, it is
natural to ask if there are counting (or other classical) complexity classes that give better
lower (or upper) bounds for BQP. More formally, is there a counting class C that lies



nontrivially between BPP and BQP? Is there a counting class D that lies nontrivially
between BQP and AWPP? Similar questions can be asked about EQP. Unfortunately,
these questions are often difficult and out of reach of relativizable proof techniques. Green
and Pruim [GP01] constructed an oracle relative to which EQP ¢ PN* and thus they showed
that proving EQP C PP is outside the scope of relativizable proof techniques. Furthermore,
for each prime p and integer k£ > 1, de Graaf and Valiant [dGV02] constructed an oracle
relative to which EQP & Mod, . P.

In this paper, we use counting classes to study the relativized complexity of EQP, BQP,
and NQP. In particular, we study the classes EQP, BQP, and NQP by separating counting
classes relative to an oracle. We construct oracles A and B such that ZPP4 ¢ WPP4 and
RPZ ¢ C_PE. It follows immediately from known inclusions that ZPP4 ¢ EQP4, BQP4 ¢
WPP4, and coRP? ¢ NQPZ. Note that WPP C AWPP, P C ZPP C BPP C BQP, and
EQP C LWPP C WPP C C_P. In fact, WPP is the largest known natural gap-definable
subclass of AWPP and ZPP is the smallest known natural probabilistic complexity class
that contains P. Thus, even though NQP (= coC-P) contains RP, and hence contains
ZPP (= RP N coRP), in every relativized world, using relativizable proof techniques it is
impossible to show that NQP contains all sets in coRP.

The oracle separations of counting classes mentioned above, for example, RP? ¢ C_P?,
leaves open the possibility that each set in RP? can be approximated by a set in C_P? in
the following sense: For each infinite set L € RP?, there exists an infinite subset L' C L
such that L' € C_PP. A strong (or immunity) separation of RP? from C_P? will preclude
this possibility. Strong oracle separations have been studied in many different settings, e.g.,
for the polynomial hierarchy [Ko90,Bru92], for the boolean hierarchy over RP [BJY90], and
for counting classes [Rot99]. We prove strong oracle separations between counting classes,
and from these we get strong oracle separations involving quantum and counting complexity
classes. For example, we prove that there are oracles A and A’ such that RP4 is C_PA-

PC:PA/

immune and BPPY is -immune. That implies that coRP# is NQPA-immune and

BQPA, is PC:PA/—immune. For each prime p and integer k£ > 1, we construct an oracle
relative to which EQP is Mod,xP-immune. This extends an oracle separation of EQP from
Mod,+P by de Graaf and Valiant [dGV02].

Results by Fortnow and Rogers [FR99], de Graaf and Valiant [dGV02], and those of
this paper show the connection between quantum and counting complexity classes. This
motivates the investigation of reduction closure properties of these counting classes. Fenner,
Fortnow, and Kurtz [FFK94| showed that the counting classes SPP and LWPP are closed
under polynomial-time Turing reductions. (In fact, they proved that SPPSPY = SPP and
SPPMWPP — LWPP.) They asked whether the same holds for WPP. We give a partial
answer to their question. We prove that WPP is closed under polynomial-time truth-
table reductions, and show that this cannot be improved to closure under polynomial-time
Turing reductions using relativizable proof techniques: There is an oracle A such that
pwrp? ¢ WPPA. Thus, it follows that relative to oracle A, WPP strictly contains LWPP.
For the counting classes AWPP and APP, we prove a stronger closure property, namely that
both AWPP and APP are closed under S%P (unambiguous nondeterministic polynomial-



time Turing) reductions.

Vyalyi [Vya03] proved using Toda’s theorem [Tod91] that QMA, the class of languages
such that a “yes” answer can be verified by a 1-round quantum interactive proof, is unlikely
to contain PP, since if it does then PP contains PH. That paper implicitly contains the
observation that Toda’s theorem [Tod91] implies PH C UP®=F. Using this result and the
reduction closure results mentioned above, we prove consequences of the “NQP C BQP”
and “NQP C EQP”! hypotheses. Note that these hypotheses are quantum counterparts of
the “NP C BPP” and the “NP C P” hypotheses. Zachos [Zac88] proved that if NP C BPP,
then PH C BPP. We prove that if NQP C BQP, then PH C AWPP, and if NQP C EQP,
then PH C EQP and so, as an immediate consequence, PH C LWPP. Since it is unlikely
that the complexity of PH is restricted to classes such as AWPP and LWPP, and since
AWPP and LWPP are low for PP, our results suggest that these hypotheses are less likely
to be true.

The paper is organized as follows. Section 2 contains the definitions and notations. In
Section 3, we prove relativized separations between counting classes, which in turn lead
to relativized separations between quantum and counting classes. In Section 4, we prove
our immunity separation results. In Section 5, we prove the closure and collapse results.
Section 6 contains some open problems.

2 Preliminaries

Let C, N, Q, and Z denote the set of complex numbers, the set of nonnegative integers, the
set of rational numbers, and the set of integers, respectively. Our alphabet is ¥ = {0,1}.
>* denotes the set of all finite length strings over the alphabet ¥ and for every n € N,
3™ denotes the set of all strings of length n in ¥*. For any n € N and any = € >*,
X" = {zw|w € ¥"}. For any x € ¥*, |z| denotes the length of the string z, while |z|g
and |z|; denote, respectively, the number of 0’s and the number of 1’s in z. For every set
L C ¥*, ||L|| denotes the cardinality of L and let x denote the characteristic function of
L, ie., for each x € L, xp(z) = 1 and for each = ¢ L, xr(x) = 0. For any z € ¥*, the
integer num(zx) corresponding to string x is defined as the value of the binary number 1z.
Let (-,...,-) denote a standard, fixed, easily computable, and invertible pairing function.

For general complexity-theoretic background and for the definition of complexity classes
such as P, NP, FP etc., we refer the reader to the handbook [HO02]. NPTM stands for
“nondeterministic polynomial-time Turing machine” and DPTM stands for “deterministic
polynomial-time Turing machine.” For a complexity class C, coC is defined by coC = {L|L €
C}. Throughout this paper, for any (nondeterministic or deterministic or quantum) Turing
machine N and for any x € ¥*, we use N(z) as a shorthand for “the computation of N on
input x.”

A computation path p’ in an NPTM is a string in X* representing the sequence of
nondeterministic guesses. An augmented computation path p in an oracle NPTM is a string

!Note that EQP C NQP follows trivially from the definitions of these classes.



(p', o) such that o represents the sequence of answers of the oracle to queries along the path
p'. We say that an augmented computation path p = (p/, o) occurs in the computation of
NA(z) if p’ is a computation path in N4(z) and o is consistent with the memberships of all
strings queried along p’ in N4(x). Given an augmented path p = (¢, o), let naked(p) denote
p' and let ans(p) denote o. In this paper, we will use “path” to mean both “unaugmented
path” and “augmented path” (which sense is being used will be clear from the context).

Given NPTM N, A C ¥*, and z € ¥*, let PATH(N4, z) denote the set of augmented
computation paths that occur in N4(z). Let ACCEPT(N#,z) denote the set of paths
in PATH(N4, z) that accept. Given NPTM N, z € ¥*, and augmented path p € ¥*, we
let sign(N, z, p) = +1 if naked(p) with query answers ans(p) is an accepting path in N(z),
sign(N, z, p) = —1 if naked(p) with query answers ans(p) is a rejecting path in N(z), and
sign(N, z, p) = 0, otherwise (i.e., if p is not a valid augmented path in N(x)). Note that the
“sign” value does not depend on the oracle because the oracle answers are already included
in the augmented path p.

Next, we define the notions of counting in nondeterministic Turing machines. Given
an NPTM N and a string x in ¥*, we use #accy(z) (#rejny(x)) to denote the number of
accepting (respectively, rejecting) paths of N on x. If N is an oracle NPTM and A is a
set, then we use #accya(z) (#rejya(x)) to denote the number of accepting (respectively,
rejecting) paths of N on = with oracle A. #P [Val76] is the class of functions f such that
there exists an NPTM N such that, for each x € ¥*, f(z) = #accy(z). We now define a
function gapy that represents the “gap” between the number of accepting and the number
of rejecting paths of V.

Definition 2.1 [FFK94] If N is an NPTM, define the function gapy : ¥* — Z as follows:
For all x € ¥*, gapn(x) =g #acen(x) — #rejn(x). If N is an oracle NPTM, then for
every set A, define the function gapya : ¥* — Z as follows: For all x € ¥*, gapya(x) =4
#Haceya(x) — #rejya(x).

GapP is the class of all functions f such that there exists an NPTM N such that f = gapy.
We define the gap-definable counting classes [FFK94] that will be used in the rest of the

paper.
Definition 2.2 1. [Sim75,Gil77] PP = {L| (3¢ € GapP)(Vzx € ¥*)[z € L < g¢g(x) >
0]}.
2. [Sim75,Wag86] C_P = {L | (3g € GapP)(Vz € ¥*)[z € L < g(x) =0]}.

3. [CH90,Her90,BG92] For each k > 2, Mod;P = {L |(3g € GapP)(Vz € ¥*)[z € L +—
g(z) £ 0 (mod k)]}. Equivalently, for each k > 2, Mod,P = {L| (3f € #P)(Vz €
Y¥)x € L < f(x) #0 (mod k)|}.

4. [PZ83,GP86] &P = Mod,P.

5. [OH93,FFK94] SPP = {L| (3g € GapP)(Vz € ¥)[(zx € L = g(z) = 1) A (z ¢
L = g(z) = 0)]}.



6. [FFK94] LWPP = {L| (3g € GapP)(3h € FP : 0 ¢ range(h))(Vz € ¥*)[(x € L =
g(z) = h(0F) A (2 ¢ L = g(z) = 0)]}.

7. [FFK94] WPP = {L| (3g € GapP)(3h € FP : 0 ¢ range(h))(Vz € X*)[(zr € L =
g(x) =h(@)) A (¢ L = g(x) = 0)]}.

The counting classes AWPP [FFKLO03] and APP [Li93] were defined to study the sets that
are low for PP. The original definition of these classes included the amplification property.

Definition 2.3 [FFKL03| A language L C ¥* is in AWPP if for every polynomial r, there

exist a function g € GapP and a polynomial p such that, for all x € ¥*,
vel — 1-2-ed < 9@ g
9p(|z)

Definition 2.4 [Li93] A language L C X* is in APP if for every polynomial r, there exist
g,h € GapP such that, for alln € N and x with n > \x|7,l h(0™) > 0 and

_ g(z,0

g('x?On) < 2—7‘(71).
h(0™) —

r¢L = 0<

Fenner [Fen03] simplified the definition of these classes and showed that AWPP C APP.

Theorem 2.5 [Fen03]

1. A language L C X* is in AWPP if and only if there exist a function g € GapP and a
polynomial p such that, for all x € 3%,

rel = 3/4< 9(2)

op(zf) — 77

9()
r¢l = 0< o) < 1/4.

2. A language L C ¥* is in APP if and only if there exist g, h € GapP, h > 0, such that,
for all x € X7,

We also define certain classes that we will relate to the gap-definable classes mentioned in
Definitions 2.2, 2.3, and 2.4 in this paper.

