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Abstract. We studythe compleity of quantumcompleity classedike ,

, (quantumanalogsof ,and , respectiely) usingclassi-
cal compleity classedike , , . The contritutions of this paper
are threefold.First, we shav that relative to an oracle, is not contained
in . As animmediateconsequencehis impliesthatno relativizable proof
techniquecanimprove the bestknown classicalupperboundfor (

[16]) to andthe bestknown classicallower boundfor

( ) to . Secondye extendsomeknown oraclecon-

structionsnvolving countingandquantumcompleity classego immunity sepa-
rations.Third, motivatedby thefactthatcountingclasseglike ,
etc.)arethe bestknown classicalupperboundson quantumcomplexity classes
we study propertiesof thesecounting classesWe prove that is closed
underpolynomial-timetruth-tablereductionswhile we constructan oraclerel-
ative to which is not closedunder polynomial-time Turing reductions.
This shaws that proving the equality of the similar appearingclasses
and would require nonrelatvizable techniquesWe also prove that both
and areclosedunder reductionsandusetheseclosureprop-
ertiesto prove strongconsequencesf the following hypotheses:
and .

1 Intr oduction

Quantumcompleity classedike , [4] (quantumanalogsrespectiely, of
and [17]), and [1] (thequantumanalogof ) arede ned usingquantum
Turing machinesthe quantumanalogof classicalTuring machines. is the class
of languages acceptedy a quantumTuring machine runningin polynomialtime
suchthat,for each  f , thenthe probability that acceptss , and
if , thenthe probability that acceptss . is the classof languages
acceptedy aquantumrturingmachine runningin polynomialtime suchthat,for
each  if , thenthe probability that acceptds atleast , and
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if , thenthe probability that acceptds atmost . is the classof
languages acceptedby a quantumTuring machine  runningin polynomialtime
suchthat,for each , if andonly if the probability that acceptds
nonzero.

Quantumcompleity classegepresenthe computationapower of quantumcom-
puters.Somefundamentalcomputationabroblems—forexample,factoring,discrete
logarithm[33], Pell's equation,andprincipal ideal problem[22]—are not believed to
be in (and thus, not believed to be in ), andyet are provably in . One
of the key issuesin quantumcompleity theoryis studyingthe relationshipbetween
classicaland quantumcompleity classesThe inclusionrelationshipsof with
somenaturalclassicalcompleity classesareknown. BernsteinandVazirani[4] showv
that . Adleman, DeMatrrais,and Huang[1] improve that to

. Fortnowv and Rogers[16] shav that the study of countingclassescan
give usinsightsinto the classicalcompleity of quantumcompleity classesin par
ticular, they studythe compleity of usinggap-de nablecountingclassed12].
Looselyspeakinggap-de nablecountingclassesapturethe power of computingvia
countingthegap(i.e., differencebetweerthe numberof acceptingandrejectingpaths
in anondeterministipolynomial-timeTuring machine Forthov andRogersprove that

, Where is agap-de nablecountingclass.Since ,
they give a betterupperboundon thanthatof Adleman,DeMarrais,andHuang.
Thus,thebestknown lowerandupperboundsor in termsof classicacompleity
classesre,respectiely, and : . Similarly
the bestknown classicallower and upperboundsfor are,respectrely, and

In light of thisconnectiondueto Fortnov andRogerspetweerguantumandcount-
ing compleity classesit is naturalto askif therearecounting(or for thatmatterother
classical)compleity classeghat are betterlower (or upper)boundsfor . More
formally, is therea countingclass suchthat ? Is therea count-
ing class suchthat ? Similarly, it is interestingto askthe
correspondingjuestionsfor . Unfortunately resolvingtheseinclusion relation-
shipscanbedif cult, andmay be out of reachof relativizabletechniquesGreenand
Pruim[20] constructanoraclerelative to which , andthusthey shav that
proving is outsidethe scopeof relativizabletechniquesFor eachprime

andinteger , de Graafand Valiant[10] constructan oraclerelative to which

In this paper we usecountingclassego studythe relativizedcompleity of

and . In particular we study the relativized complexity of and by
separatingcountingclassegelative to an oracle.We constructoracles and such
that , and . It follows from known inclusionsthat
, ,and . Notethat ,

