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Abstract. We study the complexity of quantum complexity classes like ��
�� ,� 
�� , ��
�� (quantum analogs of � ,
� ��� , and ��� , respectively) using classi-

cal complexity classes like ����� , ����� , ����� . The contributions of this paper
are threefold. First, we show that relative to an oracle, ����� is not contained
in ����� . As an immediate consequence, this implies that no relativizable proof
technique can improve the best known classical upper bound for

� 
�� (
� 
����� ����� [16]) to

� 
�� �!����� and the best known classical lower bound for��
�� ( �"�#�$
�� ) to �%���"�&��
�� . Second, we extend some known oracle con-
structions involving counting and quantum complexity classes to immunity sepa-
rations. Third, motivated by the fact that counting classes (like '(����� ,

� ����� ,
etc.) are the best known classical upper bounds on quantum complexity classes,
we study properties of these counting classes. We prove that ����� is closed
under polynomial-time truth-table reductions, while we construct an oracle rel-
ative to which ����� is not closed under polynomial-time Turing reductions.
This shows that proving the equality of the similar appearing classes ')�����
and ����� would require nonrelativizable techniques. We also prove that both� ����� and

� ��� are closed under *,+.-/ reductions, and use these closure prop-
erties to prove strong consequences of the following hypotheses: �0
���� � 
��
and �$
��21��0
�� .

1 Introduction

Quantum complexity classes like 35476 , 80476 [4] (quantum analogs, respectively, of 6
and 8�696 [17]), and :;476 [1] (the quantum analog of :<6 ) are defined using quantum
Turing machines, the quantum analog of classical Turing machines. 35476 is the class
of languages = accepted by a quantum Turing machine > running in polynomial time
such that, for each ?�@�ACB , if ?�@&= , then the probability that >EDF?�G accepts is H , and
if ?JI@K= , then the probability that >EDF?�G accepts is L . 8M476 is the class of languages
= accepted by a quantum Turing machine > running in polynomial time such that, for
each ?N@OA B , if ?N@N= , then the probability that >EDF?�G accepts is at least PQISR , and
T
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if ?JI@K= , then the probability that >EDF?�G accepts is at most HVIWR . :;476 is the class of
languages = accepted by a quantum Turing machine > running in polynomial time
such that, for each ?X@XACB , ?X@�= if and only if the probability that >EDF?�G accepts is
nonzero.

Quantum complexity classes represent the computational power of quantum com-
puters. Some fundamental computational problems—for example, factoring, discrete
logarithm [33], Pell’s equation, and principal ideal problem [22]—are not believed to
be in 8�696 (and thus, not believed to be in 6 ), and yet are provably in 80476 . One
of the key issues in quantum complexity theory is studying the relationship between
classical and quantum complexity classes. The inclusion relationships of 80476 with
some natural classical complexity classes are known. Bernstein and Vazirani [4] show
that 8�696ZY[8M476ZY[65\$] . Adleman, DeMarrais, and Huang [1] improve that to
80476^Y^696 . Fortnow and Rogers [16] show that the study of counting classes can
give us insights into the classical complexity of quantum complexity classes. In par-
ticular, they study the complexity of 8M476 using gap-definable counting classes [12].
Loosely speaking, gap-definable counting classes capture the power of computing via
counting the gap (i.e., difference) between the number of accepting and rejecting paths
in a nondeterministic polynomial-time Turing machine. Fortnow and Rogers prove that
80476_YK`�ab6,6 , where `�ab6,6 is a gap-definable counting class. Since `�ab696KY_696 ,
they give a better upper bound on 8M476 than that of Adleman, DeMarrais, and Huang.
Thus, the best known lower and upper bounds for 8M476 in terms of classical complexity
classes are, respectively, 8�696 and `�ab6,6 : 8�696cYb80476cYb`�ab6,6cYb6,6 . Similarly
the best known classical lower and upper bounds for 35476 are, respectively, 6 andd ab6,6 : 6XYK35476_Y d ab6,6XYK`�ab696_Y_6,6 .

In light of this connection, due to Fortnow and Rogers, between quantum and count-
ing complexity classes, it is natural to ask if there are counting (or for that matter other
classical) complexity classes that are better lower (or upper) bounds for 8M476 . More
formally, is there a counting class e such that 8�696fYEeOYf8M476 ? Is there a count-
ing class g such that 80476hYigjYk`�ab696 ? Similarly, it is interesting to ask the
corresponding questions for 35476 . Unfortunately, resolving these inclusion relation-
ships can be difficult, and may be out of reach of relativizable techniques. Green and
Pruim [20] construct an oracle relative to which 35476mlYn6,o�] , and thus they show that
proving 35476 YO69o�] is outside the scope of relativizable techniques. For each primep and integer qnrsH , de Graaf and Valiant [10] construct an oracle relative to which
35476!lYXtvu.wQx(yS6 .

