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Abstract. We introduce a notion of linear hyperconnection (formally
denoted L-hyperpath) between nodes in a directed hypergraph and re-
late this notion to existing notions of hyperpaths in directed hyper-
graphs. We observe that many interesting questions in problem domains
such as secret transfer protocols, routing in packet filtered networks,
and propositional satisfiability are basically questions about existence
of L-hyperpaths or about cyclomatic number of directed hypergraphs
w.r.t. L-hypercycles (the minimum number of hyperedges that need to
be deleted to make a directed hypergraph free of L-hypercycles). We
prove that the L-hyperpath existence problem, the cyclomatic number
problem, the minimum cyclomatic set problem, and the minimal cyclo-
matic set problem are each complete for a different level (respectively,
NP, X% II}, and DP) of the polynomial hierarchy.

1 Introduction

Roughly speaking, a directed hypergraph is a generalization of directed graphs in
which each directed hyperedge is allowed to have multiple source (tail) nodes and
multiple destination (head) nodes. Thus, a (simple) directed edge is a hyperedge
with exactly one tail node and exactly one head node. Directed hypergraphs
have been used to model a wide variety of problems in propositional logic [6, 20],
relational databases [3,11,28], urban transportation planning [10, 18], chemical
reaction mechanisms [26,30], Petri nets [2,23], operations research [10], and
probabilistic parsing [16]. They have been introduced under different names such
as “And-Or graphs” and “FD-graphs.”

Ausiello, D’Atri, and Saccé [3] introduced the notion of directed hypergraphs,
though they called them “FD-graphs,” where FD stands for “functional depen-
dency,” and used them to represent dependencies among attributes in relational
databases. They presented efficient algorithms for several problems related to
transitive closure, minimization, etc., of attributes in a database. Gallo et al. [10]
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first formalized the basic notions related to directed hypergraphs like connectiv-
ity, paths, and cuts, and showed applications of directed hypergraphs to problems
such as functional dependency in relational database theory and route planning
in urban transport system design. More recently, a unified view of deterministic
and probabilistic parsing has been obtained by showing them to be equivalent
to traversals in directed hypergraphs [16].

The notion of connection in a directed graph is simple and can be recursively
defined as follows. Each node is connected to itself and a node x is connected
to another node y, if there exists a node z such that there is a connection from
node z to node z and there is an edge from node z to node y. But there does not
seem to be one common intuitive notion for a hyperconnection (i.e., connection in
directed hypergraphs). In fact, different notions of hyperpaths and hypercycles
in directed hypergraphs have been defined in the literature [7, 8,10, 19, 30] based
on varying intuitive notions of hyperconnection in problem domains.

In this paper, first we review these notions of hyperpaths and hypercycles
in directed hypergraphs. We describe our notion of linear hyperconnection, and
define L-hyperpath and L-hypercycle. We identify domains such as secret trans-
fer protocols, packet filtered networks, and propositional satisfiability, where the
notion of linear hyperconnection can be used to capture key problems. We study
the complexity of basic computational problems in directed hypergraphs: find-
ing whether hyperpaths of certain a type exist between two given nodes, finding
whether hyperpaths of a certain type with a given bound on certain measure
exist between two given nodes, etc.

The cyclomatic number of a (simple) graph is the minimum number of
edges that need to be removed to make the graph acyclic. Intuitively speak-
ing, the cyclomatic number of a graph measures the degree of cyclicity of a
graph. We can define the cyclomatic number of a directed hypergraph analo-
gously to that in simple graphs. That is, the cyclomatic number of a directed
hypergraph w.r.t. L-hypercycles is the minimum number of hyperedges that
need to be removed such that the resulting hypergraph does not contain any
L-hypercycle. We study the computational complexity of problems related to
cyclomatic number of directed hypergraphs w.r.t. L-hypercycles: computing the
cyclomatic number of a directed hypergraph, finding whether a given set of
hyperedges forms a cyclomatic set, finding whether these hyperedges form a
minimal cyclomatic set, etc. We prove that many of these fundamental prob-
lems are computationally hard (under standard complexity-theoretic assump-
tions). We prove that these problems are each complete for a different level of
the polynomial hierarchy (see Definition 7 for precise definitions of these prob-
lems): CYCLOMATIC-NUMBER is X¥-complete, MIN-CYCLOMATIC-SET is
IT?-complete, and MINIMAL-CYCLOMATIC-SET is DP-complete.