Definition 2.6 [Val76] A language L C X* is in UP if there is an NPTM N such that, for
alz e ¥, x € L = #acey(x) =1 and x ¢ L = #acey(x) = 0.



Definition 2.7 [AlI86,AR88] A language L C X* is in FewP if there is an NPTM N
and a polynomial p such that, for all x € ¥*, v € L = 1 < #acey(z) < p(|z|) and
x ¢ L = #accy(x) =0.

Definition 2.8 [Gil77] A language L C X* is in RP if there is a polynomial-time predicate
R, a polynomial p, and 0 < € < 1 such that, for all x € X*,
A+6) (e
vel = Iy |lyl < ple) ARG} 2 52 2D, and

v¢ L = |Hy |yl <p(z)) A R(z,y)}] = 0.
Definition 2.9 [Gil77] ZPP = RP N coRP.

Definition 2.10 [Gil77] A language L C ¥* is in BPP if there is a polynomial-time
predicate R, a polynomial p, and 0 < € < 1 such that, for %lll EC%— >,
vel = ||y |yl <pla)) A R@y}| = 5= - 220D, and

v¢ L :$\HQHMSPmMAR@Wnngagd.?Wx

For background information on quantum complexity theory and for the definition of
quantum Turing machine, we recommend [NC00,Gru99]. We define the quantum complexity
classes that will be used in this paper.

Definition 2.11 [BV97,ADH97] EQP (BQP,NQP) is the class of all languages L C X*
such that there is a polynomial-time quantum Turing machine M such that, for
each x € ¥*, x € L = Pr{M(z) accepts] = 1 (respectively, > 2/3, # 0) and
x ¢ L = Pr{M(z) accepts | = 0 (respectively, < 1/3, =0).

The following proposition gives known inclusion relationships among the classes defined
above.

Proposition 2.12 [Fen03,FFK94,FFKL03,FGHP98 FR99,Gil77, KSTT92,YY99] The
following inclusion relations hold relative to all oracles.

1. P CZPP C RP C BPP C AWPP.

2. P CUP C FewP C SPP C LWPP C WPP C C_P C PP.
3. ZPP C coRP C coNP C C_P.

WPP C AWPP C APP C PP.

P C EQP C LWPP C WPP C coC_P.

EQP C BQP C AWPP.

SPP C &P.

FewP C NP C coC_P = NQP.

BPP C BQP.

© RS &



Next we define the reductions used in this paper. We say that A <. B (A polynomial-time
Turing reduces to B) if there exists an oracle DPTM M such that L(M?) = A. We say
that A <V, B (A polynomial-time truth-table reduces to B) if there exists a DPTM M and
a polynomial-time computable function f such that, for each x € ¥*, there exists an integer
m such that

L. f(.%') - <QI7q27 .. Qm>7 and
2. M({x,xB(q1),xB(q2),--.,xB(gm))) accepts if and only if x € A.

3 Separating Quantum Classes Using Counting Class Separations

One way to study the power of quantum complexity classes is to search for well-known
complexity classes that provide a good lower bound for these quantum classes. The best
known lower bound for EQP is P. In fact, EQP is not known to contain even a single
problem that is not already known to be in P. Bennett et al. [BBBV97] showed that
relative to a random oracle, NP is not contained in EQP with probability one, and relative
to a permutation oracle chosen uniformly at random, NP N coNP is not contained in EQP
with probability one. Thus it is interesting to ask the following questions. Are there natural
classes between P and NP N coNP that are contained in EQP? Are there natural classes
between P and NP N coNP that are not contained in EQP in some relativized world? We
prove that the latter is true by showing that there is a relativized world where ZPP is not
contained in EQP. In fact, we prove a slightly stronger statement. We prove, as the next
theorem, that there is an oracle relative to which ZPP is not contained in WPP, a superclass
of EQP [FR99]. It is interesting to note that there is an oracle, due to Fortnow [For99],
relative to which SPP, a subclass of WPP, strictly contains an infinite polynomial hierarchy.
In contrast, our oracle provides a completely different picture of WPP in a relativized world:
A world in which WPP sets are not powerful enough to capture a seemingly small subclass,
namely ZPP, of NP.

On the Proof Technique: The oracle constructions in Theorems 3.1 and 3.13 use a
“gap analog” of the counting technique used by Torén [Tor91] in the relativized separation
of counting classes from each other, for example in the construction of an oracle A such
that NP4 ¢ C_P#. Many of the powerful state-of-the-art oracle construction techniques
have the following flavor in proof steps: (1) abstract the oracle construction problem in
terms of some combinatorial object, such as a boolean circuit over some base set of gates
or a polynomial over some ring, satisfying certain properties, and (2) prove existence
of an appropriate oracle segment based on the limitations of the combinatorial object
satisfying those properties. Because of this transition in proof from machines and oracles
to pure combinatorial objects with implicit dependence on behavior of machines, these
oracle construction techniques are more combinatorial than complexity-theoretic in nature.
In contrast, the proof techniques by Toran [Tor91] and Beigel [Bei91], which we use in
Theorems 3.1, 3.13, and 4.4, do not purely abstract the problem from machines and oracles
to combinatorial objects, and depend heavily on the behavior of machines with different



oracles. From the point of view of traditional and perfectionist complexity theorists, the
proof techniques by Torédn [Tor91] and Beigel [Bei91] might be more appealing, because
of being more complexity-theoretic in nature, than the other known combinatorial proof
techniques for oracle constructions.

For the above reason, we choose to use the “gap analog” of the proof technique
by Toran [Tor91] and Beigel [Bei91] in Theorems 3.1, 3.13, and 4.4. In a subsequent
paper [ST04a,ST04b], the first and the third author of this paper used the combinatorial
polynomial degree bound technique to prove an extension of Theorem 3.1. They showed
that there is a relativized world where ZPP ¢ WPPWPP and claimed that their proof can
easily be extended to construct a relativized world where ZPP is not contained in any level
k, where k > 1, of the WPP hierarchy formed by composing WPP with itself up to k levels.
It is illuminating to compare the power of the two vastly different proof techniques for the
oracle construction in Theorem 3.1.

Theorem 3.1 (3A) [ZPP# ¢ WPPA].

Proof For every set B, let L =4 {0"| (3w € ¥")[0w € B]}. Define predicates
“I-Promise” and “II-Promise” as follows.
I-Promise(B,n,k) = ||B N0X"|| > k and ||B N1X"|| =0, and

II-Promise(B,n,k) = ||[B N0¥"|| =0 and ||B N1X"|| > k.

We say that a set B satisfies the promise at length n with threshold k if [I-Promise(B, n, k)
V II-Promise(B, n, k)] is true. Clearly, if B satisfies the promise at each length n > 1 with
threshold 2"~1, then Lg € ZPPB. We show that there is an oracle A such that A satisfies
the promise at each length n > 1 with threshold 2! and L4 ¢ WPPA.

Let (Ns, My, ps)s>1 be an enumeration of all triples such that the first component of the
triple is a nondeterministic polynomial-time oracle Turing machine, the second component
is a deterministic polynomial-time oracle transducer, the third component is a polynomial,
and the running time of both Ny and M is bounded by the polynomial ps regardless of the
oracle.

The oracle is constructed in stages. Before the start of stage 1, let A :=J,,cy 0X". In

stage s > 1, the membership in A of strings of length ns + 1 is changed. Finally at the end
of every stage, A is assigned as the oracle.
Stage s, where s > 0: Let ns; be the smallest integer such that the following hold:
ng > ns—1, 2" > 4ps(ns) + 2, and no machine considered in previous stages ever queries a
string of length greater than n,. Let A := A — X%+l In stage s, we diagonalize against
the triple (N, My, ps). Note that the FP function h used in the definition of WPP (see
Definition 2.2(7)) is non-zero for all x € ¥*. Therefore, without loss of generality we may
assume that Mg never outputs zero with any oracle that satisfies the promise at length ng
with threshold 271,

Let Ty (T1) denote the set of queries of length n, + 1 asked by M7 (0™) whose first
bit is zero (respectively, one). Let the value computed by M7(0™) be denoted by val. As
explained above, we may assume that val # 0.



(*) Choose a set B such that B C To N7y N X"+ and one of the following conditions is
satisfied: I-Promise(B, n,, 2" ~1) and gapyaus(0™) # val, or (3.1)
II-Promise(B, n,,2" ") and  gapyaus(0™) # 0. (3.ii)

Let A := AU B and move to stage s + 1.

End of Stage

Obviously, the construction guarantees that L 4 € ZPP# but L4 ¢ WPPA. The feasibility
of the construction follows from the following claim.

Claim 1 For each s > 1, there exists a set B satisfying (x).

Proof of Claim 1. In order to prove the above claim, we first describe a combinatorial
tool similar to the one used by Tordn [Tor91] to separate NP from C_P. Tordn used his Q-
notation to count the number of accepting paths that have certain restrictions on the queries
asked along them. Our @-notation represents the gap between the number of accepting and
rejecting paths that have similar restrictions on the queries asked along them.

Recall from the definition of “sign” given in Section 2 that sign(V,z, p) is 0, +1, or —1,
if, respectively, p is not a valid augmented path in N(z), N(x) on path naked(p) with query
answers ans(p) accepts, or N(z) on path naked(p) with query answers ans(p) rejects.

Definition 3.2 For every set E C Y™t and for each ai,as,...,a, b1, ba, ..., by € XF,
let QaEl g (b)) = ZpeRsign(Ns,()”S,p), where R = {p|p € PATH(NSAUE,O”S) and

NAVE(O™) on path naked(p) queries each string in {a1,as,...,ax} and NAYE(0™) on
path naked(p) does not query any string in {by,ba, ..., be}}.

Thus, for any strings wi,ws,...,ws, wi,ws, ..., w,, each accepting path of NAVE ()
that queries all of wy,ws,...,w; and none of wi,w),...,w, has a contribution of +1
AL and each rejecting path of NAYE(0™) that queries all of
w1, W, . .., w; and none of wi, wh, . .., wy has a contribution of —1 in le7w2’m’wk,(w,l7w,2’m’w2).

The following lemma, which we state without a proof, is a “gap analog” of Lemma 5.2
by Toran [Tor91]. It says that the “Q” value corresponding to paths querying wy, ..., wy
can be split into 2 parts: (a) contribution from paths querying wi, ..., wy that also query
wg+1 and (b) contribution from paths querying wi, ..., wy that do not query wy.1.

: E
m Q ’oal
’LU1,U}2,...,’LU}€,('LU1,w2,...,’LU

Lemma 3.3 For every set E C Y™t and for all wy,...,wpr1 € X1, the following
equality holds:

E _ Nk E
le,..‘,wk - le,‘..,wk+1 + le,...,wkv(wk-«—l)'

The following definition is similar to the one by Tordn [Tor91] with the only exception that
the @-terms have the “gap” meaning as in Definition 3.2.

