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Abstract. We studythe complexity of quantumcomplexity classeslike ��
�� ,
�


�� , ��
�� (quantumanalogsof � ,
�

��� , and ��� , respectively) usingclassi-
cal complexity classeslike ����� , ����� , ����� . The contributionsof this paper
are threefold.First, we show that relative to an oracle, ����� is not contained
in ����� . As an immediateconsequence,this implies thatno relativizableproof
techniquecanimprove thebestknown classicalupperboundfor

�


�� (
�


����

�

����� [16]) to
�


�� �!����� andthe bestknown classicallower boundfor
��
�� ( �"�#�$
�� ) to �%���"�&��
�� . Second,we extendsomeknown oraclecon-
structionsinvolving countingandquantumcomplexity classesto immunitysepa-
rations.Third, motivatedby thefact thatcountingclasses(like '(����� ,

�

����� ,
etc.)arethebestknown classicalupperboundson quantumcomplexity classes,
we study propertiesof thesecountingclasses.We prove that ����� is closed
underpolynomial-timetruth-tablereductions,while we constructan oraclerel-
ative to which ����� is not closedunderpolynomial-timeTuring reductions.
This shows that proving the equality of the similar appearingclasses')�����

and ����� would requirenonrelativizable techniques.We also prove that both
�

����� and
�

��� areclosedunder *,+.-

/ reductions,andusetheseclosureprop-
ertiesto prove strongconsequencesof thefollowing hypotheses:�0
����

�


��

and �$
��21��0
�� .

1 Intr oduction

Quantumcomplexity classeslike 35476 , 80476 [4] (quantumanalogs,respectively, of 6

and 8�696 [17]), and :;476 [1] (thequantumanalogof :<6 ) arede�ned usingquantum
Turing machines,thequantumanalogof classicalTuring machines.35476 is the class
of languages= acceptedby a quantumTuring machine> runningin polynomialtime
suchthat,for each?�@�ACB , if ?�@&= , thentheprobabilitythat >EDF?�G acceptsis H , and
if ?JI @K= , thenthe probability that >EDF?�G acceptsis L . 8M476 is theclassof languages

= acceptedby aquantumTuringmachine> runningin polynomialtimesuchthat,for
each ?N@OA

B , if ?N@N= , thenthe probability that >EDF?�G acceptsis at least PQISR , and
T
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if ?JI @K= , thenthe probability that >EDF?�G acceptsis at most HVIWR . :;476 is the classof
languages= acceptedby a quantumTuring machine> running in polynomial time
suchthat,for each?X@XACB , ?X@�= if andonly if theprobability that >EDF?�G acceptsis
nonzero.

Quantumcomplexity classesrepresentthecomputationalpower of quantumcom-
puters.Somefundamentalcomputationalproblems—forexample,factoring,discrete
logarithm[33], Pell's equation,andprincipal idealproblem[22]—arenot believedto
be in 8�696 (and thus,not believed to be in 6 ), and yet are provably in 80476 . One
of the key issuesin quantumcomplexity theory is studyingthe relationshipbetween
classicaland quantumcomplexity classes.The inclusion relationshipsof 80476 with
somenaturalclassicalcomplexity classesareknown. BernsteinandVazirani[4] show
that 8�696ZY[8M476ZY[65\$] . Adleman,DeMarrais,and Huang[1] improve that to

80476^Y^696 . Fortnow and Rogers[16] show that the studyof countingclassescan
give us insightsinto the classicalcomplexity of quantumcomplexity classes.In par-
ticular, they studythe complexity of 8M476 usinggap-de�nablecountingclasses[12].
Looselyspeaking,gap-de�nablecountingclassescapturethepower of computingvia
countingthegap(i.e.,difference)betweenthenumberof acceptingandrejectingpaths
in anondeterministicpolynomial-timeTuringmachine.Fortnow andRogersprovethat

80476_YK`�ab6,6 , wherè�ab6,6 is agap-de�nablecountingclass.Sincè�ab696KY_696 ,
they give a betterupperboundon 8M476 thanthatof Adleman,DeMarrais,andHuang.
Thus,thebestknown lowerandupperboundsfor 8M476 in termsof classicalcomplexity
classesare,respectively, 8�696 and `�ab6,6 : 8�696cYb80476cYb`�ab6,6cYb6,6 . Similarly
the bestknown classicallower and upperboundsfor 35476 are, respectively, 6 and

d

ab6,6 : 6XYK35476_Y

d

ab6,6XYK`�ab696_Y_6,6 .

In light of thisconnection,dueto Fortnow andRogers,betweenquantumandcount-
ing complexity classes,it is naturalto askif therearecounting(or for thatmatterother
classical)complexity classesthat arebetterlower (or upper)boundsfor 8M476 . More
formally, is therea countingclass e suchthat 8�696fYEeOYf8M476 ? Is therea count-
ing class g suchthat 80476hYigjYk`�ab696 ? Similarly, it is interestingto ask the
correspondingquestionsfor 35476 . Unfortunately, resolvingtheseinclusion relation-
shipscanbe dif�cult, andmay be out of reachof relativizabletechniques.Greenand
Pruim[20] constructanoraclerelative to which 35476ml Yn6,o�] , andthusthey show that
proving 35476 YO69o�] is outsidethescopeof relativizabletechniques.For eachprime

p andinteger qnrsH , de GraafandValiant [10] constructan oraclerelative to which
35476!l YXtvu.wQx(yS6 .