In this paper, we use counting classes to study the relativized complexity of 35476
and 8M476 . In particular, we study the relativized complexity of 3�476 and 8M476 by
separating counting classes relative to an oracle. We construct oracles z and { such
that |�696�}~lY^ab6,6�} , and �M69�ZlYh�5��6�� . It follows from known inclusions that
804769}nlY_ab696�} , |�696�}blY_3�476�} , and 8M476��mlYb�5��6�� . Note that ab6,6_Y_`�ab696 ,
6OY�|�6,6 , �M6OYO8M476 , and 35476OY d ab6,6OYNab696OY�� � 6 . In fact, ab696 is the
largest known natural gap-definable subclass of `�ab6,6 , and |�696 is the smallest known
natural probabilistic complexity class that contains 6 . We also shed light on the rela-
tionship between problems in � � 6 and those solvable by probabilistic algorithms. Even



though � � 6 contains |�696�D��c�M6;�0��uQ�M6,G in all relativized worlds, using relativizable
techniques it is impossible to show that � � 6 contains all problems in �M6 .

The separations of counting classes mentioned above, for example, ��60�mlYK�5��6�� ,
which lead to the separation of quantum complexity classes from counting complexity
classes for reasons mentioned above, imply for example, that relativizable techniques
cannot prove that 8M476�Y�����6 . However, this leaves open the possibility that each
set in 80476 � can be approximated by a set in �0��6 � in the following sense: for each
infinite set =J@�8M476�� , there exists an infinite subset =,�,YN= such that =,��@X� � 6�� .
A strong (or immunity) separation of 8M476,� from � � 6,� will preclude this possibility.
Strong separations have been used to study the relativized complexity of complexity
classes in many different settings, for example, the polynomial-time hierarchy [25, 7],
the boolean hierarchy over �M6 [8], and counting classes [32]. We prove strong sep-
arations between counting classes, and from these get strong separations of quantum
complexity classes from counting classes. For example, we show the existence of ora-
cles z and z<� such that �M6�} is � � 6,} -immune, and 856,6�}�� is 69����]�� � -immune. Using
known inclusions, we get that 8M476,}�� is 6,� � ].� � -immune. We extend the oracle sep-
aration of 3�476 from t�u�w�x(yV6 in [10] by constructing, for each prime p and integer
q�rmH , an oracle relative to which 35476 is tvu.w�x(yS6 -immune.

Results by Fortnow and Rogers [16], de Graaf and Valiant [10], and those of this
paper, show the connection between quantum and counting complexity classes. Thus,
it becomes important to study the properties of these counting complexity classes. In
particular, we study the reduction closure properties of these counting classes. Fen-
ner, Fortnow, and Kurtz [12] show that counting classes �.6,6 and

d ab6,6 are closed
under polynomial-time Turing reductions. (In fact, they prove that �%696�� ].] �s�.6,6 ,
and �.696���� ].] � d ab696 .) They ask whether the same holds for ab6,6 . We prove
that ab696 is closed under polynomial-time truth-table reductions. We also show that
improving this result to closure under polynomial-time Turing reductions will require
non-relativizable techniques: There is an oracle z such that 6 � ].] � lYcab6,6 } . Thus,
it follows that, relative to oracle z , ab6,6 strictly contains

d ab696 . For counting classes
`�ab6,6 and `<696 , we prove a potentially stronger closure property, namely that both
`�ab6,6 and `�696 are closed under �M� ]� (unambiguous polynomial-time Turing) re-
ductions.

Vyalyi [38] recently proved, using Toda’s Theorem [36], that 47t�` , the class of
languages such that a “yes” answer can be verified by a 1-round quantum interactive
proof, is unlikely to contain 6,6 , since if it does then 696 contains 6,� . Using Vyalyi’s
result and the reduction closure results mentioned above, we prove consequences of
the “ :7476JYO8M476 ” and “ 35476m��:7476 ” hypotheses. Note that these hypotheses are
quantum counterparts of the “ :�6KYK856,6 ” and the “ 6��b:<6 ” hypotheses. Zachos [40]
proved that if :<6�Yf8�6,6 , then 6,�^Y�8�6,6 . We prove that if :7476�Y�8M476 , then
69�EY `�ab6,6 , from which it follows that 6,� is low for 696 . Similarly, we prove that
35476��n:;476h��� 6,�!Y_ab696 , from which it follows that 69� is low for 696 .

Due to space limitations, most of the proofs are omitted. They can be found in [34].



2 Preliminaries

Our alphabet is AZ�k VL%¡)H£¢ . For any ¤�@ ¥ and any ?O@OA B , ?�A§¦K�h (?�¨c©£¨ª@
A§¦�¢ . For any ?c@mA B , « ?¬« denotes the length of the string ? , and the integer ­¯®�¤�DF?�G
corresponding to string ? is defined as the value of the binary number H(? .