, , and . In fact, is the
largestknown naturalgap-de nablesubclas®f ,and isthesmallesknown
naturalprobabilisticcompleity classthatcontains . We alsoshedlight on the rela-
tionshipbetweemroblemsn andthosesolvableby probabilisticalgorithms Even



though contains in all relativizedworlds,usingrelativizable
techniquest is impossibleto shav that containsall problemsn

Theseparationsf countingclassesnentionedabove,for example, ,
which leadto the separatiorof quantumcompleity classegrom countingcomplexity
classedor reasonsnentionedabove, imply for example,thatrelativizabletechniques
cannotprove that . However, this leaves openthe possibility that each
setin canbe approximatedy a setin in thefollowing sensefor each
in nite set , thereexistsanin nite subset suchthat .
A strong(or immunity) separatiorof from will precludethis possibility.
Strongseparationhiave beenusedto studythe relativized compleity of compleity
classesn mary differentsettingsfor example,the polynomial-timehierarchy[25, 7],
the booleanhierarchyover [8], and countingclasseqd32]. We prove strongsep-
arationsbetweencountingclassesandfrom theseget strongseparation®f quantum
compleity classedrom countingclasseskFor example,we shaw the existenceof ora-

cles and suchthat is -immune,and is -immune.Using

known inclusions,we getthat is -immune.We extendthe oraclesep-

arationof from in [10] by constructingfor eachprime andinteger
, anoraclerelative to which is -immune.

Resultsby Fortnow andRogers[16], de Graafand Valiant[10], andthoseof this
paper shav the connectiorbetweenquantumand countingcompleity classesThus,
it becomesmportantto studythe propertiesof thesecountingcomplexity classesin
particular we study the reductionclosurepropertiesof thesecounting classesFen-
ner, Fortnow, and Kurtz [12] shaw that countingclasses and areclosed
underpolynomial-timeTuring reductions(In fact, they prove that ,
and .) They ask whetherthe sameholds for . We prove
that is closedunderpolynomial-timetruth-tablereductions We alsoshow that
improving this resultto closureunderpolynomial-timeTuring reductionswill require
non-relatvizabletechniquesThereis anoracle suchthat . Thus,
it followsthat,relativeto oracle , strictly contains . For countingclasses

and , We prove a potentially strongerclosureproperty namelythat both
and areclosedunder (unambiguougpolynomial-timeTuring) re-
ductions.

Vyalyi [38] recentlyproved, using Toda's Theorem[36], that , the classof
languagesuchthata “yes” answercanbe veri ed by a 1-roundquantuminteractive
proof,is unlikely to contain , sinceif it doesthen  contains . UsingVyalyi's
resultandthe reductionclosureresultsmentionedabove, we prove consequencesf

the* " and* " hypothesesNote thatthesehypothesesre
quantuncounterpartsf the” " andthe” " hypothesesZachoq40]
proved that if , then . We prove that if , then

, from whichit followsthat  islow for . Similarly, we prove that
, from whichit followsthat is low for

Dueto spacdimitations,mostof theproofsareomitted. They canbefoundin [34].



2 Preliminaries

Our alphabetis . For ary andary ,
. For ary ,  denoteghe lengthof the string , andthe integer
correspondingdo string  is de ned asthevalueof the binarynumber
For generalcompleity-theoreticbackgroundandfor the de nition of compleity
classessuchas , etc., we refer the readerto the handbook|23].
standgfor “nondeterministiqpolynomial-timeTuring machine”and standsfor
“deterministicpolynomial-timeTuring machin€. Throughouthis paper for arny (non-
deterministicor deterministicor quantum)machine , andfor ary , We use
asa shorthandor “the computationof  oninput .” Givenanoracle
andaset ,weuse (respectiely, ) to denotethe numberof
acceptingrespectiely, rejecting)pathsof on with oracle .

De nition 1 ([12]).If isan , de nethefunction asfollows:

for all , .If isanoracle then,
for everyset , de ne thefunction as follows: for each ,

is the classof functions suchthatthereexists an suchthat
. We de ne thefollowing gap-de nablecountingclasse$12].