It is interesting to compare the complexity of connectivity problems on di-
rected graphs and directed hypergraphs. In particular, consider the complexity
of the following path existence problems:

— Is there a path between two given vertices in a directed graph? This problem
is known to be NL-complete.



— Is there a B-hyperpath between two given vertices in a directed hypergraph?
This problem is in P [10].

— Isthere an L-hyperpath between two given vertices in a directed hypergraph?
In this paper, we show that this problem is NP-complete.

Compare also the complexity of the following cyclomatic number problems:

— Is there a set of k£ edges whose deletion makes a directed graph free of cycles?
This problem is NP-complete [14].

— Is there a set of k hyperedges whose deletion makes a directed hypergraph
free of L-hypercycles? In this paper, we show that this problem is X7%-
complete.

(Due to space limitations, proofs of most results have been omitted. Please see
the full version [27] for omitted proofs and for details of how L-hyperpaths in
directed hypergraphs can be used to model practical problems.)

2 Notions of Hyperpaths in Directed Hypergraphs

Definition 1 ([10]). A directed hypergraph # is a tuple (V, E), where V is a
finite set and E C 2V x 2V such that, for every e = (T'(e),H(e)) € E, T(e) #
0, H(e) # 0, and T(e) N H(e) = (. For every integer k > 1, a k-directed
hypergraph H is a directed hypergraph in which, for every e € E(H), |T(e)| < k
and |H(e)| < k.

A B-hyperedge (F-hyperedge) is a hyperedge e = (T'(e), H(e)) such that
|H(e)] = 1 (respectively, |T'(e)] = 1). A B-hypergraph (F-hypergraph) is a
hypergraph H such that each hyperedge in H is a B-hyperedge (respectively, F-
hyperedge). A directed hypergraph H' = (V',E') is a subhypergraph of H if
VICV,E CE.

Let e = (T'(e), H(e)) be a hyperedge in some directed hypergraph . Then, T'(e)
is known as the tail of e and H(e) is known as the head of e. The size of repre-
senting a directed hypergraph # is taken to be |V (H)| 4+ |E(H)| unless another
representation scheme is explicitly mentioned as in, for example, Section 6. Given
a directed hypergraph H = (V, E), its symmetric image H is a directed hyper-

graph defined as follows: V(H) = V(#H) and E(H) = {(H,T) | (T,H) € E(H)}.
Definition 2 ([10]). Let H = (V, E) be a directed hypergraph.

1. A simple path ITs; from s € V(H) tot € V(H) in H is a sequence (v, e1, va,
€2, - -, Uk, €k, Uky1) consisting of distinct vertices and hyperedges such that
s =wy1, t = vpy1, and for every 1 <i <k, v; € T(e;) and viy1 € H(e;). If,
in addition, t € T'(e1) then Iy is a simple cycle. A simple path is cycle-free
if it does not contain any subpath that is a simple cycle.

2. A B-hyperpath from s € V(H) tot € V(H) in H can be defined in terms of
a notion of B-connection in directed hypergraphs. The recursive definition
of B-connection to a node s is as follows: (i) a node s is B-connected to
itself, and (i) if there is a hyperedge e such that all the nodes in T (e) are B-
connected to s, then every node in H(e) is B-connected to s. A B-hyperpath
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Fig.1. (a) IIy,., = (v1,€2,v5,€4,v7,e3,v4) is a simple path and II,,.,, =
(v1,e2,vs,e4,v7,e3,v3) is a simple cycle in Hi. (b) Directed hypergraph Gi with
V(G1) = {v1,v2,v3,vs,06,v8,v9} and E(G1) = {e1,e2,e4,e6} is a B-hyperpath from
v1 to ve in Ha, directed hypergraph G» with V(G2) = {vs,va,ve,v7,vs8,v9} and
E(G2) = {es,es,es} is an F-hyperpath from v3 to vg in Hz, and directed hypergraph
Gs with V(G3) = {vs, v7,vs,v9} and E(Gs) = {es, es} is a BF-hyperpath from v7 to vg
in Hs. (c) A directed hypergraph Hs with an L-hypercycle. In all the figures, arrows
on a hyperedge point to the vertices in the head of the hyperedge.

