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Abstract. We use a quantum computational argument to prove, for any integer
k > 2, a complexity upper bound for nonadaptive k-query classical locally ran-
dom reductions (LRRs) that allow bounded-errors. Extending and improving a
recent result of Pavan and Vinodchandran [PV], we prove that if a set L has a
nonadaptive 2-query classical LRR to functions g and h, where both g and h can
output O(logn) bits, such that the reduction succeeds with probability at least
1/2 + 1/poly(n), then L € PPN /poly. Previous complexity upper bound for
nonadaptive 2-query classical LRRs was known only for much restricted LRRs:
LRRs in which the target functions can only take values in {0, 1, 2} and the error
probability is zero [PV]. For k& > 2, we prove that if a set L has a nonadaptive
k-query classical LRR to boolean functions g1, go, . . ., gi such that the reduction
succeeds with probability at least 2/3 and the distribution on (k/2-+/k)-element
subsets of queries depends only on the input length, then L € PPN /poly. Pre-
viously, for no constant £ > 2, complexity upper bound for nonadaptive k-query
classical LRRs was known even for LRRs that do not make errors.

Our proofs follow a two stage argument: (1) simulate a nonadaptive k-
query classical LRR by a 1-query quantum weak LRR, and (2) upper bound the
complexity of this quantum weak LRR. To carry out the two stages, we formally
define nonadaptive quantum weak LRRs, and prove that if a set L has a 1-query
quantum weak LRR to a function g, where g can output polynomial number of
bits, such that the reduction succeeds with probability at least 1/2 4+ 1/poly(n),
then L € PP™F /poly.

1 Introduction

1.1 Background

A locally random reduction (LRR) of a set L to a database f is an efficient com-
putational procedure that allows to determine the membership of any instance x
in L by using random queries to the database. The concept of LRR is motivated
from the standpoint of cryptographic security and can be understood from the
following example. Suppose Alice holds an object (encoded as a binary string)
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and wants to efficiently retrieve some information about the object by using
queries to Bob (database f). However for security reasons, Alice cannot reveal
her object to Bob. Therefore, she makes random queries to Bob so that Bob
gets no clue about the object from the queries. An LRR is an efficient compu-
tational procedure that allows Alice to retrieve the information without leaking
Bob anything more than the size of the object. (See Section 2.4 for a more gen-
eral definition of LRR.) An LRR where the set L and the database f are the
same, i.e., f is the characteristic function of L is called a random self-reduction
(RSR).

In general, one can define an LRR of a set L to several databases f1, fo, .. .,
fx such that the reduction (1) is an efficient randomized procedure, (2) allows
determining the membership of any instance = in L with bounded-error prob-
ability by using random queries aq, @2, ..., ai to fi, fa, ..., fr, respectively,
and (3) leaks no detail more than |z| to an adversary even if the adversary is
revealed any subset of at most ¢ queries, for some fixed ¢ > 1. For the special
case f1 = fo = ... = fr = f, Beaver et al. [BFKR97] called this reduction a
(t, k)-locally random reduction of L to f. This general notion of LRR subsumes
earlier studied notions of random reductions known as single-oracle [AFK89]
and multioracle [Riv86] instance-hiding schemes. Here “leaking no detail more
than |x| to an adversary even if the adversary is revealed any subset of ¢ queries”
has the following interpretation: If instances x and y are such that |z| = |y|, then
for any i1, 9, . . ., i, the distribution on the ¢ queries (v, , s, . . . , @, ) induced
by the randomized reduction on input x is identical to the distribution induced
by the randomized reduction on input y. Thus, from the viewpoint of an adver-
sary who has access to some subset of ¢ queries, any instance y of length |z| is
equally likely to be the input of the reduction.

Both LRR and RSR have proved to be useful at several places in compu-
tational complexity theory. They have found implicit or explicit applications in
worst-case to average-case reductions [Lip91], random oracle separations [Bab87],
interactive proof systems [BFL91,LFKN92,Sha92], program checkers and self-
testing/correcting pairs [BK95,Lip91,BLR93], probabilistically checkable proof
systems [AS98,ALM™98,FGL " 96], cryptography [GM84,BM84], instance hid-
ing schemes [Riv86,AFK89,BF90,BFKR97], zero knowledge proofs on com-
mitted bits [BFKR97], private information retrieval [BFG06], and locally de-
codable codes [PV].