For general complexity-theoretic background and for the definition of complexity
classes such as 6 , :�6 , °¬6 etc., we refer the reader to the handbook [23]. :�69±0t
stands for “nondeterministic polynomial-time Turing machine” and ²769±0t stands for
“deterministic polynomial-time Turing machine.” Throughout this paper, for any (non-
deterministic or deterministic or quantum) machine ³ , and for any ?m@ A B , we use
³�D´?�G as a shorthand for “the computation of ³ on input ? .” Given an oracle :�69±0t
³ and a set z , we use µ·¶¸�)�)¹ � DF?�G (respectively, µ·ºS»�¼ ¹ � DF?�G ) to denote the number of
accepting (respectively, rejecting) paths of ³ on ? with oracle z .

Definition 1 ([12]). If ³ is an :<69±0t , define the function ½�¾ p ¹O¿ A BMÀhÁ as follows:
for all ?Â@XA B , ½.¾ p ¹ DF?�G�Ã�Ä��µÅ¾�Æ�Æ ¹ D´?�G,Ç_µ·ºV»¯¼ ¹ D´?�G . If ³ is an oracle :�69±0t then,
for every set z , define the function ½.¾ p ¹ � ¿ A B�ÀjÁ as follows: for each ?!@bA B ,
½�¾ p ¹ � DF?�G Ã�Ä�mµÅ¾QÆ)Æ ¹ � D´?�G�Ç�µÈºS»¯¼ ¹ � D´?�G .É ¶WÊ�6 is the class of functions Ë such that there exists an :�6,±0tª³ such that Ë!�
½�¾ p ¹ . We define the following gap-definable counting classes [12].

Definition 2. 1. [9, 24, 2] For each q�rªP , t�u�w�ÌW6^�Z Í=�©�D�ÎQ½J@ É ¶WÊ�6,G�DÐÏ�?f@
A B G)Ñ ?"@2=ªÒÓ�Ô½�D´?�G7lÕ L§D´ÖÓu.wÅq�GØ×�¢ .

2. [30, 18] Ù76��ctvu.w � 6 .
3. [29, 12] �.6,6!�� Í=�©QDÚÎQ½�@ É ¶£Ê�69G�DÛÏ�?X@XA B G�ÑÜD´?_@�=Ý��� ½�D´?�G;��HÍG¬Þ_D´?NI@
=h���Ô½�D´?�G��bLQGØ×�¢ .

4. [12]
d ab696J�ß V=�©.DÚÎQ½_@ É ¶WÊ�69G)DÚÎ%àc@b°¬6 ¿ LcI@ná�¶£â%ã£äWD�àåGæG�DÐÏ�?c@!A B G�ÑÜD´?m@

=h���Ô½�D´?�G��cà�DFLåç è¸ç GUG�Þ_DF?XI@2=ª��� ½�D´?�G��cL¸Gé×Ú¢ .
5. [12] ab696f�k V=�©�DÚÎ�½b@ É ¶£Ê�69G�D�Î%à @m°$6 ¿ LNI@!á�¶£â%ã£ä£D�àåGæG�DÛÏ�?N@ A B G)ÑêDF?O@
=h���Ô½�D´?�G��cà�D´?�GUG�Þ_DF?XI@ë=h��� ½�DF?�G9�cL¸Gé×Ú¢ .
The counting classes `�ab6,6 [13] and `<696 [27] were defined to study the sets that

are low for 696 .

Definition 3 ([13, 27]). For every =KYKA B ,
1. = is in `�ab696 if for every polynomial º.DíìîG2ïfL , there exist a ½K@ É ¶WÊ�6 and a

polynomial p such that, for all ?"@#A B , ?"@�=ð��� DUHMÇ�P�ñ�ò)óÚç èQç ôéG0�öõ óêè(ô�í÷¯øÐù ú�ù û �NH ,
and ?XI@2=ª��� L§�üõ óÜè(ô�í÷�øÛù ú�ù û �nP�ñ�ò)óÚç èQç ô .

2. = is in `<696 if for every polynomial º�DUì GÂï~L , there exist ½�¡�àý@ É ¶£Ê�6 , L�I@
á�¶£â%ã£ä¸DÚà�G , such that, for all ?K@XA B , ?X@Â=þ��� DíH7ÇXP.ñ�ò)óÚç è¸ç ôØG·� õ óêèÍôÿ ó�� ù ú)ù ô ��H ,
and ?XI@2=ª��� L§� õ óêèÍôÿ ó�� ù ú)ù ô �nP�ñ�ò)óÚç èQç ô .
For background information on quantum complexity theory and for the definition

of quantum Turing machine, we recommend [28, 21]. We now define the quantum com-
plexity classes that will be used in this paper.



Definition 4 ([4, 1]). 35476KD respectively, 8M476 , :;4769G is the set of all languages =cY
A B such that there is a polynomial-time quantum Turing machine > such that, for
each ? @NACB , ?N@!=ý��� Pr Ñ >EDF?�G accepts ×7�ªHCD respectively, r�PQISR , l�sLQG , and
?XI@2=Â��� Pr Ñ >ED´?�G accepts ×��bLÅD respectively, �!HSISR , �bLQG .