De nition 2. 1. [9, 24,2] For each ,

2. [30,18]
3. [29,12]

4. [12]

5. [12]

Thecountingclasses [13]and [27] werede ned to studythe setsthat
arelow for

De nition 3 ([13,27]). For every ,

1. isin if for every polynomial , there exist a anda
polynomial sud that,for all , —_— ,
and e .

2. isin if for every polynomial , ther exist ,

, sud that, for all , — ,
and D
For backgroundnformationon quantumcompleity theoryandfor the de nition

of quantumiTuringmachinewe recommend28,21]. We now de ne thequantuncom-
plexity classeghatwill beusedin this paper



De nition 4 ([4,1]). respectively , is the setof all languages
sud that there is a polynomial-timequantumTuring madiine  sud that, for
eah , Pr accepts respectively , , and
Pr accepts respectively ,

Thefollowing propositiongivestheknowninclusionrelationship@mongheclasses
de ned above.

Proposition5 ([12,17,26,13,11,16,14,39]). ;

3 SeparationResults

Oneway to studythe power of quantumcomplexity classess to lower boundthe com-
plexity of theseclassesvith well known complexity classesfor example . Thebest
known lower boundfor is .Infact, is not known to containevena single
problemthatis notalreadyknown to bein . Bennettetal. [3] shav thatrelative to a
randomoracle, isnotcontainedn with probabilityone,and,relative to aper
mutationoraclechoseruniformly atrandom, is notcontainedn with
probabilityone.Thus,it is interestingto askthefollowing questionsAre therenatural
classebetween and thatarecontainedn ? Are therenaturalclasses
between and thatarenot containedn in somerelatvizedworld?
We provethatthelatteris true by shaving thatthereis arelativizedworld where
is not containedin . In fact, we prove a slightly strongerstatementWe prove,
asthe next theorem thatthereis an oraclerelative to which is not containedn
, a superclas®f [16]. It is interestingto notethatthereis an oracle,due
to Fortnow [15], relative to which , a subclasof , Strictly containsanin -
nite polynomial-timehierarchy In contrastour oracleprovidesa completelydifferent
picture of in a relativized world: a world in which setsare not powerful
enoughto captureaseeminglysmallsubclass, , of

Theorem®6.

Corollary 7. Theeexistsanoracle suc that,for each . ,
: : : : , andeac : : : :

Note that Corollary 7 shows that proving that errorfree quantumpolynomial-time
( ) algorithmsexist for all languagesn will requirenonrelatvizable tech-
niques.Corollary 7 also shows that, using relativizable techniquesywe cannotlower
the bestknown classicalupperboundfor from to even , thelargest
known naturalgap-de nablesubclasof . In the light of this result,it is inter
estingto seeka differentclassicalupperboundfor . Thatis, it is interestingto ask
which othercountingclassesipperboundthe compleity of . Onesuchcounting
classis . Notethatit is not known whether or ,



thoughboththeseclassesontain . Regardlesof whattheinclusionrelationship
is between and , it is concevablefor to besubsenf . However,

we shaw thatproving thecontainment is beyondthereachof relatvizable
techniquesThisresultis a corollary of Theorenm3.

Tarui[35] usedalowerboundtechniquen decisiontreesfor acertain function
to shav that is notcontainedn in somerelativizedworld. Green[19] used
circuit lower boundtechniquedo obtainthe sameresult.In contrastwith , is
containedn in everyrelativizedworld. We constructanoraclerelative to which

is not containedn . Thisresultis optimalin the sensethatthe largestknown
naturalsubclassof , Is containedin in every relativized world. This
oracleseparatiorof from is alsoa strengtheningf the oracleseparatiorof

from by Toran[37].

Theorem 8.

Corollary 9. Theeexistsanoracle sud that,for eacth . ,

4 Immunity SeparationResults

In Section3, we sav that relativizable techniquescannotprove that .
But canwe at leastprove thatin every relatvized world, every setcanbe ap-
proximated(in somesense)y a setfrom ? For example,canwe prove thatevery
in nite setin hasanin nite subsethatis in ? In this section,we prove that
in mary casesproving suchapproximabilityresultsis beyondthereachof relativizable
techniqueslLooselyspeakingglass is saidto stronglyseparatérom  if thereexists
anoraclerelative to which thereexistsaset in thatcannotevenbeapproximated
(in thesensamentionedabove) by ary setin . Theset issaidtobe -immune.lm-
munity separationfiave beenused for example,by Ko [25], andBruschi[7] to study
the natureof the polynomial-timehierarchy by Bruschi, Josephand Young[8] for
stronglyseparatinghe booleanhierarchyover , andby Rothe[32] for studyingthe
compleity of countingclasses.