from s to t in H is a minimal (with respect to deletion of vertices and hy-
peredges) subhypergraph of H where t is B-connected to s. (See also [7, 8]
and [5] for equivalent, but alternative, characterizations of B-hyperpaths.)
3. An F-hyperpath Iy from s € V(H) to t € V(H) in H is a subhypergraph
of H such that IT,; is a B-hyperpath from t to s in H.
4. A BF-hyperpath is a hypergraph that is both a B-hyperpath and an F-
hyperpath.

Even though the notions of B- and F-hyperpath capture problems in several
different problem domains (see, e.g., [10,12]), there are other problem domains
for which these definitions do not seem to be the right one. We mention three
such problem domains in Section 3.

3 L-Hyperpath

3.1 Definition and Relationship with Other Notions of Hyperpaths

The notions of hyperpaths (B-, F-, and BF-hyperpaths) defined by Gallo et
al. [10] differ from the notion of a (directed) path in a (simple) directed graph
in that, roughly speaking, the hyperpaths are not required to be “linear.” By
that we mean that while a path in a directed graph is an alternating sequence
of vertices and edges, a (B-, F-, or BF-) hyperpath may not have this form.
Although the definition of a simple path (Definition 2, part 1) requires linearity,
that definition is too weak to capture the expressiveness of directed hypergraphs
in the following sense: Given any directed hypergraph H and u,v € V(#), there
is a simple path from u to v in H if and only if there is a simple path from u to v
in a directed graph G with V(G) = V(H) and E(G) = {(u,v) | (e € E(H))[u €
T(e) and v € H(e)]}.

In this section, we introduce a notion of linear hyperpath, called L-hyperpath,
and relate this notion of L-hyperpath with previously studied notions of directed
hyperpaths.



Definition 3. An L-hyperpath IIs from s to t in a directed hypergraph H =
(V,E) is a sequence (v1,e1,v2, €2, ..., Uk, €k, Vpt1) consisting of distinct vertices
and hyperedges such that s = v, t = Vgg1, for every 1 <i <k, v; € T(e;) and
viy1 € H(e;), and for every 1 <i <k, T(e;) C{s}UH(e;)U...UH{(e;_1). If,
in addition, t € T'(e1)(= {s}) then IT4 is an L-hypercycle in H.

L-hyperpaths inherit the linearity property from simple paths and the restricted
B-connection property from B-hyperpaths. L-hyperpaths may alternatively be
expressed in terms of directed hypergraphs as follows. For any L-hyperpath
II = (vi,e1,v2,€2,...,0k, €k, Vkt1), let H be defined as the subhypergraph of
‘H such that, V(Hpg) = {v1} U H(e1) U H(e2) U ... U H(eg) and E(Hpg) =
{e1,€2,...,ex}. We say that Hp is the hypergraph representation of II. In
Figure 1(c), IIy = (v1,e1,vs,e2,v4,€3,V5,€4,v7) is an L-hyperpath and II, =
(v1, e1,vs, €2,v4,€3,05,€4,07,€5,v1) 1S an L-hypercycle in Hj. Also, note that
there is no L-hyperpath from v4 to v; in Hz and that the hypergraph represen-
tation of IT; is H' = (V(Hs3), {e1,e2,€3,€4}).

Theorem 4. Let H be a B-hypergraph, G be a subhypergraph of H, and s,t €
V(G). Then, the following holds: G is the hypergraph representation of an L-
hyperpath ITs from s to t if and only if G is a minimal (w.r.t. deletion of vertices
and hyperedges) subhypergraph of H such that t is B-connected to s and there is
a simple cycle-free path from s to t that consists of all the hyperedges of G.