The following proposition gives the known inclusion relationships among the classes
defined above.

Proposition 5 ([12, 17, 26, 13, 11, 16, 14, 39] ). 6NYJ|�696 YN�M6NYO8�6,6 Y `�ab696 ;
6�Y � 6�Y�°%ä��M6�Y �.696�Y d ab696�Yfab696�Y � � 6�Y�6,6 ; |�6,6fY��)u¸�M6�Y
��u¸:<6 Ys� � 6 ; ab696 Y `�ab696 Y `�696 Y 696 ; 6 Y�3�476 Y d ab696 ; 35476�Y
80476_YK`�ab6,6 ; �.696KYnÙ76 ; °%ä��M6_YK:�6KY_��u�� � 6Â�b:7476 ;

3 Separation Results

One way to study the power of quantum complexity classes is to lower bound the com-
plexity of these classes with well known complexity classes, for example :�6 . The best
known lower bound for 3�476 is 6 . In fact, 35476 is not known to contain even a single
problem that is not already known to be in 6 . Bennett et al. [3] show that relative to a
random oracle, :�6 is not contained in 35476 with probability one, and, relative to a per-
mutation oracle chosen uniformly at random, :<6Å�;�)u¸:�6 is not contained in 35476 with
probability one. Thus, it is interesting to ask the following questions. Are there natural
classes between 6 and :�6È�<��u¸:<6 that are contained in 35476 ? Are there natural classes
between 6 and :�6O�ë�)u¸:<6 that are not contained in 3�476 in some relativized world?
We prove that the latter is true by showing that there is a relativized world where |�696
is not contained in 35476 . In fact, we prove a slightly stronger statement. We prove,
as the next theorem, that there is an oracle relative to which |�696 is not contained in
ab696 , a superclass of 3�476 [16]. It is interesting to note that there is an oracle, due
to Fortnow [15], relative to which �.6,6 , a subclass of ab696 , strictly contains an infi-
nite polynomial-time hierarchy. In contrast, our oracle provides a completely different
picture of ab696 in a relativized world: a world in which ab6,6 sets are not powerful
enough to capture a seemingly small subclass, |�6,6 , of :�6 .

Theorem 6. D�Î.z<G�Ñî|�6,6�}��Âab6,69}�× .
Corollary 7. There exists an oracle z YbA B such that, for each e"@& W|�696 , �M6 , 8�696 ,
:�6 , 8M476 , � � 6J����u�� � 6 , `�ab6,6 , `�6960¢ , and each gß@K  � 6 , °%ä��M6 , �.696 , 3�476 ,d ab6,6 , ab6,6�¢ , e } lY�g } .

Note that Corollary 7 shows that proving that error-free quantum polynomial-time
( 3�476 ) algorithms exist for all languages in |�696 will require nonrelativizable tech-
niques. Corollary 7 also shows that, using relativizable techniques, we cannot lower
the best known classical upper bound for 8M476 from `�ab696 to even ab696 , the largest
known natural gap-definable subclass of `�ab6,6 . In the light of this result, it is inter-
esting to seek a different classical upper bound for 8M476 . That is, it is interesting to ask
which other counting classes upper bound the complexity of 8M476 . One such counting
class is � � 6 . Note that it is not known whether `�ab6,6OY�� � 6 or � � 6OY�`�ab6,6 ,



though both these classes contain ab6,6 . Regardless of what the inclusion relationship
is between � � 6 and `�ab696 , it is conceivable for 8M476 to be subset of � � 6 . However,
we show that proving the containment 8M476_Yb� � 6 is beyond the reach of relativizable
techniques. This result is a corollary of Theorem 8.

Tarui [35] used a lower bound technique in decision trees for a certain `�� � function
to show that 856,6 is not contained in 65�å�%] in some relativized world. Green [19] used
circuit lower bound techniques to obtain the same result. In contrast with 8�696 , �M6 is
contained in 6,����] in every relativized world. We construct an oracle relative to which
�M6 is not contained in ����6 . This result is optimal in the sense that the largest known
natural subclass of �M6 , |�6,6 , is contained in �0��6 in every relativized world. This
oracle separation of �M6 from �0��6 is also a strengthening of the oracle separation of
:�6 from �5��6 by Torán [37].

Theorem 8. D�Î.z<G�Ñ �M6,}��n� � 6,}�× .
Corollary 9. There exists an oracle zNYKA�B such that, for each e#@# V8�696 , :<6 , 80476 ,
`�ab6,6 , `<696�¢ , e } lYb�5��6�} .