In this paper, we usecountingclassesto studythe relativizedcomplexity of 35476

and 8M476 . In particular, we study the relativized complexity of 3�476 and 8M476 by
separatingcountingclassesrelative to an oracle.We constructoraclesz and { such
that |�696�}~l Y^ab6,6•} , and €M69•Zl Yh‚5ƒ�6•• . It follows from known inclusionsthat

804769}nl Y_ab696•} , |„696•}bl Y_3�476�} , and8M476••ml Yb‚5ƒ�6•• . Notethat ab6,6_Y_`�ab696 ,
6OY…|�6,6 , €M6OYO8M476 , and 35476OY

d

ab6,6OYNab696OY…‚
ƒ

6 . In fact, ab696 is the
largestknownnaturalgap-de�nablesubclassof `�ab6,6 , and |„696 is thesmallestknown
naturalprobabilisticcomplexity classthat contains6 . We alsoshedlight on the rela-
tionshipbetweenproblemsin ‚

ƒ
6 andthosesolvablebyprobabilisticalgorithms.Even



though‚ ƒ 6 contains|„696�D‡†c€M6;ˆ0‰�uQ€M6,G in all relativizedworlds,usingrelativizable
techniquesit is impossibleto show that ‚ ƒ 6 containsall problemsin €M6 .

Theseparationsof countingclassesmentionedabove,for example,€Š60•ml YK‚5ƒ•6•• ,
which leadto theseparationof quantumcomplexity classesfrom countingcomplexity
classesfor reasonsmentionedabove, imply for example,that relativizabletechniques
cannotprove that 8M476‹YŒ‚�ƒ�6 . However, this leavesopenthe possibility that each
setin 80476 • canbeapproximatedby a setin ‚0ƒ�6 • in the following sense:for each
in�nite set =J@�8M476•• , thereexistsan in�nite subset=,•,YN= suchthat =,••@X‚ ƒ 6•• .
A strong(or immunity)separationof 8M476,• from ‚ ƒ 6,• will precludethispossibility.
Strongseparationshave beenusedto studythe relativized complexity of complexity
classesin many differentsettings,for example,thepolynomial-timehierarchy[25,7],
the booleanhierarchyover €M6 [8], andcountingclasses[32]. We prove strongsep-
arationsbetweencountingclasses,andfrom theseget strongseparationsof quantum
complexity classesfrom countingclasses.For example,we show theexistenceof ora-

cles z and z<• suchthat €M6•} is ‚
ƒ

6,} -immune,and 856,6•}„Ž is 69•�•‘]�’

Ž -immune.Using

known inclusions,we get that 8M476,}„Ž is 6,•
•

].’

Ž -immune.We extendtheoraclesep-
arationof 3�476 from t“u‘w‘x(yV6 in [10] by constructing,for eachprime p andinteger

q”rmH , anoraclerelative to which 35476 is tvu.w‘x(yS6 -immune.

Resultsby Fortnow andRogers[16], de GraafandValiant [10], andthoseof this
paper, show theconnectionbetweenquantumandcountingcomplexity classes.Thus,
it becomesimportantto studythe propertiesof thesecountingcomplexity classes.In
particular, we study the reductionclosurepropertiesof thesecountingclasses.Fen-
ner, Fortnow, andKurtz [12] show that countingclasses•.6,6 and

d

ab6,6 areclosed
underpolynomial-timeTuring reductions.(In fact, they prove that •%696�–

].]

†s•.6,6 ,
and •.696•—�˜

].]

†

d

ab696 .) They ask whetherthe sameholds for ab6,6 . We prove
that ab696 is closedunderpolynomial-timetruth-tablereductions.We alsoshow that
improving this resultto closureunderpolynomial-timeTuring reductionswill require
non-relativizabletechniques:Thereis anoracle z suchthat 6

˜

].]
’

lYcab6,6
} . Thus,

it followsthat,relativeto oraclez , ab6,6 strictly contains
d

ab696 . For countingclasses
`�ab6,6 and `<696 , we prove a potentiallystrongerclosureproperty, namelythatboth
`�ab6,6 and `Š696 areclosedunder ™Mš

]

› (unambiguouspolynomial-timeTuring) re-
ductions.

Vyalyi [38] recentlyproved,usingToda's Theorem[36], that 47t“` , the classof
languagessuchthat a “yes” answercanbe veri�ed by a 1-roundquantuminteractive
proof, is unlikely to contain 6,6 , sinceif it doesthen 696 contains6,œ . UsingVyalyi' s
result and the reductionclosureresultsmentionedabove, we prove consequencesof
the “ :7476JYO8M476 ” and“ 35476m†•:7476 ” hypotheses.Note that thesehypothesesare
quantumcounterpartsof the“ :Š6KYK856,6 ” andthe“ 6�†b:<6 ” hypotheses.Zachos[40]
proved that if :<6žYf8�6,6 , then 6,œ^Yž8�6,6 . We prove that if :7476žYž8M476 , then

69œEY `�ab6,6 , from which it follows that 6,œ is low for 696 . Similarly, we prove that
35476�†n:;476h†�Ÿ 6,œ!Y_ab696 , from which it followsthat 69œ is low for 696 .

Dueto spacelimitations,mostof theproofsareomitted.They canbefoundin [34].