1.2 Related Work

A direct consequence of a result of Beaver and Feigenbaum [BF90] is that for
every set L, there is a function f such that L is (n + 1)-query locally random
reducible to f. Beaver, Feigenbaum, Kilian, and Rogaway [BFKR97] extended



and improved this result: For any constant ¢ > 0 and any function ¢ : N — N,
every set L is t|n/clog n|-query locally random reducible to some function f,
where the distribution on t-element subsets of queries depends only on n and
where the lengths of answers from f could be ©(logn + logt).

There have been work on understanding the complexity of functions that
can be locally random reduced via k& queries to some function f, for constants
k > 1. Abadi, Feigenbaum, and Kilian [AFK89] proved that if a set L is 1-query
locally random reducible to some function, then L is in NP /poly NcoNP /poly.
Yao [Ya090] proved that if a set L is 2-query locally random reducible to some
boolean function, then L is in PSPACE/poly. Fortnow and Szegedy [FS92]
improved upon Yao’s result and showed that any such set in fact belongs to
NP /poly NcoNP /poly. Pavan and Vinodchandran [PV] addressed the question
whether the results of Yao, and Fortnow and Szegedy can be extended for LRRs
where the reductions are to functions other than the boolean functions. Building
on the work of Yao [Yao90] and Fortnow and Szegedy [FS92], they proved that
if a set L is 2-query locally random reducible to functions g and h that take
values in {0, 1,2}, then L is in PSPACE/poly. The LRRs considered in the
last three papers, i.e., in [Ya090,FS92.PV] do not allow errors.

1.3 Our Results

A comparison of our results with previously known results is summarized in
Table 1. The notations “(t, k, ¢, €)-clr” and “(t, k, ¢, €)-qwlr,” used in Table 1,
capture generalizations of previously studied notions of classical LRRs. They
are defined as follows: (a) A nonadaptive (t, k, ¢, €)-clr is an LRR of a set L to
some functions g1, g2, . . ., gi such that (1) the reduction makes k£ nonadaptive
queries oy, Qo, ..., o to g1, go, ..., gk, respectively, (2) the distribution on
t-element subsets of queries (a;,, @, ..., a;,) is dependent only on the input
length n to the reduction, (3) each g; returns £(n) bits on input length n to the re-
duction, and (4) the reduction succeeds with probability at least 1/2+ €(n), and
(b) A nonadaptive (t, k, ¢, €)-qwlr is a quantum analog of (¢, k, ¢, €)-clr, where
the reduction can be a bounded-error quantum polynomial-time algorithm that
can make quantum queries. (See Definition 3 and Definition 4 for a formal def-
inition of these notions.) For notational convenience, if the answers returned by
the target functions in LRRs can only take values in {0, 1,2}, then for such re-
ductions we define the number of answer bits £ to be 3/2 (see, for instance, the
second column of Table 1 in the entry corresponding to [PV]).

Note that our proofs for classical LRRs use quantum computational argu-
ments. The application of quantum arguments in proving results related to clas-
sical computing is a surprising phenomenon witnessed only in the last few years.
See, for instance, the papers [KdW04,WdW05,AR03,AR05,Aar05,dW06,Ker05,LLS05,Aar06]



Papers Type of nonadaptive LRRs Complexity Upper Bound
(t,k, L, e)-clr/ (t, k, L, e)-qwlr
[AFK89] (1,1, poly(n), 1/poly(n))-clr NP /poly N coNP /poly
[Ya090] (1,2,1,1/2)-clr PSPACE/poly
[FS92] (1,2,1,1/2)=lr NP /poly N coNP /poly
[BFKR97] |(t,t|n/O(logn)|, O(logn + logt),1/2)-clr None
[PV] (1,2,3/2,1/2)-clr PSPACE/poly
This paper (1,2,0(logn),1/poly(n))-clr PPNF /poly
This paper (k/2 + VE,k,1,1/6)-clr PPN® /poly
This paper (1,1, poly(n), 1/poly(n))-qwir PPNF /poly

Table 1. Summary of results showing complexity upper bounds for various nonadaptive LRRs.

where quantum computational arguments have been used to prove classical
complexity results.) This paper fits in this growing body of research on prov-
ing classical complexity results using quantum computational arguments. Our
results also shed light on the role of quantum computational arguments in the
understanding of classical computation.