4 Immunity Separation Results

In Section 3, we saw that relativizable techniques cannot prove that 8M476^Yk� � 6 .
But can we at least prove that in every relativized world, every 80476 set can be ap-
proximated (in some sense) by a set from � � 6 ? For example, can we prove that every
infinite set in 8M476 has an infinite subset that is in � � 6 ? In this section, we prove that
in many cases, proving such approximability results is beyond the reach of relativizable
techniques. Loosely speaking, class e is said to strongly separate from g if there exists
an oracle relative to which there exists a set 	 in e that cannot even be approximated
(in the sense mentioned above) by any set in g . The set 	 is said to be g -immune. Im-
munity separations have been used, for example, by Ko [25], and Bruschi [7] to study
the nature of the polynomial-time hierarchy, by Bruschi, Joseph, and Young [8] for
strongly separating the boolean hierarchy over �M6 , and by Rothe [32] for studying the
complexity of counting classes.

Definition 10. Let e be a class of languages. An infinite language = is called e -immune
if DÐÏ�=9��@2e�G�ÑÐ«ê« =9��«ê«£��
~�h=,�¸� =ml�
�S× .
Given relativizable classes e � and e � , an oracle � strongly separates e��� from e��� if
there exists an infinite language =K@ e��� which is e��� -immune.

M. de Graaf and P. Valiant [10] prove that, for any prime p and integer q rcH , there
exists an oracle z7� such that 35476�}���lYKtvu.w x yS6 }�� . In Theorem 11, we strengthen this
result by proving that there is a relativized world where 35476 strongly separates from
tvu.wQx y 6 . To prove that the test language we use in the proof of this strong separation
result (Theorem 11) is in (relativized) 35476 , we make use of the observation by Boyer
et al. [6] that quantum database searching can be done in polynomial time with certainty
if the number of solutions is exactly one fourth of the total search-space.



Theorem 11. For every prime p and integer q!riH , there exist an oracle z and an
infinite set = } such that = } @23�476 } and = } is tvu.wQx(yV6 } -immune.

Corollary 12. There exists an oracle z such that, for each e&@& V35476 , 8M476 ,
d ab6,6 ,

ab696 , `�ab696 , `�696 , �5��6 , 6,6�¢ and for each gý@#  � 6 , °�ä��M6 , �.696�¢ , e } is immune
to g } .

Theorem 8 separates �M6 from � � 6 , and as a corollary we get a separation of 8M476
from � � 6 . In Theorem 13, we prove that, relative to an oracle, ��6 strongly separates
from � � 6 , which in turn implies that 8M476 strongly separates from � � 6 . We use a
sufficient condition by Bovet, Crescenzi, and Silvestri [5] for lifting simple separations
between complexity classes to immunity separations.

Theorem 13. There exists an oracle z such that �M6�} contains a �5��6,} -immune set.

Tarui [35] and Green [19] independently showed that 8�696 separates from 60� � ] in
some relativized world. In Theorem 14 we extend oracle separation of 8�696 from
69�å�%] to a strong separation result. From this it follows that, relative to an oracle, 8M476
strongly separates from 65�å�%] .
Theorem 14. There exists an oracle z such that for every complexity class e"@& Í8�696 ,
80476 , A x� ��� x� , `�ab696 , `<696 , 696�¢ , e } contains a 6,� � ]�� -immune set.

5 Closure and Collapse Results

We have seen that the study of counting complexity classes like ab6960¡¯� � 6 etc. can
give us useful insights into the classical complexity of quantum classes. In this sec-
tion, we further study properties of these counting classes, and use these properties to
prove consequences of the following hypothesis: :7476hYh80476 . Note that this hy-
pothesis is the quantum analog of the “ :�6ýYE8�696 ” hypothesis. Zachos [40] proved
that :�6 lYK8�696 unless the entire polynomial-time hierarchy is contained in 8�696 , and
thus it is unlikely that :<6OYN8�696 . In this section, we prove as Corollary 17 a strong
consequence for :7476�Y�8M476 : :7476�Yf8M476 ��� 6,6 ]�� ��696 . We prove this
implication by showing a reduction closure property of `�ab696 , and then using a recent
result by Vyalyi [38]. Recently, Vyalyi [38] showed that if 47t"` , the quantum analog
of the Merlin-Arthur class t�` , equals 6,6 then the entire polynomial-time hierarchy is
contained in 6,6 . In his proof, he implicitly proves, using Toda’s [36] theorem, that 6,�
is contained in

� 6 � � ] in every relativized world.

Theorem 15 ([38]). 69� Y � 6 �å�.] .
In Theorem 16 we show that both `�ab6,6 and `<696 are closed under � � ]� (unam-
biguous polynomial-time Turing) reductions. From this closure property of `�ab696 and
Theorem 15, we conclude that if :7476_YK8M476 then 6,� is low for 6,6 .

Theorem 16. DÚ¾.G � 6�� � ].] YX`�ab696 . DÚ­�G � 6�� ].] Y_`<696 .

Corollary 17. If :;476XYK8M476 then 6,� is low for 696 .