2 Preliminaries

Our alphabetis AZ†k VL%¡)H£¢ . For any ¤•@ ¥ andany ?O@OA

B

, ?„A§¦K†h (?�¨c©£¨ª@

A§¦�¢ . For any ?c@mA

B

, « ?¬« denotesthe lengthof the string ? , andthe integer ­¯®‡¤•DF?�G

correspondingto string ? is de�ned asthevalueof thebinarynumberH(? .
For generalcomplexity-theoreticbackgroundandfor the de�nition of complexity

classessuchas 6 , :Š6 , °¬6 etc., we refer the readerto the handbook[23]. :Š69±0t

standsfor “nondeterministicpolynomial-timeTuring machine”and ²769±0t standsfor
“deterministicpolynomial-timeTuring machine.” Throughoutthis paper, for any (non-
deterministicor deterministicor quantum)machine³ , andfor any ?m@ A

B

, we use
³�D´?�G asa shorthandfor “the computationof ³ on input ? .” Givenanoracle :Š69±0t

³ andaset z , weuse µ·¶¸‰)‰)¹

’

DF?�G (respectively, µ·ºS»�¼

¹

’

DF?�G ) to denotethenumberof
accepting(respectively, rejecting)pathsof ³ on ? with oracle z .

De�nition 1 ([12]). If ³ is an :<69±0t , de�ne thefunction ½‘¾

p

¹O¿

A

BMÀhÁ

asfollows:

for all ?Â@XA

B

, ½.¾

p

¹

DF?�GŠÃ�Ä †•µÅ¾‘Æ�Æ

¹

D´?�G,Ç_µ·ºV»¯¼

¹

D´?�G . If ³ is an oracle :Š69±0t then,
for every set z , de�ne the function ½.¾

p

¹

’

¿

A

B”ÀjÁ

as follows: for each ?!@bA

B

,

½‘¾

p

¹

’

DF?�G
Ã�Ä
†mµÅ¾QÆ)Æ

¹

’

D´?�G�Ç�µÈºS»¯¼

¹

’

D´?�G .
É

¶WÊ�6 is the classof functions Ë suchthat thereexists an :Š6,±0tª³ suchthat Ë!†

½‘¾

p

¹ . We de�ne thefollowing gap-de�nablecountingclasses[12].

De�nition 2. 1. [9, 24,2] For each q…rªP , t“u‘w�ÌW6^†Z Í=�©�D‡ÎQ½J@

É

¶WÊ�6,G�DÐÏ�?f@

A
B

G)Ñ ?"@2=ªÒÓŸÔ½„D´?�G7l

Õ

L§D´ÖÓu.wÅq�GØ×‡¢ .
2. [30,18] Ù76�†ctvu.w

�

6 .
3. [29,12] •.6,6!†ž Í=�©QDÚÎQ½�@

É

¶£Ê�69G�DÛÏ�?X@XA

B

G�ÑÜD´?_@�=Ý†�Ÿ ½„D´?�G;†‹HÍG¬Þ_D´?NI @

=h†�ŸÔ½„D´?�G•†bLQGØ×‡¢ .
4. [12]

d

ab696J†ß V=�©.DÚÎQ½_@

É

¶WÊ�69G)DÚÎ%àc@b°¬6

¿

LcI @ná�¶£â%ã£äWD‡àåGæG�DÐÏ�?c@!A

B

G�ÑÜD´?m@

=h†�ŸÔ½„D´?�G•†cà�DFLåç è¸ç GUG�Þ_DF?XI @2=ª†�Ÿ ½„D´?�G•†cL¸Gé×Ú¢ .
5. [12] ab696f†k V=�©�DÚÎ‘½b@

É

¶£Ê�69G�D‡Î%à @m°$6

¿

LNI @!á�¶£â%ã£ä£D‡àåGæG�DÛÏ�?N@ A

B

G)ÑêDF?O@

=h†�ŸÔ½„D´?�G•†cà�D´?�GUG•Þ_DF?XI @ë=h†�Ÿ ½�DF?�G9†cL¸Gé×Ú¢ .

Thecountingclasses̀�ab6,6 [13] and `<696 [27] werede�ned to studythesetsthat
arelow for 696 .

De�nition 3 ([13,27]). For every =KYKA

B

,

1. = is in `�ab696 if for every polynomial º.DíìîG2ïfL , there exist a ½K@

É

¶WÊ�6 and a
polynomialp such that, for all ?"@#A

B

, ?"@“=ð†�Ÿ DUHMÇ�P‘ñ�ò)óÚç èQç ôéG0™öõ

óêè(ô

�í÷¯øÐù ú�ù û

™NH ,

and ?XI @2=ª†�Ÿ L§™üõ

óÜè(ô

�í÷�øÛù ú�ù û

™nP‘ñ�ò)óÚç èQç ô .
2. = is in `<696 if for every polynomial º‘DUì GÂï~L , there exist ½�¡�àý@

É

¶£Ê�6 , L‹I @

á�¶£â%ã£ä¸DÚà�G , such that, for all ?K@XA

B

, ?X@Â=þ†�Ÿ DíH7ÇXP.ñ�ò)óÚç è¸ç ôØG·™
õ

óêèÍô

ÿ

ó��

ù ú)ù

ô

™žH ,

and ?XI @2=ª†�Ÿ L§™ õ

óêèÍô

ÿ

ó��

ù ú)ù

ô

™nP‘ñ�ò)óÚç èQç ô .

For backgroundinformationon quantumcomplexity theoryandfor the de�nition
of quantumTuringmachine,werecommend[28,21].Wenow de�ne thequantumcom-
plexity classesthatwill beusedin this paper.



De�nition 4 ([4, 1]). 35476KD respectively, 8M476 , :;4769G is thesetof all languages =cY

A

B

such that there is a polynomial-timequantumTuring machine > such that, for
each ? @NACB , ?N@!=ý†�Ÿ Pr Ñ >EDF?�G accepts×7†ªHCD respectively, r‹PQISR , l†sLQG , and

?XI @2=Â†�Ÿ Pr Ñ >ED´?�G accepts×�†bLÅD respectively, ™!HSISR , †bLQG .