2 Preliminaries

2.1 Notations

Let N denote the set of all positive integers. Our alphabet is X = {0, 1}. For
a binary string b € X*, we use b; to denote its i’th bit. We identify a binary
string b € ¢ alternatively as a bit vector b = (b1, by, . .., by). Given two binary
strings a, b € Xt their inner product a-b is the integer a-b =4 Zle a;-b;, and
their xor is the binary string a & b obtained by taking the xor of the individual
bitsof aand b, i.e.,a ® b =4 (a1 ® by) ... (ag ® by). For astring a € X we
use |a| to denote the number of 1’s in a and for a set A, we use |A| to denote
the cardinality of A (which sense is being used for “| - |” will be clear from the
context). For a binary string b € X¥, let int(b) € {0, 1,...,2° — 1} denote the
integer representation of b. Let [n] =qf {1,2,...,n} foralln € N.

2.2 Basics of Quantum Computing

Let ‘H denote a two-dimensional Hilbert space, i.e., a complex vector space
equipped with an inner product (- | -) operation. A qubit [u) =4 («,3)T rep-
resent the states |0) and |1), respectively, associated with a qubit. The states |0)
and |1) are called the computational basis states. We can express the qubit |u)
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as a linear combination of the computational basis states: |u) = «|0) + 5|1).
Here « and 3 are complex numbers, called the amplitudes of |u). Since |u) is a
unit vector, the amplitudes (of |u)) must satisfy |a|? + |3]? = 1.

An m-qubit is a unit vector in the 2"-dimensional Hilbert space H®™ =
H® - ® H, the m-fold tensor product of H with itself. A multiple qubit is
an m-qubit for some integer m > 1. The computational basis states of H®™
are the m-fold tensor product of the computational basis states of /. That is,
they are |b1) ® - -+ ® |by,), where for each 1 < ¢ < m, b; ranges over 0 and 1.
The vector representation of a computational basis state [b;) @ - - - ® |byy,) is the
column vector with 2”* rows in which the only row containing 1 is at location
1+4int(b1by . . . by, ) and all other rows contain 0. We sometimes use the standard
abbreviation |a)|b) for |a) ® |b), where |a) and |b) can be arbitrary multiple
qubits. An m-qubit |u) =g (agm,gm-17,...,a1m)  can be expressed as a
linear combination of the computation basis states of H®": |u) = 3, om li).
Here, the complex numbers «;s are the amplitudes of |u). These amplitudes
satisfy >, som |c|? = 1 because |u) is a unit vector in H®™.

The conjugate transpose of a vector |u), i.e., |u)T, is denoted by (u|. The
inner product (-|-) of vectors |u) and |v) can be expressed as: (u|v) = (u| - |v),
i.e., the matrix product of (u| and |v). The vectors |u) and |v) are orthogonal if
their inner product (u|v) is zero. The norm of |u) is ||u|| =4 \/(u|u).

A quantum system that can take one of a number of states |¢);) with respec-
tive probabilities p; is said to be in a mixed state. A quantum system whose
state is known exactly is said to be in pure state. (Thus, a pure quantum state
is also a mixed quantum state, but not the vice-versa.) A mixed quantum state
is described by an ensemble {p;, |1);)} of pure quantum states. We can equiv-
alently describe this mixed quantum state in terms of the density operator p:
p = >, pi|s) (1;]. In particular, for a pure quantum state |1)), the density oper-
ator is 1) (1.

Any operation on a quantum system is either a unitary operation or a mea-
surement operation. A unitary operation is described by a linear transformation
U, which preserves the /5 norm: for any state [¢), ||[¢|| = ||U[¢)||. When a
unitary operation U is performed on a state |¢), the resulting state is U|v). In
the terminology of density operators, U transforms the state p into state U pU .

The most general measurement in quantum mechanics is the POVM mea-
surement, which is described by a collection of positive semidefinite measure-
ment operators F,, = M,Tan satisfying ). E,, = I.If a measurement
described by the measurement operators E,, is performed on a quantum sys-
tem in state |¢), then the probability p(m) of getting outcome m is given by
p(m) =g (| MS, My |00) = (1| En|tb) and the resulting state is M) 1 the

v/ p(m)

terminology of density operators p, the probability p(m) is given by p(m) =4



:
Tre(Mpp Mgz) = Tr(E,,p) and the resulting state is M;L(fé\)dm

in the computational basis of a 2™-dimensional Hilbert space H®™, we mean
that we perform a measurement whose measurement operators F,, are given by
E,, = My, = |tm){1m]|, where |, )s are the computational basis states of
HE™,