Definition 3.4 For any E,D C X"t with END =0,

1Dl
=31 Y Qb
=0 ACD

[1All=i

10



Intuitively, £ C £"*! represents an oracle segment and D C ¥"t! represents a set of

query strings, which is disjoint from FE, in the expression J g . The expression J g is an

arithmetic sum of “Q” values, where the “Q” values correspond to oracles £ U A, for all

A C D, and correspond to computation paths with a fixed query set D. For example, for a

set D = {wy, w, w3} and an arbitrary set £ C X7+ — Loy o, wg%b

Jg _ Qg _ (QDU{wl} + QgU{wz} + qu{wg) + (qu wi,wa} + QY {w2,ws} + QgU{whws})
_qu{wl Jw2,w3 } '

For notational convenience, we use the following shorthands: For every E C X"sT! let
QF =4 gapyaue(0™) and JE =g J(f = QF.

Lemma 3.5 (See [Tor91], Lemma 5.3.) For every sequence of words wi, ..., Wk, Wky1 N
Yt and for every set E C Xt with E N {wy, ..., w, wee1} = 0, the following holds:
EU E E
le,-{flﬁzl} = Jw17-..7wk - Jw1,-.-7wk7wk+1'

Proof All properties of @ and J used in the proof of Lemma 5.3 in [Tor91] carry over to
our gap versions of () and J. Hence, Toran’s proof works also for our lemma. |
Suppose that in stage s no set satisfying (x) exists. Then, for every set B such that
BCToNnTinynsth

I-Promise(B, n,, 2" !) — gapyaus(0™) = val, and (3.ii1)

II-Promise( B, ng, 2" ') = gapyaus(0™) = 0. (3.iv)

Lemma 3.6 For each s > 1 and every t € {0,...,2"% 71}, if for every set B such that

B CTonTiNnY™tL it holds that
I-Promise(B, ns, t) = gapy.aus(0™) = val,

then the following hold:
1. For every nonempty sequence of words Owsy,...,0wy such that {Owi,...,0wg} C

To N 0" and for every set R that satisfies R C Ty N 0¥, I-Promise(R, ns, t), and
{Owy,...,0wg} N R =10, it holds that J(ﬁjh._.,owk =0.

2. For every set Cy such that Cy C Ty N 0X"s, ||Cy|| = t, and {Ow,...,0wp} NCy =0, it
holds that J§ ., = gap v, (0) — val.

Proof By hypothesis and by using the definition of .J, for every set R such that R C ToN
0% and I-Promise(R, ns, t) is true, the following holds: J® = Q® = val. By Lemma 3.5,

JR _JR _ RU{Owg 11}
Owsq,...,0wg4+1 — “0ws,...,0wg, Owi,...,0wg *

We now prove (1) by induction on k.

For k=1, J& = Jf — R0} = yal — val = 0.
For k > 1, J&, 0w = T8 0wy — (ﬁ{,?fggkq’ where by induction hypothesis both
terms are 0.

11



We prove (2) also by induction on k.

For k=1
’ t C w t t t w C w t t w
chfu rowl _ QO;ULIJ{O 1 Q(Cowl) _ QCuioun} Q(JIL,,J;{)O 1k G _ QCuuAow}

Cy U{0w1 }

where the third equality follows from the fact that, by Definition 3.2, Qct = Q(Owl)

(Owy)
Thus,
JS

Owy ga/pN‘-SAUCt (Ons) - 'Ual,

using the definition of C; and using the fact that I-Promise(C; U {Owy }, ns,t) is true. For
k > 1, by Lemma 3.5,

Jc’t o JCt N CtU{Owk}
Owi,...,0wg — “0wr,...,0wg_1 Owq,...,0wg_1°

By (1),
JCtU{Owk} _ 0

Owl,.‘.,Owk,l

Also, by the induction hypothesis,
IS

— n
Owr .. Owg_y — JAP AU (0") — wvall.

Thus,

C
Jowr Owy = 9ap yAuc; (0™s) — val.

Lemma 3.7 For each s > 1 and every t € {0,...,2% 1} if for every set B such that

B CTonTinY™tL it holds that
[-Promise(B, ns, t) = gapyaus(0™) = val,

then for every set Cy such that Cy C ToNOX™s and ||Cy|| = t, it holds that gap yAauc, (0ms) =
val. ’

Proof Let C; be an arbitrary set such that C; C Ty N 0X" and ||Cy]| = t. Suppose
the hypothesis of the lemma holds but gap yAucy (0™s) # wval. Then, by Lemma 3.6(2), for
any nonempty sequence of words Ows, ..., 0wy, where {Owy,...,0w,} C C; N Ty N OX™s,
it holds that J()C;Zh # 0. Let Ows,...,0wy, ()41 be a sequence of words such that
{Owy, ... ,prs(ns)ﬂ} C CyNTyN0X™. (Such a sequence of words exists since 2™ >
4ps(ns)+2.) Since the running time of NY) (0™) is bounded by ps(ns), N (0™s) can make at
most ps(ns) queries to the oracle on every computation path. Therefore, Jgf}l“ =

"’prs(n5)+1
0. This follows from the fact that JOC;ZI _____ 0wy a1

..,0wy,

is the sum of sign values associated with

computation paths of IV, §') (0™¢) in which all the words Owy, . . ., 0wy, ()41 are queried. Thus
we obtain a contradiction. So, gap NAUC (0™) = wal. |

If in stage s no set satisfying (x) exists, then (3.iii) is true. Thus, from Lemma 3.7, for
t = 2"~ and for any set C; such that C; C Tp N 0¥X™ and ||Cy|| = ¢, it holds that

12



gap yAuc, (0™) = wal. Thus, under the assumption that in stage s no set satisfying (%)
exists, the following holds.
For every set B such that B C Ty N7} N X"t

I-Promise(B, ng, 2" 1 —1) — gapy.aus(0™) = val, and (3.v)

II-Promise(B, ns, 2™ 71) — gapyaus(0™) = 0. (3.vi)

Note that (3.v) is a logically stronger statement than (3.iii). We now argue that the above
chain of arguments can be pushed further to show that, if in stage s no set satisfying (%)
exists, then gapya(0™*) = val.

Lemma 3.8 For each s > 1, if in stage s no set satisfying (%) exists, then gapnA (0ms) =
val.

Proof Assume that in stage s no set satisfying (x) exists. For any t' € Z, let P(¢') be the

following statement: _
P(t) = (VB CTynT; N [I-Promise(B, ng,t') = gapyaus(0™) = vall.

We prove using induction that, for every ¢ € {—1,...,2% 71} P(#) holds. The base cases
(when t' = 27s~! or ¢/ = 2"~! — 1) have already been shown to be true. By induction
hypothesis, for ¢’ = k, where k > 0.

P(k) = (VB CTynT, NX" ™) [-Promise(B,n, k) = gapyaus(0™) = val]

is true. Now applying Lemma 3.7 for t = k, we have that
(VC C To N 0Z"™)[||C]] = k = gapyave(0™) = val].

Thus, certainly (VC' C To N'Ty NOX™)[||C]] = k = gapyauc (0™) = val]. Combining this

with the induction hypothesis, we have that
P(k—1) = (YBCTynTi N [I-Promise(B, ng, k — 1) = gapyaus(0™) = vall

is also true. Thus, by induction, for all #' € {—1,...,2"%~1} P(#) is true. Since P(—1) and
I-Promise((), ns, —1) are true, it follows that gapya(0™) = val. |
We now show that if in stage s no set satisfying (x) exists, then, using (3.iv), a contradiction
can be achieved from Lemma 3.8; this will imply that in stage s a set B satisfying (x) always
exists. We first prove a lemma analogous to Lemma 3.6.

Lemma 3.9 For each s > 1 and every t € {0,...,2% 1} if for every set B such that

B CTonTiNnE™tL it holds that
II-Promise(B, ng,t) = gapNsAUB(O”S) =0,

then the following hold:

1. For every nonempty sequence of words 1wy, lwa, s Lwg such that {lwy, ..., lwg} C
Ty N 1X" and for every set R that satisfies R C Ty N 1X"s, 11-Promise(R, ng, t), and
{lwy,...,lwg} N R =0, it holds that Jﬁm,m’l . =0.

w

2. For every set Dy such that D; C Ty N1X", ||Dy|| = t, and {1wy, ..., lwg} N Dy = 0,
it holds that J{t |, = gap,aup, (0™).

13



Proof We prove (1) by induction on k. By hypothesis and by using the definition of J,
for every set R such that R C T1N1¥" and II-Promise(R, ns, t) is true, the following holds:
JE = Q" = 0. By Lemma 3.5,
RU{1
Jﬁul,‘..,lwkﬂ = Jﬁul,...,lwk - J1w1{.‘.lf)1k$;}-
For k=1, Jf = Jkt — jRWllu} = QR — QRUIw) = — 0 =0.

For k> 1, JB . =J& RUlwg b

twe_y — J1wy.... 1iwy,_,» Where by induction hypothesis both
terms are 0.

Wi

We prove (2) also by induction on k.

For k=1,
T = Qb —Qu ) =P -l ) — Pt 4 g le) = P — @Rt

Dy U{lwl}

where the third equality follows from the fact that, by Definition 3.2, QD L= Q(lwl)

(111)1)
Thus,
JlDufl = gapyaup, (0™) — 0 = gap,.aup, (0™),

using the definition of D; and using the fact that II-Promise(D; U {lw;}, ns,t) is true. For
k > 1, by Lemma 3.5,

JDt JDt _ DtU{lwk}

lwy,...,lwg = “1wi,...,lwi_1 lwy,...,lwg_1°

By (1),

JDtU{lwk} = 0.

lwy,...,lwg_1 —

Also, by the induction hypothesis,

T, = 9ap (0.

Thus,

Dy _ n
lel,...,lwk - g(le;\th (O 5)‘

The next two lemmas, Lemma 3.10 and Lemma 3.11, are analogous to Lemma 3.7 and
Lemma 3.8, respectively, with minor differences in their statement. So, we omit their proof
in the paper.

Lemma 3.10 For each s > 1 and every t € {0,... ,2"s=1Y if for every set B such that
B CTonTinY™tL it holds that
II-Promise(B, ns, t) = gapyavs(0™) =0,

then for every set Dy such that D; C TYN1X" and ||Dy|| = t, it holds that gap \AuD, (0ms) =
0. )
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Proof Omitted, since the proof is similar to that of Lemma 3.7. |
If in stage s no set satisfying (x) exists, then (3.iv) is true. Thus, from Lemma 3.10, for
t = 2"~! and for any set D; such that D, C T} N 1¥" and ||Dy|| = t, it holds that
gap yAup, (0™ ) = 0. Thus, under the assumption that in stage s no set satisfying (*) exists,
the following holds.
For every set B such that B C To N Ty N X"+

I-Promise(B, n,, 2" 1) — gapyaus(0™) = val, and (3.vii)

II-Promise(B,ng, 2" 1 —1) = gapyaus(0™) = 0. (3.viii)

The above chain of arguments can be pushed further to show that, if in stage s no set
satisfying (x) exists, then gapy.a(0™) = 0.

Lemma 3.11 For each s > 1, if in stage s no set satisfying (x) exists, then gapya(0™*) = 0.

Proof Omitted, since the proof is similar to that of Lemma 3.8.