Thefollowingpropositiongivestheknowninclusionrelationshipsamongtheclasses
de�ned above.

Proposition5 ([12,17,26,13,11,16,14,39] ). 6NYJ|�696 YN€M6NYO8�6,6 Y `�ab696 ;
6žY

�

6‹Y‹°%ä��M6žY •.696‹Y

d

ab696‹Yfab696‹Y ‚ ƒ 6‹Y‹6,6 ; |�6,6fYž‰)u¸€M6‹Y

‰�u¸:<6 Ys‚ ƒ 6 ; ab696 Y `�ab696 Y `Š696 Y 696 ; 6 YŒ3�476 Y

d

ab696 ; 35476ŒY

80476_YK`�ab6,6 ; •.696KYnÙ76 ; °%ä��M6_YK:Š6KY_‰�u‘‚ ƒ 6Â†b:7476 ;

3 SeparationResults

Oneway to studythepowerof quantumcomplexity classesis to lowerboundthecom-
plexity of theseclasseswith well known complexity classes,for example:Š6 . Thebest
known lower boundfor 3�476 is 6 . In fact, 35476 is not known to containevena single
problemthat is not alreadyknown to be in 6 . Bennettet al. [3] show that relative to a
randomoracle,:Š6 is notcontainedin 35476 with probabilityone,and,relativeto aper-
mutationoraclechosenuniformly atrandom,:<6Åˆ;‰)u¸:Š6 is notcontainedin 35476 with
probabilityone.Thus,it is interestingto askthefollowing questions.Are therenatural
classesbetween6 and :Š6Èˆ<‰�u¸:<6 thatarecontainedin 35476 ?Are therenaturalclasses
between6 and :Š6Oˆë‰)u¸:<6 thatarenot containedin 3�476 in somerelativizedworld?
We provethatthelatter is trueby showing thatthereis a relativizedworld where |�696

is not containedin 35476 . In fact, we prove a slightly strongerstatement.We prove,
asthe next theorem,that thereis an oraclerelative to which |„696 is not containedin

ab696 , a superclassof 3�476 [16]. It is interestingto notethat thereis an oracle,due
to Fortnow [15], relative to which •.6,6 , a subclassof ab696 , strictly containsan in�-
nite polynomial-timehierarchy. In contrast,our oracleprovidesa completelydifferent
pictureof ab696 in a relativizedworld: a world in which ab6,6 setsarenot powerful
enoughto captureaseeminglysmallsubclass,|�6,6 , of :Š6 .

Theorem6. D‡Î.z<G„Ñî|�6,6•}��Âab6,69}�× .

Corollary 7. Thereexistsanoracle z YbA

B

such that,for each e"@& W|�696 , €M6 , 8�696 ,
:Š6 , 8M476 , ‚

ƒ
6Jˆ“‰�u‘‚

ƒ
6 , `�ab6,6 , `Š6960¢ , andeach gß@K 

�

6 , °%ä��M6 , •.696 , 3�476 ,
d

ab6,6 , ab6,6�¢ , e

}

lY�g

}

.

Note that Corollary 7 shows that proving that error-free quantumpolynomial-time
( 3�476 ) algorithmsexist for all languagesin |�696 will requirenonrelativizable tech-
niques.Corollary 7 alsoshows that, using relativizable techniques,we cannotlower
thebestknown classicalupperboundfor 8M476 from `�ab696 to even ab696 , thelargest
known naturalgap-de�nablesubclassof `�ab6,6 . In the light of this result,it is inter-
estingto seekadifferentclassicalupperboundfor 8M476 . Thatis, it is interestingto ask
which othercountingclassesupperboundthecomplexity of 8M476 . Onesuchcounting
classis ‚

ƒ
6 . Note that it is not known whether`�ab6,6OY…‚

ƒ
6 or ‚

ƒ
6OY…`�ab6,6 ,



thoughboththeseclassescontain ab6,6 . Regardlessof whattheinclusionrelationship
is between‚ ƒ 6 and `�ab696 , it is conceivablefor 8M476 to besubsetof ‚ ƒ 6 . However,
weshow thatproving thecontainment8M476_Yb‚ ƒ 6 is beyondthereachof relativizable
techniques.This resultis a corollaryof Theorem8.

Tarui[35] usedalowerboundtechniquein decisiontreesfor acertaiǹŠ‚

� function
to show that 856,6 is notcontainedin 65•å•%] in somerelativizedworld. Green[19] used
circuit lower boundtechniquesto obtainthesameresult.In contrastwith 8�696 , €M6 is
containedin 6,•�•‘] in every relativizedworld. We constructanoraclerelative to which

€M6 is not containedin ‚�ƒ�6 . This resultis optimal in thesensethatthelargestknown
naturalsubclassof €M6 , |�6,6 , is containedin ‚0ƒ�6 in every relativized world. This
oracleseparationof €M6 from ‚0ƒ�6 is alsoa strengtheningof theoracleseparationof

:Š6 from ‚5ƒ�6 by Torán[37].

Theorem8. D‡Î.z<G„Ñ €M6,}��n‚ ƒ 6,}�× .

Corollary 9. Thereexistsanoracle zNYKA”B such that,for each e#@# V8�696 , :<6 , 80476 ,
`�ab6,6 , `<696�¢ , e

}

lYb‚5ƒ�6•} .