Proof. This follows from Theorem 15 and Theorem 16(a), and the facts that :7476m�
��u�� � 6 [14, 39], 80476_YK`�ab6,6 [16], and `�ab6,6 is low for 696 .

Theorem 16 shows that `�ab696 is closed under � � ]� reductions. What about ab696 ?
Closure properties of ab696 are also interesting in light of the results due to Fenner,
Fortnow, and Kurtz [12]. Fenner et al. study the closure of gap-definable classes under
polynomial-time Turing reductions. They show that

d ab696 and �.6,6 are closed under
polynomial-time Turing reductions. However, they leave open the corresponding prob-
lem for ab6,6 : Is ab696 closed under polynomial-time Turing reductions? Theorem 21
gives a negative answer in a suitable relativized world. Since

d ab6,6 is (robustly, i.e.,
for all oracles) closed under polynomial-time Turing reductions [12], it follows that
we have also an oracle separating the seemingly similar classes ab6,6 and

d ab6,6 . In
Theorem 18, we show that ab696 is closed under the weaker polynomial-time truth-
table reduction, while its closure under potentially stronger � � ]� reduction is contained
in �)u�� � 6 . The later result along with Theorem 15 allows us to conclude that if 3�476
contains :7476 , then the entire polynomial-time hierarchy is contained in ab696 .

Theorem 18. DÚ¾.G7ab696 is closed under polynomial-time truth-table reductions. DÚ­�G� 6 � ].] YK��u�� � 6 .

Corollary 19. If :;476XYK35476 then 69� YXab696 .

Proof. This follows from Theorem 15 and Theorem 18(b), and the facts that :7476!�
��u��5��6 [14, 39], 35476_Y d ab696 [16], and

d ab696_YÂab6,6 [12].

We now prove that there is an oracle relative to which ab6,6 is not closed under
polynomial-time Turing reductions. Before we state and prove Theorem 21, we state
a lemma that will be needed in the proof of this result.

Lemma 20 ([31]). For every ¤NrsH�� , the number of primes less than or equal to ¤ ,� D´¤�G , satisfies

¤�I��Üâ�¤�� � D´¤�G �mH£ìîP"!#!WL"$�¤�I��êâ9¤ .
Theorem 21. D�Î.z<G)Ñ 6 � ].]����Xab6,6�}�× .
Proof. For any ¨ý@ÂA B , let p&%(' DF¨<G���­�®Ø¤�D´¨<G9ÇÂP�ç )�ç�*!H represent the lexicographic
position of ¨ among strings of length « ¨§« . For every set zNYbA B , ¨N@"A B , and ¤&@ë¥ ,
we define “Witcount”, “Promise” and “Boundary” as follows.

a,+.-���u"/�â#-VDFz·¡U¨<G5�O«Ü«î Í?�@vA B «�« ?¬«¸��« ¨§«)Þ ¨M?�@ëz ¢.«ê« ,
6�á�u£Ö0+21æäWDFz·¡U¤�G Õ DÐÏ�¨ @vA§¦%G)Ñ a,+�-��)u"/%â3-SDFzÈ¡æ¨<G9�cL54 a,+.-���u"/�â#-VDFz·¡U¨<G9� p6%(' DF¨<GØ×´Þ

DÐÏ�¨ � ¡U¨ � @"A ¦ G�Ñ p6%(' DF¨ � G5� p6%(' D´¨ � G�Þ�a,+�-��)u"/%â3-VDFzÈ¡æ¨ � G<l�cLÈ�
a,+.-���u#/%â3-ÍDFz·¡U¨ � G7l�nLW× , and

8,u#/%â�w%¶£á87�DÚzÈ¡U¤�G��bÖ ¶:9�  p&%(' D´¨<G¬©Q« ¨Å«Q�n¤vÞ"a,+.-���u"/�â#-VDFz·¡U¨<G l�nL.¢ .
For every set z YbA B , define = } as follows.

= } �  ÍL ¦ ©)85u"/�â�w%¶Wá;7�DFz·¡U¤�G Õ H7DFÖ§u.w§P£G�¢Qì



Clearly, if z satisfies 6�á�u£Ö0+21æä£DÚzÈ¡U¤�G at each length ¤ , then = } is in 6 � ].].� (using bi-
nary search along the strings ¨ with « ¨§«,� ¤ ). We construct an oracle z such that,
for each ¤ , 69áæu¸Ö0+21æäWDFz·¡U¤�G is true, and = } I@�ab696 } . Let DF³=<Í¡�>�<Í¡ p <¯G8<;> � be an
enumeration of all triples such that ³0< is a nondeterministic polynomial-time oracle
Turing machine, > < is a deterministic polynomial-time oracle transducer, p < is a poly-
nomial, and the running time of both ³ < and > < is bounded by p < regardless of the
oracle. We assume that the computation paths of an oracle machine include the an-
swers from the oracle. Given :<69±0t�³ , ?&@#A B , and a computation path ?2@&A B , we
let 18+êã¸â�DF³v¡æ?�¡8?�G;�@*ÅH (respectively, Ç H ) if ? is an accepting (respectively, rejecting)
computation path in ³�D´?�G . We need the following technical lemmas.