Since val # 0, Lemma 3.8 and Lemma 3.11 imply a contradiction. Thus, for each s >
1, a set B satisfying (x) can always be found in stage s. This completes the proofs of
Claim 1 and Theorem 3.1. |

Corollary 3.12 There exists an oracle A C ¥* such that, for each C € {ZPP, RP, BPP,
NP, BQP, C_P NcoC_P, AWPP, APP} and for each D € {UP, FewP, SPP, EQP, LWPP,
WPP}, CA ¢ DA,

Proof Let A be the oracle constructed in Theorem 3.1. Then, C* ¢ DA follows from
the oracle separation of ZPP from WPP in Theorem 3.1, and from ZPP# C CA and DA C
WPPA (see Proposition 2.12). |
Corollary 3.12 shows that nonrelativizable proof techniques will be required to prove that
error-free quantum polynomial-time (EQP) algorithms exist for all languages in ZPP.
Corollary 3.12 also shows that, using relativizable techniques, we cannot lower the best
known classical upper bound for BQP from AWPP to even WPP, the largest known natural
gap-definable subclass of AWPP. Note that WPP can be considered as a weak subclass
of AWPP in the following sense: There is an oracle relative to which UP N coUP is not
low for WPP [ST04b,ST04a], whereas SPP, a superclass of UP, is low for AWPP in every
relativized world. Thus, Corollary 3.12 shows that BQP might not be as weak a subclass
of AWPP as WPP in some relativized world.

Theorem 3.1 provides an intuition on the relativized complexity of EQP and BQP.
But, what about the relativized complexity of NQP? It is equally worth investigating the
relativized complexity of C_P for this question, since NQP equals coC_P in every relativized
world [FGHP98,YY99]. Theorem 3.13 makes a step in this direction and shows that there
is a relativized world where coRP is not contained in NQP.

Tarui [Tar91] used a lower bound technique in decision trees for a certain AC? function
to show that BPP is not contained in P=" in some relativized world. Green [Gre93] used
circuit lower bound techniques to obtain the same result. In contrast with BPP, RP is
contained in PC=F in every relativized world. In Theorem 3.13, we use the “gap analog”
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of the proof technique by Tordn [Tor91] to construct an oracle relative to which RP is
not contained in C_P. This result is optimal in the sense that the largest known natural
subclass of RP, namely ZPP, is contained in C_P in every relativized world. This oracle
separation of RP from C_P is also a strengthening of the oracle separation of NP from C_P
by Toran [Tor91].

Theorem 3.13 (3A) [RPA ¢ C_P4|.

Proof The oracle construction is similar to that in Theorem 3.1. For every set B, let
Lp =4 {0" | (3w € ¥")[w € B]}. Define predicates “I-Promise” and “II-Promise” as
follows.

I-Promise(B,n,k) = ||[BNX"|| >k, and

II-Promise(B,n, k) = ||[BNY"|| =0.

We say that a set B satisfies the promise at length n with threshold & if [I-Promise(B, n, k)V
II-Promise(B, n, k)| is true. We show that there is an oracle A such that A satisfies the
promise at each length n > 1 with threshold 2"~ and L4 ¢ C_PA.

Let (Ns,ps)s>1 be an enumeration of all pairs such that the first component is a
nondeterministic polynomial-time oracle Turing machine, the second component is a
polynomial, and the running time of Ny is bounded by the polynomial p,; regardless of the
oracle. We now describe the stages in the construction of the oracle.

Stage 0: Let Ap := () and let ng := 0.

Stage s, where s > 0: Let ng be the smallest integer such that the following hold:
ng > ns—1, 2" > 2ps(ns) + 2, and ny is large enough so that the constructions in previous
stages are not affected. In stage s, we diagonalize against the pair (N, ps).

(xx) Choose a set B C ¥" such that one of the following conditions are satisfied:
I-Promise(B, n,, 2™~ ') and gap A, s (0™) # 0, or (3.ix)

II-Promise(B, ng, 2™~ !) and gapNAS,luB(O”S):O. (3.x)

Let As := A;_1 U B and move to stage s + 1.

End of Stage

Let A := lims_ o As. Obviously, the construction guarantees that L4 ¢ C_PA. The
feasibility of the construction follows from the following claim.

Claim 2 For each s > 1, there exists an oracle extension B satisfying (%).

Proof of Claim 2. Our combinatorial tool is the same as the one we used in proving
Claim 1. The @ and J notations used here are as in Definitions 3.2 and 3.4, respectively.
(The only minor changes are that E C X"+ is replaced by E C X" and A is replaced by
As_1 in the new definition.) Suppose that in stage s no set satisfying (%*) exists. Then, for

every set B C X" it follows that
I-Promise(B, n,, 2" 1) — gapNAS_luB(O"S) =0, and (3.xi)

II-Promise(B, ns, 271 — gap A,us(0™) # 0. (3.xii)
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Lemmas 3.14, 3.15, and 3.16 can be proved in a way similar to Lemmas 3.6, 3.7, and 3.8,
respectively, are proved. So, we omit their proofs in the paper.

Lemma 3.14 For each s > 1 and every t € {0,...,2"%~ Y} if for every set B C X", it

holds that
I-Promise(B, ns,t) = gap, A, 1us (0") =0,

then the following hold:

1. For every nonempty sequence of words wy, ..., wy, where {wy,...,wx} C X" and for
every set R such that R C X", I-Promise(R, ns, t) is true and {w1,...,wp} N R =0,
it holds that Jqﬁ,...,wk =0.

2. For every set Cy such that Cy C X", ||Cy]| = ¢, and {w1,...,wx} N Cy =0, it holds
that Jgf,...,wk = gap A, ucy (0™).

Lemma 3.15 For each s > 1 and every t € {0,...,2"~ 1} if for every set B C X" it

holds that
[-Promise(B, ns,t) = gap A, _,us (0") =0,

then for every set Cy such that Cy C X" and ||Cy|| = t, it holds that gap s -1ucy (0") = 0.

If in stage s no set satisfying (xx) exists, then (3.xi) is true. Thus, from Lemma 3.15, for t =
27s=1 and for any set Cy such that C; C X" and ||Cy|| = ¢, it holds that gap A, 106, (0") =
0. Thus, under the assumption that in stage s no set satisfying (xx) exists, the following

holds. For every set B C X",
I-Promise(B, n,, 2" 1 — 1) — gap 4,05 (0™) = 0, and (3.xiii)

II-Promise(B, ns, 2™ 71) — gapNAS,luB(Ons)#O. (3.xiv)

Note that (3.xiii) is a logically stronger statement than (3.xi). As in the proof of Claim 1,
the above chain of arguments can be pushed further to show that, if in stage s no set
satisfying (xx) exists, then 9ap A, (0™) = 0.

Lemma 3.16 Foreach s > 1, if in stage s no set satisfying (x*) exists, then gap As—1 (0ms) =
0. )

Lemma 3.16 and (3.xii) imply a contradiction. Thus, for each s > 1, partial oracle A;_; can
always be extended in stage s. This completes the proofs of Claim 2 and Theorem 3.13. [
The following corollary follows immediately from Theorem 3.13 and the inclusions stated
in Proposition 2.12.

Corollary 3.17 There exists an oracle A C ¥* such that, for each C € {coRP, BPP,
coNP, BQP, AWPP, APP}, CA ¢ NQP4.

Later in Section 4, we will prove that Theorem 3.13 can be strengthened to a relativized
immunity separation of RP from C_P (see Theorem 4.9).
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4 Immunity Separations of Quantum Classes from Counting
Classes

A (simple) separation of a class C from another class D shows the existence of sets A in C
that do not belong to D. However, it does not preclude the possibility that every such set
A has a close approximation (in some sense) by some set in D. For instance, it is possible
that C separates from D, yet every infinite set in C has an infinite subset (approximation) in
D. An immunity separation of a class C from a class D is stronger than a simple separation,
since the immunity separation also shows the existence of sets S in C that cannot even be
approximated (in the sense mentioned above) by any infinite set in D. The sets S are said
to be D-immune.

A relativized separation of one class from another does not necessarily imply a relativized
immunity separation of the classes. We give an example regarding the boolean hierarchy.
Cai et al. [CGH™88| showed that there is an oracle relative to which the levels of the boolean
hierarchy separate completely. Since every set in the boolean hierarchy can be expressed,
using one of the normal form representations of the set, as a finite union of sets in DP, the
second level of the boolean hierarchy, there is no relativized world where some set in the
boolean hierarchy is DP-immune. Another example is as follows: Though P separates from
NP in some relativized world [BGS75], it is known that relative to a generic oracle, NP has
no infinite P-immune set [BI87].

Immunity (strong) separations have been used to study the relativized complexity of
classes in different settings. Ko [Ko090] showed that there is a relativized world, where
for every k > 1, ¥} contains a X} _,-immune set. Bruschi [Bru92| extended this result of
Ko and showed that there exist oracles that witness the following: For every k& > 1, the
existence of a AP-immune set in X¥, the existence of a set L in X} such that L is X¥-
immune, the existence of a A%—immune set in a relativized polynomial hierarchy for which
¥P =TI} # A}, and for every k > 1, the existence of a ¥} _;-immune set in a relativized
polynomial hierarchy for which ¥ = AP. Bruschi, Joseph, and Young [BJY90] strongly
separated the boolean hierarchy over RP, and Rothe [Rot99] used immunity separations to
study the relativized complexity of counting classes. Rothe [Rot99], in particular, showed
that there are oracles A1, Ao, and Az such that C_P4 contains a BPP®P" Limmune set,
NP42 contains a C_P#2-immune set, and ®P“3 contains a PPPE™ immune set.

Before we state and prove our results, we formally define the notions of immunity and
strong separations.

Definition 4.1 Let C be a class of languages. An infinite language L is called C-immune
if VL' € C)[||L)]] = 0o = L'NL # 0]. A class D is C-immune (or, is immune to C) if there
is a set L in D that is C-immune.

Definition 4.2 Given relativizable classes C; and Ca, an oracle E strongly separates C&
from CF if CF is CF-immune.

M. de Graaf and P. Valiant [dGV02] proved that, for any prime p and integer k > 1, there
exists an oracle A’ such that EQPA, Z Mod,x P4, In Theorem 4.4, we strengthen this result
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by proving that there is a relativized world where every infinite set in EQP cannot even be
approximated by some set in Mod P, i.e., EQP strongly separates from Mod,xP. To prove
that the test language we use is in (relativized) EQP, we make use of the observation by
Boyer et al. [BBHT98] that quantum database searching can be done in polynomial time
with certainty if the number of solutions is exactly one fourth of the total search-space. We
also need the following theorem by Lucas [Luc78] to determine (Z) mod p for any prime p

and integers n, k > 1.

Theorem 4.3 [Luc78| For any prime p and integers n,k > 1, (Z) mod p = [[;_, (EZ;?)
P
i

mod p, where for any m € N, (m),, is the coefficient of p* in the base-p expansion of m and
7 is the largest integer such that, either (n), # 0 or (k); # 0. We take here the standard
convention that for any n,k € N, (Z) =01ifn<k.

Theorem 4.4 For every prime p and integer k > 1, there exist an oracle A and an infinite
set L 4 such that L4 € EQPA and L 4 is ModkaA—immune.

Proof Since for each prime p and integer k > 1, Mod,»P = Mod, P [BG92] relative to all
oracles, we may henceforth assume that k = 1. For each n € N, let f,, = 2(1 + 3p)p" ™,
gn = (p* + 5p — 2)p™/2, and ext(n) = [logy fn]. For each D C ¥* and n € N, let D4 ™)
be defined as: D" = DN {z € ") | pos(x) < f,}, where pos(z) is the number of
strings of length |x| that are lexicographically less than or equal to x. For each D C ¥*,
define Lp as follows:

Lp = {0 | [|D=H0)]| = (1/4) % fu}.