4 Immunity SeparationResults

In Section3, we saw that relativizable techniquescannotprove that 8M476^Yk‚
ƒ

6 .
But canwe at leastprove that in every relativized world, every 80476 setcanbe ap-
proximated(in somesense)by a setfrom ‚

ƒ
6 ? For example,canwe provethatevery

in�nite setin 8M476 hasanin�nite subsetthatis in ‚
ƒ

6 ? In this section,we provethat
in many cases,proving suchapproximabilityresultsis beyondthereachof relativizable
techniques.Looselyspeaking,classe is saidto stronglyseparatefrom g if thereexists
an oraclerelative to which thereexistsa set 	 in e that cannotevenbeapproximated
(in thesensementionedabove)by any setin g . Theset 	 is saidto be g -immune.Im-
munity separationshave beenused,for example,by Ko [25], andBruschi[7] to study
the natureof the polynomial-timehierarchy, by Bruschi, Joseph,and Young [8] for
stronglyseparatingthebooleanhierarchyover €M6 , andby Rothe[32] for studyingthe
complexity of countingclasses.

De�nition 10. Let e bea classof languages.Anin�nite language = is called e -immune
if DÐÏ„=9•�@2e�G„ÑÐ«ê« =9•‡«ê«£†�
~Ÿh=,•¸ˆ =ml †
�S× .

Given relativizableclassese

� and e

� , an oracle � strongly separates e��

� from e��

� if
thereexistsanin�nite language=K@ e��

� which is e��

� -immune.

M. deGraafandP. Valiant[10] provethat,for any prime p andinteger q rcH , there
existsanoraclez7• suchthat 35476•}„Ž�l YKtvu.w

x
yS6

}„Ž

. In Theorem11,we strengthenthis
resultby proving that thereis a relativizedworld where 35476 stronglyseparatesfrom

tvu.wQx
y

6 . To prove that thetestlanguagewe usein theproof of this strongseparation
result(Theorem11) is in (relativized) 35476 , we make useof theobservationby Boyer
etal. [6] thatquantumdatabasesearchingcanbedonein polynomialtimewith certainty
if thenumberof solutionsis exactlyonefourthof thetotal search-space.



Theorem11. For every prime p and integer q!riH , there exist an oracle z and an
in�nite set =

}

such that =

}

@23�476 } and =

}

is tvu.wQx(yV6

}

-immune.

Corollary 12. There existsan oracle z such that, for each e&@& V35476 , 8M476 ,
d

ab6,6 ,
ab696 , `�ab696 , `Š696 , ‚5ƒ�6 , 6,6�¢ andfor each gý@# 

�

6 , °�ä��M6 , •.696�¢ , e

}

is immune
to g

}

.

Theorem8 separates€M6 from ‚ ƒ 6 , andasa corollary we get a separationof 8M476

from ‚ ƒ 6 . In Theorem13,we prove that,relative to anoracle,€Š6 stronglyseparates
from ‚ ƒ 6 , which in turn implies that 8M476 stronglyseparatesfrom ‚ ƒ 6 . We usea
suf�cient conditionby Bovet,Crescenzi,andSilvestri[5] for lifting simpleseparations
betweencomplexity classesto immunity separations.

Theorem13. There existsanoracle z such that €M6�} containsa ‚5ƒ�6,} -immuneset.

Tarui [35] andGreen[19] independentlyshowed that 8�696 separatesfrom 60•
•

] in
somerelativized world. In Theorem14 we extend oracle separationof 8�696 from

69•å•%] to astrongseparationresult.Fromthis it followsthat,relativeto anoracle,8M476

stronglyseparatesfrom 65•å•%] .

Theorem14. Thereexistsanoracle z such thatfor everycomplexity classe"@& Í8�696 ,
80476 , A

x

�

ˆ��

x

� , `�ab696 , `<696 , 696�¢ , e

}

containsa 6,•
•

]�’ -immuneset.

5 Closure and CollapseResults

We have seenthat the studyof countingcomplexity classeslike ab6960¡¯‚
ƒ

6 etc.can
give us useful insightsinto the classicalcomplexity of quantumclasses.In this sec-
tion, we furtherstudypropertiesof thesecountingclasses,andusethesepropertiesto
prove consequencesof the following hypothesis::7476hYh80476 . Note that this hy-
pothesisis the quantumanalogof the “ :Š6ýYE8�696 ” hypothesis.Zachos[40] proved
that :Š6 l YK8�696 unlesstheentirepolynomial-timehierarchyis containedin 8�696 , and
thusit is unlikely that :<6OYN8�696 . In this section,we prove asCorollary17 a strong
consequencefor :7476žYž8M476 : :7476žYf8M476 †�Ÿ 6,6

]��

†Œ696 . We prove this
implicationby showing areductionclosurepropertyof `�ab696 , andthenusingarecent
resultby Vyalyi [38]. Recently, Vyalyi [38] showedthat if 47t"` , thequantumanalog
of theMerlin-Arthur classt“` , equals6,6 thentheentirepolynomial-timehierarchyis
containedin 6,6 . In hisproof,heimplicitly proves,usingToda's [36] theorem,that 6,œ

is containedin
�

6

•
•

] in every relativizedworld.

Theorem15 ([38]). 69œ Y

�

6

•å•.] .

In Theorem16 we show that both `�ab6,6 and `<696 areclosedunder ™
š

]

› (unam-
biguouspolynomial-timeTuring) reductions.Fromthisclosurepropertyof `�ab696 and
Theorem15,we concludethatif :7476_YK8M476 then 6,œ is low for 6,6 .

Theorem16. DÚ¾.G

�

6��
˜

].]