The study of L-hyperpaths is interesting from a theoretical point of view be-
cause, as argued earlier, the notion of L-hyperpaths is a restriction of the no-
tion of simple paths and the notion of B-hyperpaths. The study of cyclomatic
number of hypergraphs is of fundamental significance (see [9,1]) and so it is
interesting to investigate the complexity of computing the cyclomatic number
(in the L-hypercycle notion) of directed hypergraphs. On the practical side, we
show in the full version [27] of this paper that many interesting questions in
problem domains such as secret transfer protocols, routing in packet filtered
networks, and propositional satisfiability can be modeled using the notion of
L-hyperconnection. The linearity constraint of L-hyperpaths turns out to be
crucial in correctly modeling problems in these domains.

4 Computational Problems on Directed Hyperpaths

Many applications of graphs require one to associate a cost (or, weight) on the
edges of the graph. The cost of a path in a graph is then defined to be the sum of
cost of edges in the path. In contrast, since the structure of a hyperpath is more
complicated, a number of measures on hyperpaths in a directed hypergraph are
defined and studied in the literature [4,7,8,15,17,18,24]. We observe that the
measures defined for previously studied notions of directed hyperpaths are appli-
cable also for L-hyperpaths if the hypergraph representation of an L-hyperpath
is considered in the definition. This indicates that the notion of L-hyperpaths
is robust and it suggests that L-hyperpaths may be used to model a variety of
problems that require these measures on hyperpaths.



For any X € {B, F,L} and for any measure function pux on X-hyperpaths
of H, we define the following decision problems related to directed hypergraphs:

1. X-HYPERPATH = {(H, s,t) | H is a directed hypergraph that contains an
X-hyperpath IT; from s to t}.

2. px-OPT-HYPERPATH = {(#,s,t, k) | H is a directed weighted hypergraph
that contains an X-hyperpath IT from s to t such that px (ITs) < k}.

Gallo et al. [10] showed that both B-HYPERPATH and F-HYPERPATH are
solvable in polynomial time. Ausiello et al. [7] and Italiano and Nanni [15] proved
that up-OPT-HYPERPATH is NP-complete when pp is one of the following
measure functions: (a) number of hyperedges, (b) cost, (c) size. Ausiello et al. [7]
and Ausiello, Italiano, and Nanni [8] proved that up-OPT-HYPERPATH is
solvable in polynomial time when pp is the rank of a B-hyperpath (see [7,8]
for the definition of rank). Theorem 5 states our result related to L-hyperpaths.

Theorem 5. For every k > 2, L-HYPERPATH is NP-complete when restricted
to k-directed B-hypergraphs.

It follows from the proof of Theorem 5 that, for every k& > 2 and for any
polynomial-time computable measure pur on L-hyperpaths, the problems L-
HYPERCYCLE (given a directed hypergraph #H, does H contain an L-hypercycle?)
and pr-OPT-HYPERPATH are NP-complete when restricted to k-directed B-
hypergraphs. A simple observation shows that the problems L-HYPERPATH
and pu,-HYPERPATH are in P when restricted to F-hypergraphs. Thus, roughly
speaking, the intrinsic hardness of these problems is due to the presence of B-
hyperedges. In contrast, we find that the proofs of Theorems 8 and 9 seem to
require both B- and F-hyperedges in the construction. It will be interesting to
see whether proofs of Theorems 8 and 9 can be carried out without requiring
F-hyperedges in the construction.

5 Cyclomatic Number of a Directed Hypergraph

The cyclomatic number of a hypergraph is the minimum number of hyperedges
that need to be deleted so that the resulting hypergraph has no hypercycle.
For a connected graph G = (V, E), the cyclomatic number is given by |E| —
|V| + 1. The cyclomatic number of any undirected hypergraph is also efficiently
computable [1]. For directed hypergraphs, the notion of cyclomatic number can
be defined as follows.

Definition 6. Given a directed hypergraph H = (V, E), the cyclomatic number
of H with respect to L-hypercycles is the following: min{k € N| (3BC E)[|B| =k
and there are no L-hypercycles in (V, E — B)]}.

In this section, we study the complexity of several decision problems related to
the abovementioned definition of cyclomatic number of a directed hypergraph.



Definition 7. 1. CYCLOMATIC-SET = {(}#,B) | H = (V,E) is a directed
hypergraph and B C E such that H' = (V,E — B) has no L-hypercycle }.