Lemma 22. Let ³v¡ p @K¥ , where HA� p ��³ I£P . Let ' DCB � ¡)ì)ì(ì)¡8B ¹ G be a multilinear
polynomial with rational coefficients, where each monomial has exactly p Ç_H different
variables. Suppose that for some DQ¾FE�@�G , it holds that ' DHB � ¡)ì(ì)ì(¡IB ¹ G5�JD�¾FE for everyB � ¡(ì)ì)ì(¡IB ¹ @� VL%¡)H£¢ with K ¹L � � B L � p . Then each monomial in ' DCB � ¡)ì)ì(ì)¡8B ¹ G has the
same rational coefficient, i.e.,

' DHB � ¡IB � ¡)ì(ì)ì(¡IB ¹ G9� M�ON LQPSRTL�U�R�VWVWV RTL ÷YX P N ¹ DHD�¾FE�I p G�ZYB
L P B L U Z�Z�Z[B L ÷YX P ì

Lemma 23. Let ³ @ý¥ and p be a prime with p �h³CIWP . Let ' DHB � ¡(ì)ì(ì�¡IB ¹ G be a
multilinear polynomial of total degree � p with integer coefficients. If for some D�¾FE$@ Á ,
it holds that

1. ' DÚL%¡(ì)ì)ì)¡æL¸G��cL%¡ and
2. ' DCB � ¡)ì)ì(ì)¡8B ¹ G9�,DQ¾FEU¡ for every B � ¡)ì(ì)ì(¡IB ¹ @# ÍL�¡)H£¢ with K ¹L � � B L � p ¡

then p «�D�¾FE .
The oracle z is constructed in stages. In stage ' , the membership in z of strings of
length PS¤ < is decided, and the initial segment z < ñ � is extended to z < . Our choice of ¤ <
guarantees that the oracle extension in stage ' does not affect the computation in earlier
stages. Set z � ¿ �J� and ¤ � ¿ � H:� .
Stage \ where \ r�H : Let ¤�< be large enough so that the previous stages are not af-
fected and P£¦"]<ï�^£¤ � < p <VD´¤�<�G . We diagonalize against nondeterministic polynomial-time
oracle Turing machine ³=< and deterministic polynomial-time oracle transducer >�< . LetDQ¾FE be the value computed by > } ] X P< DÚL ¦"] G . Without loss of generality, we assume thatDQ¾FE5l�nL . Let _b�m Í¨N@vA � ¦ ] «(> } ] X P< DFL¸¦ ] G queries ¨ ¢ .
Da`.G Choose a set { , {EY _"�CA � ¦ ] , satisfying 69áæu¸Ö0+21æä£DF{�¡U¤b<¯G such that the following
holds:

85u"/�â�w%¶Wá;7�DF{�¡U¤�<�G Õ H<DFÖ§u.w§P£G�Þ"½�¾ p ¹ � ] X P[ced] DÚL ¦"] G;l�fD�¾3EU¡ or

85u"/�â�w%¶Wá;7�DF{�¡U¤�<�G Õ L·DFÖ§u.w§P£G�Þ"½�¾ p ¹ � ] X P[ced] DÚL ¦"] G;l�nL%ì
Let zg< ¿ �ßzh< ñ �gi { . Clearly, the construction guarantees that = } I@ ab6969} . The
feasibility of the construction follows from the following claim.



Claim. For each ' r!H , there exists an oracle extension { satisfying DQ`.G .
Proof. Suppose that in stage ' no set { satisfying Da`.G exists. Then, for every { Y_��ëA � ¦ ] satisfying 69áæu¸Ö0+21æä£DF{�¡U¤b<�G , the following hold.

85u#/%â�w%¶£á87�DF{�¡U¤�<¯G Õ H<DFÖ§u.wÓP£G����k½�¾ p ¹ � ] X P c�d] DFL ¦ ] G9�,DQ¾FEU¡ and (1)

85u#/%â�w%¶£á87�DF{�¡U¤�<¯G Õ L·DFÖ§u.wÓP£G����k½�¾ p ¹ � ] X
PIc�d

] DFL ¦ ] G9�bL%ì (2)