A bipartite quantum system consists of two subsystems. Let H and X be
Hilbert spaces and let p be the density operator of a bipartite quantum system
over the Hilbert space H ® K. A partial trace Tric of p over K is the following
mapping: Tric(p) = 327, (1 ® (ej])p(I @ le;)), where {[e1), |e2), ..., |en)}
is any orthonormal basis of /. Intuitively, the partial trace Tri(p) of a mixed
state p of a bipartite system over the Hilbert space H ® I is the density operator
of the first part (i.e., ) of the system obtained by discarding the second part
(i.e., K) of the system.

We will consider quantum queries whose answers are £ bits long, for some
¢ > 1. A quantum query to an oracle @ : ¥ — X' is the unitary transfor-
mation given by |s)|z) — |s)|z @ O(s)), where z € £* is called the target
register. For convenience, we store the query answer in the phase of the quantum
state instead of storing it in the target register. To store the answer in the phase,

define for any R € X*, the quantum state |zp) = # ®f:1(\0> + (—=1)%i1)).

A quantum query to an oracle O : £ — X’ then, for any R € X*, maps
[5)]28) to (—1)RO®)]s)|z5).

Finally, we refer the reader to the excellent textbook [NCOO0] for any relevant
concept in quantum computing that is not explained here.

. By measuring

2.3 Complexity Classes

The quantum complexity class BQP /qpoly is the class of all sets decidable by
a polynomial-time quantum computer when given a polynomial-size quantum
advice state, which depends only on the input length.

Definition 1. BQP /qpoly is the class of all sets L for which there exist a
polynomial-size quantum circuit family {Cy, }nen and a polynomial-size fam-
ily of quantum states {|¥y,) } nen such that for alln € N and x € X",

1. ifx € L, then C,, accepts |x)|¥,,) with probability at least 2/3, and
2. ifx &€ L, then Cy, accepts |z)|¥,,) with probability at most 1/3.

We will require the following result of Aaronson [Aar04] on the power of BQP /qpoly.
This result holds in every relativized world.

Theorem 2. [Aar04] BQP /qpoly C PP/poly.



2.4 Locally Random Reduction

Beaver et al. [BFKR97] formally introduced the notion of LRRs. They defined
LRRs that reduce a function f to a single function g using k& random queries,
succeed with probability at least 3/4, and leak no detail more than |z| even if
any t-element subset of queries is revealed.

We present a more general definition of (nonadaptive) LRRs in Definition 3.
This new definition also takes into account the number of answer bits returned
by the target functions and the success probability of the reduction.

Definition 3 (Nonadaptive Classical Locally Random Reduction). Let ¢, k €
N, /¢:N— Nande : N — (0,1/2]. A set L is nonadaptively (t,k, . ¢)-
classically-locally-random (or, “nonadaptively (t,k, {, €)-clr” in short) reducible
to functions g1, g2, - - ., gk, where each g; outputs £(n) bits on inputs of length n
to the reduction, if there exist a classical bounded-error probabilistic polynomial-
time algorithm A, a polynomial-time function o, and a polynomial p(-) such
that:

1. [Query Reduction] For alln € N, z € X", and v € %P, A makes k
nonadaptive queries o(1,z,r), o(2,z,r), ..., o(k,xz,7) to g1, 92, - - - Gk
respectively.

2. [Local Randomness] For all n € N and {iy,ia,...,5:} C [k], if r €
XP(") s chosen uniformly at random, then for any x,y € X", the dis-
tribution on (o (i1, x,7),0(i2, x,7),...,0(it,x,r)) is identical to that on
(o(i1,y,7),0(iz,y,r),...,0(it, y,T)).

3. [Correctness] For alln € N and x € X", it holds that

Prob, [A(z, 7, g1(c(1,2,7)),...,9k(c(k,z,7))) = L(x)] > % +e,

where the probability is over the uniform random choice of r € XP(").

If the algorithm A receives h(n) bits of advice on input length n, then we say
that L is nonuniformly nonadaptively (t, k, ¢, €)-clr reducible to functions g,
92, - - - gr with h(n) bits of advice.

Our proofs of complexity upper bounds for nonadaptive classical LRRs use (as
a tool) the notion of nonadaptive quantum weak LRRs, defined in Definition 4.
We mention that our notion may not fully capture the most general notion of
nonadaptive quantum LRRs.!