De nition 10. Let beaclassoflanguages.Anin nite language iscalled -immune
if B

Givenrelativizableclasses and , anoracle strongly sepaates  from if
thereexistsanin nite language whichis  -immune.

M. deGraafandP. Valiant[10] prove that,for ary prime andinteger , there
existsanoracle suchthat . In Theorem11, we strengtherthis
resultby proving thatthereis a relatvized world where strongly sepaatesfrom

. To prove thatthe testlanguagewe usein the proof of this strongseparation
result(Theoremll)is in (relativized) , we make useof the obsenationby Boyer
etal. [6] thatquantunmdatabassearchinganbedonein polynomialtime with certainty
if thenumberof solutionsis exactly onefourth of thetotal search-space.



Theorem11. For every prime and integer , there exist an oracle andan
in nite set  sudthat and is -immune

Corollary 12. Ther existsanoracle sud that,for each

, , , , andfor each , , , Isimmune
to
Theorem8 separates  from , andasa corollary we get a separatiorof
from . In Theoreml13, we prove that,relative to anoracle,  stronglyseparates
from , which in turn implies that strongly separaterom . We usea

sufcient conditionby Bovet, CrescenziandSilvestri[5] for lifting simpleseparations
betweercompleity classeso immunity separations.

Theorem13. Ther existsanoracle sud that containsa -immuneset.
Tarui [35] and Green[19] independentlyshaved that separategrom in
somerelativized world. In Theorem14 we extend oracle separationof from

to astrongseparatiomesult.Fromthisit followsthat,relative to anoracle,
stronglyseparatefrom

Theorem14. Thereexistsanoracle sud thatfor everycompleity class
, , , . , containsa -immuneset.

5 Closure and CollapseResults

We have seenthat the study of countingcomplexity classedike etc.can
give us usefulinsightsinto the classicalcompleity of quantumclassesln this sec-
tion, we further study propertiesof thesecountingclassesandusethesepropertiesto
prove consequencesf the following hypothesis: . Note that this hy-
pothesiss the quantumanalogof the " hypothesisZachos[40] proved
that unlessthe entirepolynomial-timehierarchyis containedn , and
thusit is unlikely that . In this section,we prove asCorollary 17 a strong
consequencéor : . We prove this
implicationby showving areductionclosurepropertyof , andthenusingarecent
resultby Vyalyi [38]. Recently Vyalyi [38] shavedthatif , the quantumanalog
of theMerlin-Arthurclass  ,equals thentheentirepolynomial-timehierarchyis
containedn . In hisproof, heimplicitly proves,usingToda’s [36] theoremthat

is containedn in everyrelativizedworld.

Theorem 15 ([38]).

In Theorem16 we show that both and are closedunder (unam-
biguouspolynomial-timeTuring) reductionsFromthis closurepropertyof and
Theoreml5, we concludethatif then islow for

Theorem 16.

Corollary 17. If then  islow for



Proof. This follows from Theoreml15 and Theorem16(a),andthe factsthat
[14,39], [16], and islow for . |

Theorem16 shows that is closedunder reductions What about ?
Closurepropertiesof arealsointerestingin light of the resultsdueto Fenner
Fortnow, andKurtz [12]. Fenneret al. studythe closureof gap-de nableclassesinder
polynomial-timeTuring reductionsThey shav that and areclosedunder
polynomial-timeTuring reductionsHowever, they leave openthe correspondingrob-
lem for ils closedunderpolynomial-timeTuring reductionsheorem21
givesa negative answerin a suitablerelativized world. Since is (robustly; i.e.,
for all oracles)closedunderpolynomial-timeTuring reductions[12], it follows that
we have alsoan oracleseparatinghe seeminglysimilar classes and .In
Theorem18, we show that is closedunderthe wealer polynomial-timetruth-
tablereductionwhile its closureunderpotentiallystronger reductionis contained
in . Thelaterresultalongwith Theorem15 allows usto concludethatif
contains , thenthe entirepolynomial-timehierarchyis containedn

Theorem18. is closedunder polynomial-timetruth-table reductions.