2. CYCLOMATIC-NUMBER, = {(#, k) |H = (V, E) is a directed hypergraph
such that there ezists a set B C E, |B| < k and ({, B) € CYCLOMATIC-SET}.

3. MIN-CYCLOMATIC-SET = {(H, B) | (H, B) € CYCLOMATIC-SET and,
for each B' such that |B'| < |B|, (H,B') ¢ CYCLOMATIC-SET}.

4. MINIMAL-CYCLOMATIC-SET = {(#, B) |(H, B) € CYCLOMATIC-SET
and, for each B' such that B' C B, (H,B') ¢ CYCLOMATIC-SET}.

Clearly CYCLOMATIC-SET is coNP-complete, since for any directed hyper-
graph H, (H) € L-HYPERCYCLE <= (#,0) ¢ CYCLOMATIC-SET. The
completeness results for remaining problems is stated below.

Theorem 8. For every k > 2, CYCLOMATIC-NUMBER is X¥ -complete when
restricted to k-directed hypergraphs.

Proof Sketch: It is clear that CYCLOMATIC-NUMBER is in X¥. We give
a polynomial-time many-one reduction o from QSAT,(F), a problem known to
be X¥-complete (see [21]), to CYCLOMATIC-NUMBER. An instance (X,Y, ¢)
is in QSAT,(F) if and only if ¢ is a boolean formula on disjoint sets X and YV
of variables and there exists a truth-value assignment « for X such that for all
truth-value assignments 3 for Y, it holds that ¢(a, ) = False.

Let (X,Y, ¢) be an instance of QSAT,(F), where X = {z1,%2,...,2Zmn} and
Y = {y1,¥y2,-..,yn} are disjoint sets of variables. Without loss of generality, we
assume that each variable appears in any clause at most once. Let the clauses of
¢ be g1, ¢2,...05,and, for i € {1,...,s}, let p; denote the number of occurrences
of variables from Y in ¢;. Also, foreach 1 <4 < sand 1 < j < p;, we use y,(;, ) to
denote the j-th variable in ¢; that belongs to Y. For each i < n, let n; denote the
number of occurrences of y; (i.e., as y; or 7;) in ¢. On input (X, Y, ¢), o outputs
(H,m) where H is a directed hypergraph whose construction we describe below.
The construction of H uses four kinds of gadgets. These are selector, k-divider
for k > 1, k-chooser for k > 0, and switch as shown in Figures 2 and 3.

‘H consists of (1) s choosers, C1,Cs,...,Cs, where C; is a p;-chooser cor-
responding to clause ¢;, 1 < i < s, (2) n dividers, Dy, Ds,,...,D,, where
D; is an n;-divider corresponding to variable y;, 1 < i < m, (3) m selectors,
Li,Ls,..., Ly, where L; corresponds to variable z;, 1 <i <m, and (4) >7_, p;
switches, S1,1,51,2,---,51,p1,52,15--+,592,pss- - -, 9s,p, Where S; ;, 1 < i < s and
1 < j < p;, corresponds to the j-th literal in ¢; that belongs to Y. Note that
if for some ¢, p; = 0, i.e., if clause ¢; does not have any variable from Y, then
there is no switch corresponding to clause ¢;.

We use h(k,j) to denote the sum of the number of occurrences of y; in
clauses ¢1,...,¢, with h(0,j) = 0 for each j. For each switch S, 4,, where
1</4 <sand 1< ¥y <py,let suce(Se, ,e,) be the switch succeeding Sy, ¢, in
the Ordering 51,1, 8172, cey Sl,p1 , S271, cay Sz,p2, cey Ss,ps if 51 75 s and 82 75 Ps,
and is undefined if £; = s and £» = p;. For each label z and for each gadget y,
we use the shorthand vertexy (z,y) (edgey (z,y)) to denote “the vertex labeled
z in gadget y in H” (respectively, “the hyperedge labeled z in gadget y in H”).
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Fig. 2. Gadgets used in the reduction from QSAT,(F) to CYCLOMATIC-NUMBER.
(a) A selector. (b) A k-divider, where £ > 1. (c) A k-chooser, where k£ > 1. (d) A
0-chooser.