We say that an oracle D C X* is relevant, if for each n € N, ||[D**™|| € {f,/4,3f,/4}.
Boyer et al. [BBHT98| observed that Grover’s [Gro96] algorithm can be used to design
a quantum polynomial-time algorithm that decides with certainty whether the number of
solutions in a database is exactly one fourth or three fourths of the total search space. Using
their result, it is easy to see that for any relevant oracle D, Lp € EQPP.

We construct a relevant oracle A such that L4 is ModpPA-immune. The oracle A we
construct will have the following form: A = J,,cn(Zn U Wy,), where for every n € N, Z,, =
{x € 2™ | g,, < pos(z) < gn+fn/4} and W, C {x € B | g 4 f,, /4 < rank(z) < f,}.
Note that since A is relevant, this means that, for any n, the cardinality of W,, is either
exactly 0 or exactly f,/2.

The set A is constructed in stages. Let Ag = J,,cy Zn- In stage s, s > 0, we construct
a set B consisting of strings of length ext(ns), for sufficiently large ns, from the set {z €
yert(ns) | g, + fo/4 < pos(z) < fn}. At the end of each stage, we set Ay := A, U B. Let
A —df lim; o0 As.

Let Ny, Na, ... be an enumeration of all oracle NPTMs such that (a) for every i > 1, the
running time of NV, is bounded by nondecreasing polynomial p; independent of the oracle,
and (b) there are an infinite number of indices j such that, for each X C ¥* and each
T € X, #achjx () =0 (mod p). In order to construct a set L4 that is ModpPA—immune,

we will use a set T of conditions (requirements) that are to be met during the construction
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of the oracle. We will update T during the construction in the following way. At each
stage s, we add to T the condition corresponding to machine Ny, and delete from T a
condition if during stage s the condition is met. Thus, at the beginning of each stage of
the construction, T" will contain all the conditions that have yet to be satisfied. For each
i € N, define condition T} as “L(N7*) N'L4 # 0.” Note that if condition T} is satisfied, then
L(N7Y) is not a subset of L 4; thus L(N7') is definitely not an infinite subset of L 4.

Claim 3 For each T = {1},,Tt,,..., Ty, } C N, where t1,ta,...,t; are indices of oracle
NPTMs Ny, , Ny, ..., Ny, , respectively, and for each W C X%, there exists an oracle NPTM
Np such that, #accjwv(x) # 0 (mod p) if and only if there exists Ty; € T such that

#accyw (x 0 (mod p). Moreover, the running time o NY on every x 1s bounded by
N T
i
k
P? i pr ().

Proof The claim follows from the fact that, for any prime p, Mod,P is closed under
union [BG92]. |
Notation: For any set T' = {1},,T},,...,Ty, } of conditions, let Index(T") denote the set
{t1,ta,...,tx} of indices of machines.

Stage 0: Set Ay :=U,en Zn, T = 0.

Stage s, where s > 1: Add condition T to T'. Let T' = {T},,T},, ..., T}, }. Choose ng
large enough such that previous stages are not affected and p™ > p? Zle pt; (ns). We call
B allowable if it contains exactly 0 or exactly f,,, /2 strings from the set {x € X4 ns) | g, +
fn./4 < pos(x) < fn,}. We will choose an allowable set B such that

B=( «— #aCCNAS,luB(O”S) =0 (mod p)
T

is satisfied. (We prove in Claim 6 that such an allowable set always exists.) Let Bs be the

allowable set chosen. If B, is nonempty, then there exists some ¢; € Index(7") such that

FHace A, us(0™) # 0 (mod p). Let t; be the smallest such element. Remove T}, from T'.
"

Set A, - As_1 U Bs. Go to Stage s + 1.
End of Stage.
Note that, as stated earlier, A = lim,_ o As.

Claim 4 L4 is an infinite set.

Proof Since for each s, 0™ € L 4 if and only if B, is empty, it suffices to prove that there
are an infinite number of stages s such that By is empty. Let us assume that the claim is
false. Then there exists a stage m such that, for each stage s > m, By is nonempty. Thus,
for each s > m, #achAs_luBS (0™) £ 0 (mod p), and by construction, some element is

removed from 7. Also, note that the enumeration of NPTMs has an infinite number of
indices j such that N; robustly (i.e., for all oracles) and for all strings has a number of
accepting paths divisible by p. Let such machines N; be called robustly rejecting. Since
a condition 7T} can be removed from T only if N; with some oracle on some string has
a number of accepting paths not divisible by p, a condition corresponding to a robustly
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rejecting machine N; can never be removed from 7'. Recall that in every stage s, we add a
condition T corresponding to machine Ny in T'. By assumption, for every stage s > m, one
of the conditions corresponding to some machine Nj, where N is not robustly rejecting, is
removed from 7. Thus in every stage s > m, if N, is robustly rejecting, then the number of
conditions corresponding to machines that are not robustly rejecting decreases by one and if
N is not robustly rejecting, then the number of conditions corresponding to machines that
are not robustly rejecting remains the same at the end of stage s. Since there are infinitely
many robustly rejecting machines in our enumeration of oracle NPTMs, there will exist an
integer ¢ > m such that after stage ¢, Index(7") will consist of indices of robustly rejecting

machines. Thus, at stage ¢ + 1, for all allowable B, #acc KA uB(0™+1) = 0 (mod p). Thus,
T

B,41 will be empty, contradicting our assumption. |
Claim 5 For each 1, NZ-A does not accept (in the Mod,P sense) an infinite subset of L 4.

Proof For each i, either condition T; is satisfied at some stage s or condition 7T; is never
satisfied. Consider the case that T} is satisfied at stage s. Then, L(N7*) N L4 # 0. Thus,
NZ-A does not accept a subset of L 4. Now consider the case that T; is never satisfied. We
will now prove that L(N7') N L 4 is finite. Since T; is added to T at stage i, it suffices to
prove that, for each k > i, if 0™ € L4 then 0™ ¢ L(NZ»A). Assume that 0™ € L 4. Then,
by construction, #ach;\ (0™) = 0 (mod p). Thus, by Claim 3, N/4(0™) has a number of
accepting paths divisible by p and 0™ ¢ L(NZ»A). |
Claims 4 and 5 together imply that if the construction is feasible, then L4 is ModpPA—
immune. It remains to show that the construction is feasible. That is, we need to show
that at each stage s > 1, Bs can be chosen.

Claim 6 For each s > 1, there exists an allowable set B such that the following holds:
B=0) <~ #ace g4, us(0™) = 0 (mod p).
T

Proof The application of the combinatorial “double counting” technique of “reversing the
order of summation” in the construction of oracles was introduced by Beigel [Bei91]. This
technique can be described as follows. Let N be an oracle NPTM. Let B be a finite set of
oracles and let z € ¥*. Then the sum of the number of accepting paths in NB(x) for each
B € B can be computed in two ways. One way is to sum the total number of accepting
paths for each B € B. The other way is to sum, for each path p, the number of oracles
B € B that make N?(z) accept along p. Formally, in our setting, we will use the following
equality tQ prove the claim:

#ace a0 (0™) =Y |{B | p € ACCEPT(N; 1Y% 0m)}]. (4.4)
NT
B P
If Claim 6 is false, then the sum of the number of accepting paths of N;l S_IUB(O"S) over

all allowable B, i.e., the left hgnd side of the equality, is not divisible by p. Let p be an
arbitrary augmented path in Np(0™). In what follows, we say that a set B supports an
augmented computation path p of Np(0™) if p € ACCEPT(N;‘S‘1 U, 0"). We will show
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that the number of allowable sets B supporting path p of NT(O”S) is a multiple of p in each
case. According to Eq. (4.i), this is a contradiction.

Let {q1,...,q} be the set of distinct queries from {2 € X%"s) | g, 4+ f, /4 < rank(z) <
fn.} asked on path p of NT(O”S). Let a; = 0 if and only if query ¢; is negatively answered,
and a; = 1 if and only if query g; is positively answered on path p. For each x1,xo,..., 2, €
¥* such that z1,x9, ..., x,, are pairwise distinct and for each by, ba, ..., b, € {0,1}, denote
by S(x1,b1,x2,b2,...,Zm,by) the set of allowable sets B such that z; € B <= b; = 1. If
path p queries any string from {z € Xe@t(ns) | pos(z) < gn,} positively or any string from
Zn, negatively, then there is no allowable set B supporting path p of NT(O”S). Otherwise,
S(q1,a1,q2,a2,...,qe,a) is the set of allowable sets B supporting path p of NT(O”S). Let
Qoi1sQoras-- - Qpns € {x € BHS) | g4 £, /4 < rank(z) < f,.} be arbitrary strings such
that q1,...,qyms are pairwise distinct. Then

1 1 1
HS(qlvalquaan"'7q€7a€)||: Z Z Z ”S(qlaalaq25a25‘"aqpnsaap"S)H'

az+1=0 az+2=0 apns =0

To prove that ||S(q1, a1, g2, a2, ..., qe, a¢)|| = 0 (mod p), we show that for each a1, arso, ..., apns,
[1S(q1,a1,q2,a2,...,qpns,apns)|| = 0 (mod p). Consider arbitrary a1, apt2, ..., apns. Let

C be an arbitrary allowable set from S(q1,a1,q2, a2, ..., qps, apns).

Case 1: a1 =0,...,aps = 0.

Then ¢i,...,¢ums cannot be in C. There are exactly (3/4) * fn, — gn, — P =
3p™st2 + (p — 1)p™ ! strings remaining that potentially may be included in C. To
be allowable, C' must either be empty or must contain exactly f, /2 = 3p"t2 +
p™stl strings. Therefore, by Lucas’s theorem, the number of choices modulo p is,

[1 + (3P"S+2+(p71)p”3+1)} mod p = 0.

3p”7«s +2 +pns+l

Case 2: Exactly j of the a;’s are equal to 1 (1 < j < p™s).
In this case, C' may not be the empty set. The membership in C of p™s strings, namely
q1,- .., qpns, is fixed. From the remaining (3/4) * f,, — gn, — p™* possible strings that
may be included in some allowable set, we may take an arbitrary subset of strings

such that we have altogether exactly f,,/2 strings in C. (Note that exactly j strings

3p"5+2+(p—1)p"5“) _ (3p"5+2+(p—1)p"5“)
fns/2=3 o (p—2)pnsTi4j

different choices for C. (Here, we use (g) = (Oﬁ ﬂ)) Therefore by Lucas’s theorem,

are already fixed to be in C'.) Hence we have (

the number of choices modulo p is (g) . (g:;) . (2) mod p = 0, since j > 1.

This completes the proofs of Claim 6 and Theorem 4.4. |

Corollary 4.5 There exists an oracle A such that, for each C € {EQP, BQP, LWPP,
WPP, AWPP, APP, C_P, PP} and for each D € {UP, FewP, SPP}, C* is immune to
DA

Proof This follows from Theorem 4.4 and the inclusions stated in Proposition 2.12. [
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Theorem 3.13 separates RP from C_P and as a corollary we get a separation of coRP
from NQP. In Theorem 4.9, we prove that, relative to an oracle, RP strongly separates
from C_P, which in turn implies that coRP strongly separates from NQP. In the proof
of Theorem 4.9, we will use a sufficient condition, stated in Theorem 4.8, due to Bovet,
Crescenzi, and Silvestri [BCS92], for lifting simple separations between complexity classes
to immunity separations.