YX`�ab696 . DÚ­�G

�

6��

].]

Y_`<696 .

Corollary 17. If :;476XYK8M476 then 6,œ is low for 696 .



Proof. This follows from Theorem15 andTheorem16(a),andthe factsthat :7476m†

‰�u‘‚ ƒ 6 [14,39], 80476_YK`�ab6,6 [16], and `�ab6,6 is low for 696 .

Theorem16 shows that `�ab696 is closedunder ™ š ]

› reductions.Whatabout ab696 ?
Closurepropertiesof ab696 arealso interestingin light of the resultsdue to Fenner,
Fortnow, andKurtz [12]. Fenneret al. studytheclosureof gap-de�nableclassesunder
polynomial-timeTuring reductions.They show that

d

ab696 and •.6,6 areclosedunder
polynomial-timeTuring reductions.However, they leaveopenthecorrespondingprob-
lem for ab6,6 : Is ab696 closedunderpolynomial-timeTuring reductions?Theorem21
givesa negative answerin a suitablerelativizedworld. Since

d

ab6,6 is (robustly, i.e.,
for all oracles)closedunderpolynomial-timeTuring reductions[12], it follows that
we have alsoanoracleseparatingtheseeminglysimilar classesab6,6 and

d

ab6,6 . In
Theorem18, we show that ab696 is closedunderthe weaker polynomial-timetruth-
tablereduction,while its closureunderpotentiallystronger™ š ]

› reductionis contained
in ‰)u‘‚

ƒ
6 . The later resultalongwith Theorem15 allows us to concludethat if 3�476

contains:7476 , thentheentirepolynomial-timehierarchyis containedin ab696 .

Theorem18. DÚ¾.G7ab696 is closedunder polynomial-timetruth-table reductions. DÚ­�G

�

6
˜

].]

YK‰�u‘‚
ƒ

6 .

Corollary 19. If :;476XYK35476 then 69œ YXab696 .

Proof. This follows from Theorem15 andTheorem18(b),andthe factsthat :7476!†

‰�u‘‚5ƒ�6 [14,39], 35476_Y

d

ab696 [16], and
d

ab696_YÂab6,6 [12].

We now prove that there is an oracle relative to which ab6,6 is not closedunder
polynomial-timeTuring reductions.Beforewe stateandprove Theorem21, we state
a lemmathatwill beneededin theproofof this result.

Lemma 20 ([31]). For every ¤NrsH�� , the numberof primeslessthan or equalto ¤ ,
�

D´¤�G , satis�es

¤�I��Üâ�¤��

�

D´¤�G �mH£ìîP"!#!WL"$•¤�I��êâ9¤ .

Theorem21. D‡Î.z<G)Ñ 6

˜

].]�’��Xab6,6•}�× .

Proof. For any ¨ý@ÂA

B

, let p&%('

DF¨<GŠ†…­�®Ø¤•D´¨<G9ÇÂP�ç )�ç�*!H representthe lexicographic
positionof ¨ amongstringsof length « ¨§« . For everyset zNYbA

B , ¨N@"A
B , and ¤&@ë¥ ,

we de�ne “Witcount”, “Promise”and“Boundary”asfollows.

a,+.-�‰�u"/�â#-VDFz·¡U¨<G5†O«Ü«î Í?“@vA

B

«‘« ?¬«¸†…« ¨§«)Þ ¨M?“@ëz ¢.«ê« ,
6•á�u£Ö0+21æäWDFz·¡U¤�G

Õ

DÐÏ�¨ @vA§¦%G)Ñ a,+�-�‰)u"/%â3-SDFzÈ¡æ¨<G9†cL54 a,+.-�‰�u"/�â#-VDFz·¡U¨<G9†

p6%('

DF¨<GØ×´Þ

DÐÏ�¨

�

¡U¨

�

@"A

¦

G�Ñ

p6%('

DF¨

�

G5™

p6%('

D´¨

�

G„Þ”a,+�-�‰)u"/%â3-VDFzÈ¡æ¨

�

G<l †cLÈŸ

a,+.-�‰�u#/%â3-ÍDFz·¡U¨

�

G7l †nLW× , and
8,u#/%â�w%¶£á87„DÚzÈ¡U¤�G•†bÖ ¶:9� 

p&%('

D´¨<G¬©Q« ¨Å«Q†n¤vÞ"a,+.-�‰�u"/�â#-VDFz·¡U¨<G l†nL.¢ .

For everyset z YbA

B

, de�ne =

}

asfollows.

=

}

†  ÍL

¦

©)85u"/�â�w%¶Wá;7„DFz·¡U¤�G

Õ

H7DFÖ§u.w§P£G�¢Qì



Clearly, if z satis�es 6•á�u£Ö0+21æä£DÚzÈ¡U¤�G at eachlength ¤ , then =

}

is in 6

˜

].].’ (usingbi-
nary searchalong the strings ¨ with « ¨§«,† ¤ ). We constructan oracle z suchthat,
for each ¤ , 69áæu¸Ö0+21æäWDFz·¡U¤�G is true, and =

}

I@Œab696 } . Let DF³=<Í¡�>�<Í¡

p

<¯G8<;>

� be an
enumerationof all triples suchthat ³0< is a nondeterministicpolynomial-timeoracle
Turingmachine,> < is adeterministicpolynomial-timeoracletransducer, p

< is a poly-
nomial, andthe runningtime of both ³ < and > < is boundedby p

< regardlessof the
oracle.We assumethat the computationpathsof an oraclemachineinclude the an-
swersfrom theoracle.Given :<69±0tž³ , ?&@#A

B

, anda computationpath ?2@&A

B

, we
let 18+êã¸â�DF³v¡æ?�¡8?‘G;†@*ÅH (respectively, Ç H ) if ? is anaccepting(respectively, rejecting)
computationpathin ³�D´?�G . We needthefollowing technicallemmas.