! Definition 4 may not fully capture nonadaptive quantum LRRs in the most general way for
the following two reasons: (1) In the query reduction property, we require the quantum algo-



Definition 4 (Nonadaptive Quantum Weak Locally Random Reduction).
Lett,k € N,/ : N — N, and e : N — (0,1/2]. A set L is nonadaptively
(t, k, ¢, €)-quantumly-weakly-locally-random (or, “nonadaptively (t, k., {, €)-qwlr”
in short) reducible to functions g1, g2, - .., gk, where each g; outputs £(n) bits
on inputs of length n to the reduction, if there exist a bounded-error quantum
polynomial-time algorithm A, and polynomials p(-) and q(+) such that:

1. [Query Reduction] For alln € N, x € X", A uniformly at random selects
a string v € XP") deterministically computes k sets of strings Ta}’r, T:?’T,

L TR C X9 and makes k quantum queries of the form: |Q(z, 7)) =

1
e B DD DRI DI AL ARSI LD

where |b) = ﬁ > rest |2R). Also, each T, . C 29 depends only on i,

x, and v, and |T. .| depends only on i and n.

2. [Local Randomness] For all n € N and {iy,i2,...,it} < [k]|, and for
any x € X", the distribution on strings at locations i1, 19, ..., 1; induced
by measuring the query state ﬁ > reswe |7)|Q(x, 7)) in the compu-
tational basis is independent of x, but may perhaps depend on n. In other
words, if r € XP™) is chosen uniformly at random, then for any x,y € X"
and for all sy, sa, ..., s4 € 2‘1("), it holds that

Prob, [sl € TQT AN...N\Nst € TéfT] = Prob, [31 € T?j}r AN...Nst € T;fT] .

rithm A, on input z, to randomly select r € X? (") and generate a superposition over strings
belonging to the polynomial-time computable sets T} ,., for 1 < i < k. Meaning, the quan-
tum state describing the quantum queries just before their answers are received is given by

|®) =ar \/ﬁ Y resp [T)|Q(x, 7). While this requirement on the form of |®) helps

to serve our purpose, which is obtaining complexity upper bounds for nonadaptive classical
LRRs, it may not be an essential requirement for the most general definition of quantum LRRs.
(2) In the local randomness property, we consider measurements only in the computational ba-
sis. Again, we restrict to only such measurements because they suffice to obtain complexity
upper bounds for nonadaptive classical LRRs. If we consider general (POVM) measurements,
then the local randomness property may be stated as follows:

Let p, denote the density operator describing the state |®) of the quantum queries just
before their answers are received, i.e., po = |®)(P|.
[Local Randomness] For all n € N, {i1,%2,...,%:} C [k], and for any z,y € X", it
holds that

T (k] — (i1,i2,nrie} (P2) = T (k)= {102,003 (Pw)
where T, (4] — (i1 ,is,...,i;} (=) denotes the reduced density operator obtained by taking
the partial trace of p, over the qubits storing r and the qubits corresponding to the query
locations [k] — {i1,%2,...,4:}.



3. [Correctness] For alln € N and x € 1™, it holds that

Prob, 4 [A(z,r,g10920- -0 gr(|Q(z,7)))) = L(z)] = 5 + ¢,

N | =

where the probability is over the uniform random choice of r € XP(") and
over the inherent randomness of A. Here g1ogao---ogi(|Q(z,1))) denotes

R N TR (N B W
T, 5 e\ B g

(€T3 s, €TF, Rext
i.e., the outcome of the queries to the functions g1, . . . , gi.

If the algorithm A receives h(n) bits (qubits) of advice on input length n, then
we say that L is nonuniformly nonadaptively (t, k, ¢, €)-qwlr reducible to func-
tions g1, g2, - - ., gi, with h(n) bits (respectively, qubits) of classical (respectively,
quantum) advice.

3 Results

3.1 The Case of Two Queries

Theorem 5 shows that a nonadaptive 2-query classical LRR with answer length
¢ and success probability at least 1/2+ € can be simulated by a 1-query quantum
weak LRR with success probability at least 1/2 4 ¢/2¢. This simulation of non-
adaptive 2-query classical LRRs by 1-query quantum weak LRRs along with
Theorem 6, which proves a complexity upper bound for 1-query quantum weak
LRRs, allow us to obtain a complexity upper bound for nonadaptive 2-query
classical LRRs.