Definition 4.6 [BCS92| A function o : ¥* — ¥* is polynomially bit-computable if there
exist two polynomial-time transducers R : ¥* x (N—{0}) — X and ¢ : ¥* — (N —{0}) such
that, for any x € X%,

o(x) = R(z,1)R(z,2) ... R(z,l(x)).
Definition 4.7 [BCS92] Let (A, B) be a pair of languages. The C-class C(A, B) is the set
of all languages L for which there exists a polynomially bit computable function o such that

o(L) C A and o(L) C B.
For any class D, D is C-class representable if there exist A, B C ¥* such that D = C(A, B).

Theorem 4.8 [BCS92] There exists an oracle E which strongly separates C¥( Ay, Bs) from
CE(A1, By) if the following conditions hold:

1. There exists an oracle H such that C*(Aq, By) ¢ CH(Ay, By),
2. For all K, CX(Ay, By) admits a <p K -complete language.

3. For all K, CK(Ay, By) is closed with respect to the union of languages.
Using Theorem 4.8, Theorem 3.13 can be strengthened as follows.
Theorem 4.9 There exists an oracle A such that RPA contains a C_P“-immune set.

Proof Both the classes RP and C_P are C-class representable because RP = C(A;, By)
where A1 = {z | z € Z* A |2[y > 32|} and By = {0}*, and C_P = C(Ay, B) where
Ay={z]|ze€ X" N|z|o = |2|1} and By = {z | z € £* A |z|op # |z]1}. From Theorem 3.13,
there exists an oracle H such that RPY ¢ C_PH. Also, in every relativized world, C_P
admits a many-one complete language and is closed with respect to the union of languages.
Thus, the relativized strong separation follows from Theorem 4.8. |

Tarui [Tar91] and Green [Gre93] independently showed that BPP separates from P“=F in
some relativized world. In Theorem 4.12 we extend the oracle separation of BPP from PC=F
to a strong separation result. From this it follows that, relative to an oracle, BQP strongly
separates even from P®=F. To prove this result, we use Theorem 4.11, which states that, if
a class D is C-class representable, then the Turing closure of D is also C-class representable.

Theorem 4.10 [Tar91,Gre93] There exists an oracle A such that BPPA ¢ pC-P*,

Theorem 4.11 [BCS95] For any pair of languages (A, B), there exists a pair of languages

/ / - )
(A, BY) such that, for all sets X Q¥amy _ ox(a. g
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Theorem 4.12 There exists an oracle A such that for every complexity class C €
{BPP,BQP, ¥4 N 115, AWPP, APP, PP}, C# contains a P=" -immune set.

Proof We show the existence of an oracle A such that BPP is immune to PC=P”*. The
statement holds for the other classes because they contain BPP in every relativized world.
BPP is C-class representable because BPP = C(A;, By), where A1 = {z | z € £* A |z]; >
312|} and By = {z | 2 € ¥* A |z|y < }|2]}. Since C_P is C-class representable, it follows
from Theorem 4.11 that PC=F is also C-class representable. It is known that in every
relativized world, P¢=F admits a complete language and is closed under union. Thus from
Theorem 4.10 and Theorem 4.8, it follows that BPP contains a PC=F-immune set in some
relativized world. |
Since it is not clear whether EQP is C-class representable, Theorem 4.8 cannot be applied to
strengthen the oracle separation of EQP from Mod,+P [dGV02] to a relativized immunity
separation. However, Theorem 4.4 shows that EQP separates from Mod,,»P with immunity
in a certain relativized world. Theorem 4.8 is also not useful for strengthening the oracle
separation of Theorem 3.1, since there are oracles relative to which WPP has no complete
sets [ST04b,ST04a).

5 Closure and Collapse Results

In this section, we further study properties of counting classes and use them to prove
consequences of the following hypotheses about quantum classes: NQP C BQP and NQP C
EQP. Note that these hypotheses are the quantum analogs of the “NP C BPP” and
“NP C P” hypotheses. We show that these hypotheses involving quantum classes have
interesting consequences for the polynomial hierarchy.

Zachos [Zac88] proved that NP ¢ BPP unless the polynomial hierarchy is contained in
BPP, and thus it is unlikely that NP C BPP. In this section, we prove in Corollary 5.5
a similar consequence for NQP C BQP: NQP € BQP = PH C AWPP. For the proof
of that implication, we show a new reduction closure property of AWPP and make use of
an observation—PH is contained in UP®=F in every relativized world—that follows from
Toda’s theorem [Tod91]. This observation is implicit in a paper by Vyalyi [Vya03], who
showed that if QMA, the quantum analog of the Merlin-Arthur class MA, equals PP, then
the polynomial hierarchy is contained in PP. For completeness, we sketch a proof of this
observation by Vyalyi [Vya03].

Theorem 5.1 [Vya03] PH C UPC-F.

Proof Let L be an arbitrary language in the polynomial hierarchy. From Toda’s [Tod91]
theorem, PH C P#PIU there exists an oracle DPTM M and a #P function f such that
L = L(M/) and for all z € ¥*, M(z) asks only a single query to oracle f. For every z € X*,
let ¢, be the query asked by M(z) to f. Since M is a polynomial-time machine and f
is a #P oracle, we can assume that there is a polynomial p(.) such that, for all z € ¥*,
0 < f(ge) < 2°0D. Define A = {(y, k)| f(y) = k}. Tt is easy to see that A € C_P. (The
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function g((y, k)) = f(y) — k is in GapP since f € #P C GapP, and we know that GapP is
closed under subtraction. Apply the definition of C_P.) Consider an oracle NPTM N such
that N4(z) is defined as follows.

1. Imitate the behavior of M (z) until the query g, to the #P-oracle f is generated.
2. Guess an integer j between 0 and 2°0%D) and query to A whether (g,,j) € A.

3. If the oracle answer is “yes,” then go on with the simulation of M (z) with j taken as
oracle answer. Accept z if and only if M (z) accepts.

4. Otherwise, i.e., if the oracle answer is “no,” then reject.

It is easy to verify that L(N4) is in UP? and L(N4) = L. It follows that PH C UP®=F ||
Li [Li93] studied closure properties of AWPP and APP, and showed that these classes are
closed under intersection, union, complementation, and join. Li [Li93] also showed that
APP is closed under polynomial-time Turing reductions and used this result to prove that
APP is low for PP. In Theorem 5.4 we show that both AWPP and APP are closed under
stronger ggp (unambiguous nondeterministic polynomial-time Turing) reductions. From
this closure property of AWPP and Theorem 5.1, we conclude that if NQP C BQP then
PH C AWPP.

Definition 5.2 We say that A Sgp B if there exists an oracle NPTM N such that the
following hold:

1. L(NB) = A, and

2. (Vx € ¥%)[#accye(x) < 1].
Definition 5.3 For any C, UP® = {L| (3A € C)[L <¥P A]}.
Theorem 5.4 (a) UPAWFPP C AWPP. (b) UPAPT C APP.

Proof We will prove (a) only, since the proof for (b) is similar. The proof of (a) is also
similar to the proof of the result that APP is closed under polynomial-time Turing reductions
by Li [Li93]. Let L € UPAWFP via an oracle NPTM N and an oracle B € AWPP. Let
r(.) be a polynomial (which we will fix later) and let the corresponding GapP function
gp and the polynomial p(.) define B as in Definition 2.3. Without loss of generality, we
assume that there exist polynomials ¢(.), ¢(.), and s(.) such that for each A C ¥*, x € ¥*,
and augmented path p = (p/,0) of N4(2), |p| < t(|z|), |o| = q(|z|), and the length of any
query along p is at most s(|z|). We define an NPTM N’ as follows. On input z € ¥*,
N'(z) guesses an augmented computation path py = (p/y,0) of N(z) and simulates N(z)

on py with query answers from o. If N(z) on p\, with answers oy, ... , 0g(|z|) to the queries
rejects, then N'(z) generates a gap of 0 by branching into two paths, rejecting on the one
and accepting on the other, and if N(z) on pfy with answers o7, ... , Og(lz|) to the queries

accepts, then N'(z) generates a gap of h({x, pn)), where h is defined for each z,py € X*
as follows. (Note that in the definition of i below, z1,. .., 24(,|) are the queries that N(x)
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asks of its oracle along augmented path pn.) Let h((x, pn)) =4 []1~] (l=1) hi, where, for each
1 <i < q(]z|), h; is defined as follows:

b 9B(2;) if o; =1,
—df 2p(|zi|) — gB(zi) if g; — 0.

Clearly, h € GapP. Let p/(.),r(.) be polynomials such that, for all n € N, p/(n) = p(s(n))
and r'(n) =r ) It is easy to see that, for each, 1 <i < g(|x
( (s ( ) =xB(z) = (1-2" =) )2r (= <7, h ‘ |2 (=) and

oi # xB(z) = 0<h; <277 (=hop'(=l)

If x € L, then there is a unique augmented accepting path Pace = (Pl ces Tace) With
query answers oge. consistent with B in N(z). Clearly, (1 — 2" (#D)a(l= |)2p (IeDa(l=l) <

h((z, pace)) < 2°'(12Da2D)  However, if « ¢ L, then for each augmented path p of N(z),
0 < h((x,p)) < 277 (=hor'(=hall=))  Thuys,

_ o=r'(Iz)ya(|z]) _9apN'\x) jN() t(lz]) _ _T'(W) ;

rel = (1-27" ) < o ([ea(]) <1+(2 1)2 , (5.1)
ga pN( ) t(|z]) —r'(|z|) .s

x¢€L = 0< WD) = < (2 1)2 : (5.ii)

Smce for au(m q%]* t( ]w\

p {1 7 ’639_7 V‘(ﬁﬁeg 1 — 2= (zh—a(lz)) > 1 _ 9= (le)~t(lz])).

Thus, (5.1) and (5.ii) can be expressed as

We choose the polynomial r(.) large enough so that, for all z € X*, v/(|z|)—t(|z]) = " (|=|) >
1 and r” is nondecreasing. Thus,

o (lel) < 99N(T) " (J])
zrel = 1-2 < S (aNale]) = <1+27 , (5.v)
gapn (z) —r(|) :
r¢L = 0< Y CLED <27 UED, (5.vi)

Consider a GapP function G such that, for all x € ¥* G(z) = (27 "(|z|) gapN/(x) i
2p/(|m|)q(|z|))<2T//(\x|)71 _ 1)_ For all = € Z*, let T///(‘ZCD _ T’/(’ ‘ 1 and p (‘$|) _
P (lz))g(|z|) + 2" (|z[) — 1. Then,

zel = 1-27"0 < < (1 427"y — 27" =ly < 1,

By Theorem 2.5(1), L € AWPP. |
Corollary 5.5 If NQP C BQP, then PH C AWPP.
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Proof Suppose that NQP C BQP. Since NQP = coC_P [FGHP98,YY99|, BQP C
AWPP [FR99], and BQP is closed under complementation, we get that C_P C BQP C
AWPP. By Theorem 5.1 and 5.4(a), it follows that PH C UPC=F C UPAWPP ¢ AWPP. |}
Since AWPP is low for PP, we also conclude that if NQP C BQP, then PH is low for
PP. However, the mere PP-lowness of PH can also be derived easily from known results
as follows. By Toda and Ogihara [TO92] and Tarui [Tar93], we have that PH C BPPC=F.
Since coC_P = NQP and BPP is low for PP relative to all oracles, we get that PPPH C
ppBPPO=" _ ppBPPNQY C PPNQP. Hence, under the assumption that NQP C BQP, it
follows that PPPH C PPBRP and so by the PP-lowness of BQP, we get that PPPH C
PPBQP C PP. We emphasize that the interest of Theorem 5.4 lies in deriving the stronger
result NQP C BQP = PH C AWPP instead of the mere lowness of PH for PP. Assuming
that NQP C BQP, Corollary 5.5 provides an intuition on the position of the polynomial
hierarchy relative to the classes that are low for PP, whereas it is not possible to get the
same intuition with the mere lowness result of the polynomial hierarchy.