Lemma 22. Let ³v¡

p

@K¥ , where HA�

p

™•³ I£P . Let '

DCB

�

¡)ì)ì(ì)¡8B

¹

G be a multilinear
polynomialwith rational coef�cients, where each monomialhasexactly p

Ç_H different
variables.Supposethat for someDQ¾FE•@�G , it holdsthat '

DHB

�

¡)ì(ì)ì(¡IB

¹

G5†JD‘¾FE for every
B

�

¡(ì)ì)ì(¡IB

¹

@� VL%¡)H£¢ with K

¹L

ƒ

�

B

L

†

p . Theneach monomialin '

DCB

�

¡)ì)ì(ì)¡8B

¹

G hasthe
samerational coef�cient, i.e.,

'

DHB

�

¡IB

�

¡)ì(ì)ì(¡IB

¹

G9† M

�ON

LQPSRTL�U�R�VWVWV RTL

÷YX

P

N

¹

DHD‘¾FE‡I

p

G�ZYB

L
P

B

L
U

Z�Z�Z[B

L

÷YX

P

ì

Lemma 23. Let ³ @ý¥ and p be a prime with p

™h³CIWP . Let '

DHB

�

¡(ì)ì(ì�¡IB

¹

G be a
multilinearpolynomialof totaldegree �

p with integercoef�cients. If for someD‘¾FE$@

Á

,
it holdsthat

1. '

DÚL%¡(ì)ì)ì)¡æL¸G•†cL%¡ and
2. '

DCB

�

¡)ì)ì(ì)¡8B

¹

G9†,DQ¾FEU¡ for every B

�

¡)ì(ì)ì(¡IB

¹

@# ÍL�¡)H£¢ with K

¹L

ƒ

�

B

L

†

p

¡

thenp

«�D‘¾FE .

The oracle z is constructedin stages.In stage ' , the membershipin z of stringsof
length PS¤

< is decided,andtheinitial segmentz
<

ñ

� is extendedto z
< . Ourchoiceof ¤

<

guaranteesthattheoracleextensionin stage' doesnotaffect thecomputationin earlier
stages.Set z

�

¿

†J� and ¤

�

¿

† H:� .

Stage \ where \ ržH : Let ¤�< be largeenoughso that thepreviousstagesarenot af-
fectedand P£¦"]<ï�^£¤

�

<

p

<VD´¤�<�G . Wediagonalizeagainstnondeterministicpolynomial-time
oracleTuringmachine³=< anddeterministicpolynomial-timeoracletransducer>�< . Let

DQ¾FE bethevaluecomputedby >

}

]

X

P

<

DÚL
¦"]

G . Without lossof generality, weassumethat
DQ¾FE5l †nL . Let _b†m Í¨N@vA

�

¦
]

«(>

}

]

X

P

<

DFL¸¦
]

G queries̈ ¢ .

Da`.G Chooseaset { , {EY _"ˆCA

�

¦
]
, satisfying69áæu¸Ö0+21æä£DF{”¡U¤b<¯G suchthatthefollowing

holds:

85u"/�â�w%¶Wá;7„DF{”¡U¤�<�G

Õ

H<DFÖ§u.w§P£G�Þ"½‘¾

p

¹

’

]

X

P[ced

]

DÚL

¦"]

G;l †fD‘¾3EU¡ or

85u"/�â�w%¶Wá;7„DF{”¡U¤�<�G

Õ

L·DFÖ§u.w§P£G�Þ"½‘¾

p

¹

’

]

X

P[ced

]

DÚL

¦"]

G;l †nL%ì

Let zg<

¿

†ßzh<

ñ

�gi

{ . Clearly, the constructionguaranteesthat =

}

I@ ab6969} . The
feasibilityof theconstructionfollows from thefollowing claim.



Claim. For each'

r!H , thereexistsanoracleextension{ satisfying DQ`.G .

Proof. Supposethat in stage ' no set { satisfying Da`.G exists. Then, for every { Y

_�ˆëA

�

¦ ] satisfying69áæu¸Ö0+21æä£DF{”¡U¤b<�G , thefollowing hold.

85u#/%â�w%¶£á87„DF{”¡U¤�<¯G

Õ

H<DFÖ§u.wÓP£G•†�Ÿk½‘¾

p

¹

’

]

X

P c�d

]

DFL

¦ ]

G9†,DQ¾FEU¡ and (1)

85u#/%â�w%¶£á87„DF{”¡U¤�<¯G

Õ

L·DFÖ§u.wÓP£G•†�Ÿk½‘¾

p

¹

’

]

X

PIc�d

]

DFL

¦ ]

G9†bL%ì (2)

Let jß†^ Í¨^@mA§¦#]Å«

p&%('

D´¨<G is prime, and P£¦#]�ñ

�

™

p6%('

D´¨7G”™lk

�

ZQPW¦#]�ñ

�

¢ . Fix an
arbitrary ¨N@mj . Chooseaset n

)

Y _”ˆÈA

�

¦"] satisfying(a) 6•á�u£Ö0+a1Uä¸Don

)

¡æ¤�<¯G , and(b)
8,u#/%â�w%¶£á87„Dpn

)

¡æ¤�<¯G9†

p&%('