The proofs of Theorem 5 and Theorem 6 are inspired from those in the
papers by Kerenidis and de Wolf [KdW04] and Wehner and de Wolf [WdWO05].
However, there are at least two technical features that indicate that our proofs
are conceptually different from those in [KdW04,WdWO05]. First, efficiency of
algorithms is an issue in our proofs (since LRRs are required to be efficient
algorithms), whereas efficiency is not an issue in the papers [KdW04,WdWO05]
(since algorithms in these papers are for information-theoretic LDCs and PIRs).
Second, we do not require any major result from quantum information theory in
our proofs, whereas the proofs in [KAW04,WdWO05] use Nayak’s [Nay99] linear
lower bound on the length of quantum random access codes. Nayak’s [Nay99]
lower bound proof in turn requires some deep results from quantum information
theory.



Theorem 5. Let ¢(n) = poly(n) and e(n) € (0,1/2]. If a set L is nonadap-
tively (1,2, £, €)-clr reducible to functions g and go, then L is (1,1, £, 57 )-qwlr
reducible to some function g. Here, each of g1, g2, and g outputs £(n) bits on
inputs of length n to their corresponding reductions.

Theorem 6 shows that any set that has a 1-query quantum weak LRR in which
the target function outputs polynomial number of bits and the reduction succeeds
with probability at least 1/2 + 1/poly(n) is in BQPN /qpoly.

Theorem 6. Let ¢(n) = poly(n) and e(n) = 1/poly(n) € (0,1/2]. If a set L
is (1,1, 4, €)-gwlr reducible to a function g, where g outputs {(n) bits on inputs
of length n to the reduction, then L is in BQPNY /qpoly.

Aaronson [Aar04] gave a relativizable proof of the inclusion BQP /qpoly C
PP /poly. As a consequence, we obtain the following corollary of Theorem 5
and Theorem 6.

Corollary 7. Let ¢(n) = O(logn) and e(n) = 1/poly(n) € (0,1/2]. If a set
L is nonadaptively (1,2,¢,¢€)-clr reducible to functions g1, gs, where each g;
outputs £(n) bits on inputs of length n to the reduction, then L € PPN /poly.

Note that Theorem 6 holds even if the reduction is nonuniform and requires a
polynomial-size quantum advice state. Thus, we get the following strengthening
of Theorem 6.

Theorem 8. Let ¢ = poly(n) and e(n) = 1/poly(n) € (0,1/2]. If a set L is
nonuniformly (1,1, ¢, €)-qwlr reducible to a function g with a polynomial-size
quantum advice, then L is in BQPNY /qpoly. Here g outputs £(n) bits on inputs
of length n to the reduction.

3.2 The Case of More Than Two Queries and Binary Answers

Theorem 5 shows that a nonadaptive 2-query classical LRR can be simulated
by a 1-query quantum weak LRR. We show in Theorem 9 that, for any constant
k > 2, a nonadaptive k-query classical LRR can also be simulated by a 1-query
quantum weak LRR provided that in the classical LRR, the target functions are
boolean and the distribution on sufficiently large subsets of queries depends only
on the input length.

Theorem 9. Let k > 2 be some fixed integer and let € € (0, 1/2] be a fixed con-
stant. [f a set L is nonadaptively (k/2+O(\'k), k, 1, €)-clr reducible to boolean
functions q1, g2, - - ., gk, then L is nonuniformly (1,1, 1, €/2)-qwlr reducible to
some boolean function g with k qubits of quantum advice. (The constant inside
the O-notation depends only on ¢.)
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In the statement of Theorem 9, the constant inside the O-notation depends only
on e. In particular, it can be shown that for any € > 0.055 and integer k > 2, ifa
set L is nonadaptively (k/2 + vk, k, 1, €)-clr reducible to boolean functions g;,
92, - - - gk, then L is nonuniformly (1, 1, 1, €/2)-qwlr reducible to some boolean
function g with & qubits of quantum advice.

The following corollary is an immediate consequence of Theorem 8 and
Theorem 9.

Corollary 10. Let € € (0,1/2] be a fixed constant. If a set L is nonadaptively
(k/2 + O(Vk), k, 1, €)-clr reducible to boolean functions g1, ga, - .., g, then
L € PPN? /poly.

Acknowledgment We thank Aduri Pavan and Vinodchandran Variyam for sev-
eral insightful comments during an early stage of this work.
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