In the rest of this section, we turn our attention to closure properties of WPP.
In Theorem 5.6, we prove that WPP is closed under the polynomial-time truth-table
reduction, while its closure under the stronger <YF reduction is contained in coC_P (in
every relativized world). By Corollary 5.5, NQP C BQP implies PH C AWPP. On the
other hand, Theorem 5.6(b) along with Theorem 5.1 allows us to show that the stronger
hypothesis, namely NQP C EQP, implies a stronger conclusion about the polynomial
hierarchy, namely PH C EQP.

Theorem 5.6 (a) WPP is closed under polynomial-time truth-table reductions.  (b)
UPWPP C coC_P.

Proof We will prove (a). The proof for (b) is similar. The proof of (a) uses ideas
reminiscent of the proof of GapPS"" = GapP by Fenner, Fortnow, and Kurtz [FFK94]. Let
L be an arbitrary language accepted by an oracle DPTM M with nonadaptive access to an
oracle B € WPP. Then, there is an NPTM Npg and an FP function fp with 0 ¢ range(fg)
such that, for all z € £*, if z € B, then gapn, (z) = fp(z), and if x ¢ B, then gapn,(x) = 0.
Without loss of generality, we may assume that, on any input =, M4 (z) makes exactly p(|z|)
queries (in parallel, i.e., non-adaptively) where p is some polynomial. We define an NPTM
M’ as follows. M’, on an arbitrary input x, simulates M (z) to get a list of queries that
M (z) asks of its oracle. M’ then nondeterministically guesses the answers to these queries.
Let q1,92,- .-, qp(a)) be the queries that M (x) asks of its oracle, and let aj, ag, ..., ap(|z|) be
the corresponding guessed answers (for each i, a; € {0,1}) along an arbitrary computation
path p. On path p, M’ does the following. If M(z), with answers a1, as, ... , p(|z)) bO its
queries rejects, then M’ (z) along path p generates a gap of 0 by guessing a nondeterministic
bit and accepting on the path if and only if the guessed bit is 1. On the other hand, if M (z),
with answers a1, az, . . ., ay(q)) to its queries accepts, then M'(x) generates a gap of g((z, p))
extending p, where g is defined, for each x and p, as follows. (Note that in the definition of

g below, q1,qa, .. ., @y(jz)) are the queries that M (x) asks of its oracle and a1, a2, ..., ap(|z))

are the answers to these queries guessed on the path p.) g((z,p)) =4 Hp (=) gi, where, for
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each 1 < ¢ < p(|z|), g; is defined as follows:

gi =4 { 9apny (i) if a; = 1,
e (@) — gapny(¢s) if a; = 0.

Since GapP is closed under subtraction and polynomial times iterated multiplication
[FFK94], g is indeed a GapP function. It is easy to see, that for each 1 <i < p(|z|),

[ fBla) ifai=xB(a),
9i 0 otherwise.

Since there is exactly one path p in M’(z) that guesses the answers of all the queries
correctly, it follows that gappy(x) = fﬁf‘)f]g(qi) if M(x) accepts, and gappy(x) = 0
otherwise. Define f’ as follows. For each z € ¥* f'(z) = Hfﬂfl) fB(q;), where
41,92, - -, dp(jz)) are the queries asked by M (x) of its oracle. Since fp € FP, f' € FP.
Thus, for all x € ¥*, if x € L, then gapy(x) = f'(z), otherwise (ie., if = ¢ L)
gappr(x) = 0. Thus, M’ and f’ witness that L is in WPP. Therefore, WPP is closed under
polynomial-time truth-table reductions. |

Corollary 5.7 If NQP C EQP, then PH C EQP.

Proof Suppose that NQP C EQP. Since NQP = coC_P [FGHP98,YY99], EQP C
LWPP [FR99], and EQP is closed under complementation, we get that C_P C EQP C
LWPP C WPP. By Theorems 5.1 and 5.6(b), and our assumption that NQP C EQP, it
follows that PH C UP®=F C UPWFP C coC_P = NQP C EQP. |
Theorem 5.6 states that WPP is closed under truth-table reductions. In Theorem 5.9,
we will prove that relativizable techniques cannot improve this to polynomial-time Turing
reductions. This gives a partial answer to an open question raised by Fenner, Fortnow,
and Kurtz [FFK94]. They showed that SPP and LWPP are closed under polynomial-time
Turing reductions, but left open the corresponding problem for WPP: Is WPP closed under
polynomial-time Turing reductions? Since LWPP is closed under polynomial-time Turing
reductions in every relativized world [FFK94], Theorem 5.9 also yields an oracle separating
the seemingly similar classes LWPP and WPP.

Recently, Spakowski and Tripathi [ST04b,ST04a] used ideas in the proof of Theorem 5.9
to construct a relativized world where UP N coUP is not low for LWPP as well as for
WPP. Using this result, they were able to settle an open question of Fenner, Fortnow, and
Kurtz [FFK94]: Is WPP uniformly gap-definable? They showed that both LWPP and WPP
are not uniformly gap-definable. (See [FFK94] for the definition of uniform and non-uniform
gap-definability.) Their result makes both LWPP and WPP exceptional compared to most
other uniformly gap-definable counting classes (such as PP, C_P, Mod;P, and SPP), since
LWPP and WPP are natural counting classes that are nonuniformly gap-definable but
are not uniformly gap-definable. The ideas used in the proof of Theorem 5.9 might have
more applications in constructing oracles involving counting classes and, therefore, might
be helpful in understanding the relativized complexity of quantum classes such as EQP,
BQP, and NQP.
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We now prove that, relative to an oracle, WPP is not closed under polynomial-time
Turing reductions. Before we state and prove Theorem 5.9, we state a lemma that will be
needed in the proof of this result.

Lemma 5.8 [RS62] For every n > 17, the number of primes less than or equal to n, w(n),
satisfies
n/lnn < m(n) < 1.25506 n/ Inn.

Theorem 5.9 (34)[PWVPP* ¢ WPPA].

Proof For any o € ¥*, let pos(a) = num(a) — 2/l +1 represent the lexicographic position
of @ among strings of length |a|. For every set A C ¥*, a € ¥* and n € N, we define
“Witcount,” “Promise,” and “Boundary” as follows.
Witcount(4,a) = |{z € X" | |33F,: la| A ax € A},
Promise(4,n) = (VYa € ¥")[Witcount(A4, a) = 0V Witcount(A4, a) = pos(a)] A
(Vau, e € X")[pos(ai) < pos(az) A Witcount(A4, ag) # 0 =
Witcount(A4, 1) # 0], and
Boundary(A,n) = max{pos(a)||a| =n A Witcount(A4, a) # 0}.

For every set A C ¥*, define L4 as follows:
L ={0"| Boundary(4,n) =1 (mod 2)}.

Clearly, if A satisfies Promise(A,n) at each length n, then L4 is in pwpp4 (using binary
search along the strings o with |a] = n). We construct an oracle A such that, for each
n, Promise(A,n) is true and Ly ¢ WPP4. Let (Ns, Ms,ps)s>1 be an enumeration of all
triples such that Ny is a nondeterministic polynomial-time oracle Turing machine, M; is a
deterministic polynomial-time oracle transducer, p, is a polynomial, and the running time of
both Ng and M, is bounded by p, regardless of the oracle. We need the following technical
lemmas, the proofs of which are given later at the end of this proof.

Lemma 5.10 Let N,p € N, where 1 < p < N/2. Let s(y1,y2,...,yn) be a multilinear
polynomial with rational coefficients, where each monomial has exactly p — 1 different
variables. Suppose that for some val € Q, it holds that s(y1,ya2,...,yn) = val for every
Y1,Y2---,yn € {0,1} with Zfil y; = p. Then each monomial in s(y1,y2,...,yn) has the
same rational coefficient, i.e.,

s(y1, Y2, -, YN) = Z (’Ual/p)'yilyiQ"‘yipfl'
1§i1<i2<"'<ip_1§N

Lemma 5.11 Let N € N and p be a prime with p < N/2. Let s(y1,y2,...,yn) be a
multilinear polynomial of total degree < p with integer coefficients. If for some val € Z, it
holds that

1. s(0,0,...,0) =0, and
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2. s(y1,y2,...,yn) = val, for every yi1,ya2,...,yn € {0, 1} with sz\il Yi = p,
then p | val.

The oracle A is constructed in stages. In stage s, the membership in A of strings of length
2ns is decided and the initial segment A,_1 is extended to As. Our choice of ng guarantees
that the oracle extension in stage s does not affect the computation in earlier stages. Set
Ao := 0 and ng := 17.
Stage s, where s > 1: Let ng be large enough so that the previous stages are not
affected and 2" > 4n2p,(ns). We diagonalize against nondeterministic polynomial-time
oracle Turing machine Ny and deterministic polynomial-time oracle transducer M. Let val
be the value computed by M, At (0™s). Without loss of generality, we assume that val # 0.
Let T = {a € %20 | M1 (0™) queries o}
(x x %) Choose a set B, B C T N ¥2" satisfying Promise(B, ns) such that the following
holds:

Boundary(B,ns) =1 (mod 2) and gapN:xS,luB(O"“) # val, or

s 1
s) =0 (mod 2) and gap, 4,105 (0") # 0.

Let Ag := As;_1UB. Clearly, the construction guarantees that L4 ¢ WPPA. The feasibility
of the construction follows from the following claim.

Boundary(B, n

Claim 7 For each s > 1, there exists an oracle extension B satisfying (x * x).