DF¨<GVÇÓH . Suchaset n

)

alwaysexistsbecauseP

¦ ] Ç

p

<VDF¤�<�G5ï

k

�

ZSPW¦ ] ñ

�

. Statements(1) and(2) in particularimply that,for all q

)

Y _Xˆë¨7A§¦ ] , it
holdsthat

a,+.-�‰�u#/%â3-ÍDCq

)

¡U¨7G9†nL·†�Ÿk½‘¾

p

¹

’

]

X

P
c�r(sTcet�s

]

DÚL

¦"]

G•†bL�¡ and (3)

a,+.-�‰�u"/�â#-VDCq

)

¡U¨<G,†

p&%('

DF¨<G9†�Ÿk½‘¾

p

¹

’

]

X

P
c�r(sTcet�s

]

DÚL

¦
]

G•†,D‘¾FEíì (4)

Henceforth,we use ³ to denote «ê« _bˆ&¨7A ¦"]W«Ü« . Let ?

�

¡)ì(ì)ì)¡æ?

¹ be the lexicographic
enumerationof thestringsin _&ˆÓ¨7A

¦
] . Wede�ne '

)

to bethefunction  VL%¡)H£¢

¹

ÀªÁ

thathasthefollowing property. For all q

)

Y _�ˆ ¨7A§¦
] ,

'

)

DHu�v

s

D´?

�

G�¡Iubv

s

DF?

�

G¯¡(ì)ì)ì(¡Iu�v

s

D´?

¹

GæG9†K½.¾

p

¹

’

]

X

P
cer:swcet�s

]

DFL

¦"]

G�ì (5)

We will show that '

)

canberepresentedby a multilinearpolynomialhaving low total
degree.For arbitrary x

�

¡(ì)ì)ì)¡8x

¹

@b ÍL�¡)H£¢ , we call a computationpath ? of ³

óHy ô

<

DÚL£¦
]

G

“ DCx

�

¡)ì)ì(ì)¡;x

¹

G -allowable”if, along? , all querieszÅ@2z{<

ñ

�:i

n

)

havea“yes” answer, all
queriesz2I @ëzh<

ñ

�Fi

n

)

i

D _ ˆ0¨7A§¦"](G havea“no” answer, all queries?

L

with x

L

†NH are
answered“yes”, andall queries?

L

with x

L

†EL areanswered“no”. Let x

�

¡(ì)ì)ì(¡8x

¹

@

 ÍL%¡(HW¢ , and ? be a Dox

�

¡)ì)ì(ì)¡;x

¹

G -allowablepathof ³

óHy ô

<

DÚL£¦
]

G . Let ?

L
P

¡)ì(ì)ì�¡æ?

L�|

, where
}

™

p

<
DF¤

<
G �_P£¦

]
ñ

�

IV¤

�

<

�nPW¦
]

ñ

�

, bethedistinctqueriesto stringsin _"ˆ§¨7A ¦
] along

? . Createa monomial ÖÓu£â%uåDH?.G that is theproductof terms ~åÌ , q2†ýH£¡�P.¡)ì(ì)ì�¡

}

, where
~.Ì †•B

L

y

if x

L

y

†OH , and ~%Ì †ODUH0Ç�B

L

y

G otherwise.Let

'

•

)

DHB

�

¡)ì)ì(ì)¡8B

¹

G9† M

€

PS•

yWyWy

€;‚„ƒ3…

�

•

�8†

M

‡Yˆ ‡ is
ó

€

PS•

yWyWy

•

€8‚

ô

-allowable

1I+Üã£â�DÚ³‰<Í¡�L

¦"]

¡8?‘G�Z(ÖÓu£â%u�DC?‘G�ì

It is easyto seethat thethusconstructedmultilinearpolynomial '

•

)

DCB

�

¡(ì)ì)ì(¡IB

¹

G coin-
cideswith '

)

on  VL%¡)H£¢

¹

, andhastotal degree ™

p

<SD´¤�<¯GŠ�EP
¦"]�ñ

�

IV¤

�

<

�

p6%('

DF¨<G0�

³ I£P . Statements(3) and(4) imply thatfor all x

�

¡)ì(ì)ì�¡;x

¹

@" VL%¡(HW¢ suchthat K

¹L

ƒ

�

x

L

†

p6%('

D´¨<G ,
'

)

Dox

�

¡)ì(ì)ì(¡8x

¹

G9†,DQ¾FEU¡ and '

)

DFL%¡�L%¡(ì)ì)ì)¡æL¸G�†cL%ì

It followsfrom Lemma23that p6%('

D´¨7GM«�D‘¾3E . Therefore,for eacḧN@‹j , p&%('

D´¨<G<«�DQ¾FE .
Hence,

DQ¾FE$rlŒ

)

ƒ3•

p&%('

D´¨<GMr_P

çîç

•

çîç

rKP"Ž

óI•

U

V
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]

X

U

ôéñ
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ó

�;•

]

X

U

ô

rKP

�8•

]

X

U8‘

¦

U

]

ïnP
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]
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]
ô

¡



wherethe fourth inequality follows from Lemma20 andthe �fth inequality follows
because,P£¦#]Kï’^£¤

�

<

p

<VD´¤�<)G . However, D‘¾3E#™[P

x

]�óê¦#]íô , becausethe running time of
>

óHy ô

<

DFL£¦#]�G is boundedby p

<VDF¤�<¯G . Thus,for each'

r…H , zh<

ñ

� canalwaysbeextended
in stage' . (ClaimandTheorem21)

Corollary 24. DÚÎ.z7G�Ñ ab696 } lY

d

ab6,6 } × .
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