Let jß�^ Í¨^@mA§¦#]Å« p&%(' D´¨<G is prime, and P£¦#]�ñ � � p6%(' D´¨7G��lk� ZQPW¦#]�ñ � ¢ . Fix an
arbitrary ¨N@mj . Choose a set n ) Y _��ÈA � ¦"] satisfying (a) 6�á�u£Ö0+a1Uä¸Don ) ¡æ¤�<¯G , and (b)
8,u#/%â�w%¶£á87�Dpn ) ¡æ¤�<¯G9� p&%(' DF¨<GVÇÓH . Such a set n ) always exists because P ¦ ] Ç p <VDF¤�<�G5ïk� ZSPW¦ ] ñ � . Statements (1) and (2) in particular imply that, for all q ) Y _X�ë¨7A§¦ ] , it
holds that

a,+.-���u#/%â3-ÍDCq ) ¡U¨7G9�nL·���k½�¾ p ¹ � ] X P c�r(sTcet�s] DÚL ¦"] G��bL�¡ and (3)

a,+.-���u"/�â#-VDCq ) ¡U¨<G,� p&%(' DF¨<G9���k½�¾ p ¹ � ] X P c�r(sTcet�s] DÚL ¦ ] G��,D�¾FEíì (4)

Henceforth, we use ³ to denote «ê« _b�&¨7A ¦"]W«Ü« . Let ? � ¡)ì(ì)ì)¡æ? ¹ be the lexicographic
enumeration of the strings in _&�Ó¨7A ¦ ] . We define ' ) to be the function  VL%¡)H£¢ ¹ ÀªÁ
that has the following property. For all q ) Y _�� ¨7A§¦ ] ,' ) DHu�v s D´? � G�¡Iubv s DF? � G¯¡(ì)ì)ì(¡Iu�v s D´? ¹ GæG9�K½.¾ p ¹ � ] X P cer:swcet�s] DFL ¦"] G�ì (5)

We will show that ' ) can be represented by a multilinear polynomial having low total
degree. For arbitrary x � ¡(ì)ì)ì)¡8x ¹ @b ÍL�¡)H£¢ , we call a computation path ? of ³ óHy ô< DÚL£¦ ] G
“ DCx � ¡)ì)ì(ì)¡;x ¹ G -allowable” if, along ? , all queries zÅ@2z{< ñ �:i n ) have a “yes” answer, all
queries z2I@ëzh< ñ �Fi n ) i D _ �0¨7A§¦"](G have a “no” answer, all queries ? L with x L �NH are
answered “yes”, and all queries ? L with x L �EL are answered “no”. Let x � ¡(ì)ì)ì(¡8x ¹ @
 ÍL%¡(HW¢ , and ? be a Dox � ¡)ì)ì(ì)¡;x ¹ G -allowable path of ³ óHy ô< DÚL£¦ ] G . Let ? L P ¡)ì(ì)ì�¡æ? L�| , where} � p < DF¤ < G �_P£¦ ] ñ � IV¤ � < �nPW¦ ] ñ � , be the distinct queries to strings in _"�§¨7A ¦ ] along? . Create a monomial ÖÓu£â%uåDH?.G that is the product of terms ~åÌ , q2�ýH£¡�P.¡)ì(ì)ì�¡ } , where~.Ì ��B L y if x L y �OH , and ~%Ì �ODUH0Ç�B L y G otherwise. Let

' �) DHB � ¡)ì)ì(ì)¡8B ¹ G9� M� PS� yWyWy �;���3� � � �8� M�Y� � is ó � PS� yWyWy � �8� ô -allowable

1I+Üã£â�DÚ³�<Í¡�L ¦"] ¡8?�G�Z(ÖÓu£â%u�DC?�G�ì
It is easy to see that the thus constructed multilinear polynomial ' �) DCB � ¡(ì)ì)ì(¡IB ¹ G coin-
cides with ' ) on  VL%¡)H£¢ ¹ , and has total degree � p <SD´¤�<¯G��EP ¦"]�ñ � IV¤ � < � p6%(' DF¨<G0�
³ I£P . Statements (3) and (4) imply that for all x � ¡)ì(ì)ì�¡;x ¹ @" VL%¡(HW¢ such that K ¹L � � x L �p6%(' D´¨<G , ' ) Dox � ¡)ì(ì)ì(¡8x ¹ G9�,DQ¾FEU¡ and ' ) DFL%¡�L%¡(ì)ì)ì)¡æL¸G��cL%ì
It follows from Lemma 23 that p6%(' D´¨7GM«�D�¾3E . Therefore, for each ¨N@�j , p&%(' D´¨<G<«�DQ¾FE .
Hence,

DQ¾FE$rl�) �3�
p&%(' D´¨<GMr_P çîç � çîç rKP"� óI�U V �8� ] X

U
ôéñ � ó �;� ] X

U
ô rKP �8� ] X

U8�
¦
U
] ïnP x ] óÜ¦ ] ô ¡



where the fourth inequality follows from Lemma 20 and the fifth inequality follows
because, P£¦#]Kï�^£¤ � < p <VD´¤�<)G . However, D�¾3E#�[P x ]�óê¦#]íô , because the running time of
> óHy ô< DFL£¦#]�G is bounded by p <VDF¤�<¯G . Thus, for each ' r�H , zh< ñ � can always be extended
in stage ' . (Claim and Theorem 21)

Corollary 24. DÚÎ.z7G�Ñ ab696 } lY d ab6,6 } × .
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