(b)

Fig. 3. (a) A switch. (b) Schematic representation of placing a switch S (shown as a
rectangular box in the figure) between edges e = ({u}, {v}) and ' = ({«'}, {v'}). (¢)
The actual placement of a switch S between edges e and e': the edges e and e’ are
deleted and new edges ({u}, {C}), ({D}, {v}), {u'}, {C'}) and ({D'}, {v'}) are added.

The vertices of H consist exactly of the vertices of the above gadgets. The
gadgets are connected by hyperedges that are described as follows.

1. (Place a switch between the edge in chooser C; corresponding to an occur-
rence of a variable y; and an edge in divider D;.) For each 1 <14 < s, and
for each 1 < j < p;, if y,(;,5) occurs as y,(;,4) in @;, then place switch S; ;
between edge j of p;-chooser C; and edge h(i,v(i, j)) of divider D,; ;). Oth-
erwise, that is if y,(; ;) occurs as 7, ;) in @;, then place switch S; ; between
edge j of p;-chooser C; and edge h(i,v(i,j))" of divider D,; ;.

2. (Connect the choosers in series.) For each 1 <4 < s, connect vertexy (B, C;)
to vertexy (A4, C;y1) with a simple directed edge.

3. (Connect the dividers in series.) For each 1 < j < n, connect vertexy (B, D;)
to vertexy (A, Dj1) with a simple directed edge.

4. (Connect the selectors in series.) For each 1 < k < m, connect vertexy;(J, L)
to vertexy (A, Lg+1) with a simple directed edge.
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Fig. 4. Hyperedges used to connect gadgets when ¢ = (x1 VZ2) A (Tt V y1) A (22 V
TTVys) AN(ZTt VT2 Vy1 Vy2 V 33). C1, Ca, Cs, and C4 are 0-chooser, 1-chooser, 2-
chooser, and 3-chooser, respectively. Dy, D2, and D3 are 3-divider, 1-divider, and 2-
divider, respectively. Sa.1, ..., Sa,3 are switches and L; and L are selectors in /. The
hyperedges connecting selectors to choosers are bypass hyperedges.

5.

(Connect the switches in series.) For each #1,f>, where 1 < /1 < s and
1 < 4y < py,, if suce(Sy, ,e,) is defined then connect vertexy (B, Se, ¢,) tO
vertexy, (A, succ(Sy, ¢,)) with a simple directed edge.

(Connect choosers, switches and selectors.) If ¢ does not contain any vari-
able from Y, then connect vertexy (B, Cs) to vertexy (A, Ly) with a simple
directed edge. Otherwise, i.e., if there is at least one clause ¢; with an oc-
currence of a Y variable, do the following. Let Sy, ¢, be the first switch and
Sy, ¢, be the last switch (note: switches are ordered in the lexicographic or-
dering of pairs (i, j) denoting switches S; ;) suchthat 1 < ¢; <s,1< /] <,
1 <4y < pg, and 1 < £y < pyr . Connect vertexy (B, Cs) to vertexy (A, Se, ¢,)
and connect vertexy (B, Se, ¢) to vertexy (A, L1) with simple directed edges.
(Connect dividers and choosers.) Connect vertexy (B, D,,) to vertexy (A, C1)
with a simple directed edge.

(Connect selectors and dividers.) Connect vertexy (J, Ly,) to vertexy (A, D1)
with a simple directed edge.

Bypass hyperedges: (Connect the selector L; corresponding to a variable
x; with the chooser C;.) If a variable z; occurs as z; in ¢;, then add a hyper-
edge ({vertexy (G, L;), vertexy (A, C;)}, {vertexy (B, C;)}). Otherwise, if z;
occurs as T; in ¢; then add a hyperedge ({vertexy (F, L;), vertexy (4, Cj)},
{vertexy (B, C;)}).



We show in [27] that if (XY, ¢) € QSAT,(F') then the cyclomatic number of H
is m and if (X,Y, ¢) & QSAT,(F) then the cyclomatic number of # is m+1. i

Via constructions based on the gadgets used in the proof of Theorem &8, we can
show the following results.

Theorem 9. For every k > 2, MIN-CYCLOMATIC-SET is IIY-complete when
restricted to k-directed hypergraphs.