Proof Suppose that in stage s no set B satisfying (x x x) exists. Then, for every B C
T N X227 gatisfying Promise(B, ns), the following hold.
Boundary(B,n,) =1 (mod 2) = gap, a, ,uz(0") = val, and (5.vii)

Boundary(B,ns) =0 (mod 2) = gap, a, ,us(0") =0. (5.viii)

Let U = {a € £ | pos(a) is prime, and 2":2 < pos(a) < 3 -2"~2}. Fix an arbitrary o €
U. Choose a set C,, C TNX?"s satisfying (a) Promise(Cy, ns), and (b) Boundary(Cy, ns) =
pos(a) — 1. Such a set C, always exists because 2" — py(ns) > 3 -2"~2 Statements (5.vii)
and (5.viii) in particular im%)g that, for all D, C T'N aX", it holds that

«

Witcount(Dy, ) =0 = gap \ 4,1 UCaUDa (0") =0, and (5.ix)
Witcount(Da, @) = pos(a) = gap, a, ucaupa (0") = val. (5.x)
Henceforth, we use N to denote ||T N aX"||. Let z1,z2,...,2y be the lexicographic

enumeration of the strings in 7' N aX". We define s, to be the function {0,1}¥ — Z
that has the following property. For all D, C T' N aX",

Sa(XDy (1), XDo (72), -, XD, (TN)) = gap A, 1UCaUDa (0™). (5.xi)

We will show that s, can be represented by a multilinear polynomial having low total
degree. For arbitrary z1,z9,...,z2y € {0,1}, we call a computation path p of Ns(')(O"S)
“(z1,22,...,2n)-allowable” if, along p, all queries ¢ € As_1 U C, have a “yes” answer, all
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queries ¢ ¢ As_1UC, U (T NaX™) have a “no” answer, all queries z; with z; = 1 are
answered “yes,” and all queries x; with z; = 0 are answered “no.” Let z1,29,...,2N €
{0,1} and let p be a (z1, 22, . .., zn)-allowable path of NS(')(O”S). Let x4, iy, - - - , Ti,, Where
0 < ps(ng) < 2%72/n2 < 2772 be the distinct queries to strings in T N aX™ along p.

Create a monomial mono(p) that is the product of terms i, k = 1,2,...,¢, where v, = y;,
if z;, =1, and vy, = (1 — y;, ) otherwise. Let
o (U1, Y2, -+ YN) = Z Z sign(Ns, 0™, p) - mono(p).

21,22,...,2N€{0,1} p:p is (z1,22,...,zn)-allowable

It is easy to see that the thus constructed multilinear polynomial s/, (y1,y2, . .., yn) coincides
with s, on {0, 1}V, and has total degree < ps(ns) < 2"~2/n? < pos(a) < N/2. Statements
(5.ix) and (5.x) imply that for all 2y, zo, ..., zy € {0,1} such that 2 | 2 = pos(a),

Sa(z1,22,...,2n) = valand $,(0,0,...,0) =0.

It follows from Lemma 5.11 that pos(«) | val. Therefore, for each a € U, pos(a) | val.
Hence,

val > [ pos(a) > 2Vl > (327 2)=m2re2) 5 g2 2/n o gpa(ns),
acU

where the fourth inequality follows from Lemma 5.8 and the fifth inequality follows because,
2% > dnZp,(n,). However, val < 2P+("s) because the running time of MS(')(O”S) is bounded
by ps(ns) regardless of the oracle. Thus, for each s > 1, A;_1 can always be extended in
stage s. This completes the proofs of Claim 7 and Theorem 5.9. |
Proof of Lemma 5.10 Assume that the hypothesis of the lemma is true. For each 1 <
i1 < N, we identify variable y; by its index ¢ and identify a monomial H§:1 yi; by the set
of indices {iy,i2,...,ix}. Let A denote the collection of all subsets of {1,2,..., N} of size
p and let B denote the collection of all subsets of {1,2,..., N} of size p — 1. W.Lo.g, we
assume that the elements of A and B are ordered in an arbitrary but fixed manner. We
use m = (11\77) to denote the size of A and n = ( le) to denote the size of B. Let A;, where
1 <7 <'m, denote the ith element of A, and B;, where 1 < j < n, denote the jth element
of B. For a 2-dimensional matrix M, xn, let Row(M, i), where 1 < i < m, denote the ith
row of M.

The condition s(y1,y2,...,yn) = val for every yi,y2,...,yn € {0,1} with Efil Yi = p,
as given in the hypothesis, can be expressed in terms of a matrix equation M,x,Xnx1 =
bmx1. Here My, yy is a 0-1 matrix whose (4, 7) entry, M[i, j|, is one if A; O B; and is zero
otherwise, X,,»1 is a column vector with the jth entry, X[j], is a variable that denotes the
coefficient of monomial Bj, and by,,x1 is a column vector with each entry b;, 1 < i < m,
equals val. By assigning all coefficients X[j] the value val/p, we obtain clearly a solution
for the system of equations. Hence it is sufficient to prove that the solution is unique,
i.e., rank(M) = n. We show that it is possible to express each canonical vector e; =
[0,...,0,1,0,...,0], 1 <4 < mn, as a linear combination of row vectors in M. W.l.o.g, we
show that for vector e; = [1,0,...,0].
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Form a matrix ]\//Tpxn in the following way. Row k, where 1 < k < p, of M is the sum
of all rows i in M with ||A; N By|| = p — k. Note that there is at least one row i with
||A; N Bi|| = p — k. This follows from |[{1,2,..., N} — By|| > p, which is true because of
the condition p < N/2.

Claim 8 The matriz M has the following properties. For every row k (1 <k <p),
1. Mk, 1] = Mlk, j2] whenever ||B;, N Bi|| = || Bj, N By,
2. Mlk,j] # 0 for all j with ||B; N Bi|| = p — k,
3. Mlk,j] =0 for all j with ||B; N Bi|| > p — k.

Proof To see (1), note that for fixed k, the cardinality of the set {4; € A | ||4; N Byl|| =
p—k AN A; O Bj} depends only on the number of elements of B; € B that are also in Bj.
Hence for every j; and ja, with ||B;, N Bi|| = ||Bj, N Bi|, it holds that

I{Ai € AlllAin Bill =p—kAA;i 2 B, }| = |{Ai € Al [|[Ai N Bill =p— kA A; 2 By, }].

Statement (1) follows immediately. For the proof of (2), we have to verify that for every k
and 7,

S=g {Ai€Al||&inBi|]|=p—kANA DB} #0if ||B;NBi||=p—k.

It is easy to see that, if ||[B; N Bi|| = p — k then S has as element any set B; U {g}, where
g ¢ Bi. Finally, to show (3), note that for every k and j,

1{A; € A|||AiNBy||=p—kAA; D B}||=0if ||B;N Byl >p—k+1.

since ||B; N Bi|| > p—k+ 1 and A; DO B; implies that ||A; N Bi|| > p—k + 1. |
To complete the proof of the lemma, we show that the structure of the matrix M stated in
Claim 8 implies that e; can be expressed as a linear combination of row vectors of M , and
hence also as linear combination of row vectors of M. We construct a matrix M), , from
M\an, which will turn out to have full rank. From Claim 8(1), we know that column j;
and column j, of M are equal whenever ||Bj, N Bi|| = ||Bj, N Bi||. Thus it makes sense to
define a matrix M’ eliminating all these duplicate columns from M. We define column L,
where 1 < ¢ < p, of M’ to equal column j of M for some j with ||B;j N By|| = p — {. Note
that column 1 of M’ corresponds uniquely to column 1 of M. Claim 8(3) implies that the
matrix M’ is an upper triangular matrix, and from Claim 8(2), it follows that all diagonal
elements in M’ are # 0. Hence M’ has full rank. In particular, row vector [1,0,...,0]ixp
can be written as a linear combination of rows in M’. Suppose

P
[1,0,...,0lixp = ch -Row(M' k),
k=1
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for c1,...,ck € Q. Then

p
e1 =[1,0,...,001xn = » _ cx - Row(M, k),
k=1

because column 1 of M equals column 1 of M’, and all other columns of M equal a column
jin M’ with p > 7 > 1. Thus, Lemma 5.10 is proved. |
Proof of Lemma 5.11 We transform s(yi1,%2,...,yn) to a multilinear polynomial
s'(y1,y2, .. .,yn) with the following properties:

(1) All monomials in s’ have exactly p — 1 different variables.

(2) '(y1,92,---,yn) = s(y1,92,---,yn) = val € Z, for all y1,y2,...,yn € {0,1} with
Silivi=p.

(3) The coefficients of the monomials in s’ have the form a/b, where a,b € Z, and p 1 b.

Since s(0,0,...,0) = 0, the polynomial s has no monomial with degree 0. Let

t(y1,92,---,yN) = a][;c 4 ¥ be a monomial, where A C {1,2,...,N} and 1 < ||[A]| = ¢ <
p — 1. Define the multilinear polynomial u; by

ut(y1,y2, .- Yn) = > ( ) 11 yz) (5.xii)

—/
BC{1,...,N}—A, p i€ AUB
[[AUB||=p—1

Claim 9 For a'”ylay27"' y YN S {071} with Z@]\Ll Yi =D, ut(yl:y27" . 7yN) == t(ylayQ')' 7yN)

Proof Let y1,y2,...yn € {0,1} be such that Zfil yi = p. Depending on the choice in
the selection of y1,y2, ..., yn, we have two cases.

Case 1: t(y1,vy2,---,yn) = 0.
Then7 Cleaﬂy Ut(y17y27 cee 7?JN) = t(y17y27 cee 7yN) =0.

Case 2: t(y1,y2,...,YN) = a.
Then y; = 1foralli € A. Let D ={i|i€ {1,2,...,N} — AAy; = 1}. Clearly,
||D|| = p — £. In the sum on the right hand side of Eq. (5.xii), only B’s with B C D
contribute a value # 0. The sets B have always cardinality p — 1 — £. Hence, there
are exactly (pf If ) =p — { sets B contributing the value a/(p — ¢) to the sum.

Thus, Claim 9 is proved. |

Transform polynomial s(y1,y2, ..., yn) to polynomial s'(y1,y2, ..., yn) by substituting each
monomial t(y1,y2,...,yn) in s(y1,y2,...,yn) of degree < p — 1 by the corresponding
polynomial w(y1,y2,...,yn). Since {a/b| a,b € ZNb# 0Ap1b}is closed under addition,
it follows that the polynomial s'(y1,y2,...,yn) satisfies properties (1), (2), and (3) stated
at the beginning of the proof. Lemma 5.10 implies that all the coefficients of monomials
in §'(y1,y2,...,yn) are equal to val/p. Thus to match with property (3) of polynomial
s'(y1,y2,---,YN), val/p must be an integer. It follows that p | val. This completes the
proof of Lemma 5.11. |
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As an immediate corollary of Theorem 5.9 and the fact that LWPP is closed under
polynomial-time Turing reductions in all relativized worlds [FFK94], we get the following
result.

Corollary 5.12 (3A)[WPP4 ¢ LWPP4].

6 Conclusion and Open Problems

In this paper, we used classical complexity classes to study the complexity of quantum
complexity classes EQP, BQP, and NQP. In particular, we used counting classes to prove
relativized separations, strong separations, and conditional collapses. We mention several
open problems.

Theorem 3.1 shows that, in some relativized world, ZPP is not contained in WPP.
Theorem 4.9 shows that, relative to an oracle, RP contains a set that is immune to C_P. It
would be interesting to know if the oracle separation of ZPP from WPP can be strengthened
to an immunity separation result. This would also imply, as a corollary, an immunity
separation of ZPP from EQP.

Another interesting open issue is whether or not the conditional collapse results in this
paper can be improved. We show in Corollary 5.7 that NQP C EQP = PH C EQP. This
is an analog of the collapse known in the classical case, namely NP C P = PH C P. Can
we similarly prove that NQP C BQP = PH C BQP? This would be another analog of
the collapse known in the classical case [Zac88|.
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