Corollary 19. If then

Proof. This follows from Theorem15 andTheorem18(b),andthe factsthat
[14,39], [16], and [12]. |

We now prove that thereis an oracle relative to which is not closedunder
polynomial-timeTuring reductions Before we stateand prove Theorem21, we state
alemmathatwill beneededn the proof of thisresult.

Lemma 20 ([31]). For every , the numberof primeslessthanor equalto ,
, satis es

Theorem 21.

Proof. For ary , let representhelexicographic

positionof amongstringsof length . For every set , ,and ,

we de ne “Witcount”, “Promise”and“Boundary” asfollows.

, and

For every set ,de ne asfollows.



Clearly if satises ateachlength ,then isin (usingbi-
nary searchalongthe strings  with ). We constructan oracle suchthat,
for each is true, and . Let be an
enumeratiorof all triples suchthat  is a nondeterministiqpolynomial-timeoracle
Turingmachine, is adeterministigpolynomial-timeoracletransducer is apoly-
nomial, andthe runningtime of both  and is boundedby  regardlessof the
oracle.We assumethat the computationpathsof an oracle machineinclude the an-

swersfrom the oracle.Given , , anda computatiorpath , we

let (respectiely, )if isanacceptingrespectiely, rejecting)

computatiorpathin . We needthefollowing technicallemmas.

Lemma 22. Let , where . Let be a multilinear

polynomialwith rational coefcients, wheie each monomialhasexactly different

variables.Supposehat for some , it holdsthat for every
with . Thenead monomialin hasthe

samerational coefcient, i.e.,

Lemma 23. Let and be a prime with . Let be a
multilinear polynomialoftotaldegree  with integer coefcients. If for some ,
it holdsthat

1. and
2. for every with

then

The oracle is constructedn stageslin stage , the membershipn  of stringsof
length  isdecidedandtheinitial sgment is extendedo . Ourchoiceof
guaranteethattheoracleextensionin stage doesnotaffectthecomputatiorin earlier
stagesSet and

Stage where : Let  belargeenoughsothatthe previous stagesarenot af-
fectedand . Wediagonalizeagainshondeterministipolynomial-time
oracleTuringmachine anddeterministiqpolynomial-timeoracletransducer . Let

bethevaluecomputedoy . Without lossof generalitywe assumehat

. Let queries

Chooseaset , - , satisfying suchthatthefollowing

holds:
or

Let . Clearly, the constructionguaranteeshat . The

feasibility of the constructiorfollows from the following claim.



Claim. For each , thereexistsanoracleextension satisfying

Proof. Supposethatin stage noset satisfying  exists. Then, for every

satisfying , thefollowing hold.
and Q)
)
Let is prime and - . Fix an
arbitrary . Chooseaset o satisfying(a) , and(b)
.Suchaset  alwaysexistshecause
- . Statement$1) and(2) in particularimply that,for all , it
holdsthat
and 3)
(4)
Henceforth,we use  to denote o . Let be the lexicographic
enumeratiorof the stringsin -Wede ne tobethefunction
thathasthefollowing property For all ,
(5)
We will showv that  canberepresentethy a multilinear polynomialhaving low total
degree.For arbitrary , we call a computatiorpath of
“ -allowable”if, along , all queries havea“yes” answerall
queries havea“no” answerall queries  with are
answeredyes”, andall queries  with areansweredno”. Let
,and bea -allowable path of . Let , Where
, bethedistinctqueriegto stringsin along
. Createa monomial thatis the productof terms , where
if ,and otherwiseLet
is -allowable
It is easyto seethatthe thusconstructednultilinear polynomial coin-
cideswith  on , andhastotal degree
. Statement$3) and(4) imply thatfor all suchthat
and
It follows from Lemma23 that . Thereforefor each ,

Hence,



wherethe fourth inequality follows from LemmaZ20 andthe fth inequality follows

because, . However, , becauseahe running time of

is boundedby . Thus,for each , canalwaysbe extended
in stage . B (ClaimandTheoren21)
Corollary 24.
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