Theorem 10. For every k > 2, MINIMAL-CYCLOMATIC-SET is DP-complete
when restricted to k-directed B-hypergraphs.

6 Succinct Representations of Directed Hypergraphs

It is to be noted that a hypergraph on n vertices may have ©(3") hyperedges in
the worst case. In contrast, the number of edges in a (simple) graph is O(n?).
From an implementation perspective, any representation that stores information
for individual hyperedges of a hypergraph is impractical for hypergraphs with
a large number of hyperedges. Thus, alternative ways to represent hypergraphs
must be explored. Several graphs occurring in practice, such as the graphs that
model VLSI circuits, have a highly organized structure and can be described in
a succinct way by a circuit or a boolean formula. Galperin and Wigderson [13]
showed that trivial graph properties, (e.g., the existence of a triangle) become
NP-complete, and Papadimitriou and Yannakakis [22] showed that graph prop-
erties that are ordinarily NP-complete become NEXP-complete when the graph
is succinctly described by a circuit. In this section, we investigate the compu-
tational complexity of the L-hyperpath existence problem when directed hyper-
graphs are represented in an exponentially succinct way.

Definition 11. 1. A succinct representation of a directed hypergraph H(V, E),
where V = {1,...,n}, is a boolean circuit Cy with 2n input gates and an
output gate such that, for each e C 2V x 2V, e € E if and only if Cy(z,y)
outputs 1, where x = x1(e)(1) ... xX1()(n) and y = Xm(e)(1) ... XH(e)(N).

2. A succinct representation of a k-directed hypergraph H(V, E), where V =
{1,...,n}, is a boolean circuit Cy with 2k[log(n + 1)] input gates and an
output gate, where 08" +D1 s the encoding of a dummy node not in H
and for each 1 < i < n, bin(i)—the binary representation of integer i in
[log(n + 1)] bits—is the encoding of node i in H. Furthermore, for each e =
ity - sie {01, -5 e }) €2V x 2V iy < ... <y, and j1 < ... < s, € €
E iff Co(z,y) outputs 1, where z = 048+ hin (5, ) .. bin(iy)bin(iy)
and y = 0= M8+ pin (5, .. bin(j2)bin(j1).

Definition 12. 7. SUCCINCT-LHYPERPATH = {(C,u,v) |C succinctly rep-
resents a directed hypergraph He and (Heo,u,v) € L-HYPERPATH}.

2. k-SUCCINCT-LHYPERPATH = {(C,u,v) | C succinctly represents a k-
directed hypergraph Hc and (Ho,u,v) € L-HYPERPATH}.



Wagner [29] (see also [22]) showed that even for simple subclasses of graphs—
directed trees, directed acyclic graphs, directed forests, and undirected forests—
the reachability problem for each class with succinct input representation is
PSPACE-complete. Tantau [25] showed that the reachability problem for suc-
cinctly represented (strong) tournaments is IT5-complete. Using the proof of The-
orem 5, it can be easily shown that SUCCINCT-LHYPERPATH is NP-complete
and, for every k > 2, k-SUCCINCT-LHYPERPATH is NEXP-complete.

We leave open the exact complexity of the L-hyperpath existence problem
with succinct input representation for particular subclasses of directed hyper-
graphs.

7 Open Problems

Theorem 5 proves that L-HYPERPATH in NP-complete even when restricted
to 2-directed hypergraphs with only B-hyperedges. However, Theorem 8 only
shows that the CYCLOMATIC-NUMBER problem is X% -complete for 2-directed
hypergraphs. In fact, the construction uses both B- and F-hyperedges. It is
interesting to analyze the complexity of the CYCLOMATIC-NUMBER problem
restricted to directed hypergraphs with only B-hyperedges.

Acharya [1] showed a connection between the cyclomatic number and the
planarity of an undirected hypergraph. It will be interesting to find connections
between the cyclomatic number of directed hypergraphs w.r.t. L-hypercycles and
notions in the theory of directed hypergraphs.

In this paper, we mentioned three problem domains where L-hyperpaths can
be used to model the problem. It will be interesting to find more domains where
L-hyperpaths can be used to model interesting problems.
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