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Abstract. We investigate the relative complexity of the graph isomor-
phism problem (GI) and problems related to the reconstruction of a
graph from its vertex-deleted or edge-deleted subgraphs. We show that
the problems are rather closely related for all amounts ¢ of deletion:

1. For all ¢ > 1, GI =}, VDC,, GI =.,, EDC,, GI <!, LVD,, and
GI=f,, LED..
2. For all c>1and k> 2, GI=L, k-VDC. and GI =) k-EDC..
3. For all ¢ >1 and k > 2, GI <!, k-LVD,. In particular, for all ¢ > 1,
GI =P 2LVD..
4. For all c>1 and k > 2, GI =) k-LED,.
For many of these, even the ¢ = 1 cases were not known.

Similar to the definition of reconstruction numbers vrns(G) [HP85] and
erna(QG) (see p. 120 of [LS03]), we introduce two new graph parameters,
vrny(G) and erny(G), and give an example of a family {Gp}n>4 of
graphs on n vertices for which vrn3(Gr) < vrny(Gr). For every k > 2
and n > 1, we show there exists a collection of k graphs on (281 +1)n+
k vertices with 2™ 1-vertex-preimages, i.e., one has families of graph
collections whose number of 1-vertex-preimages is huge relative to the
size of the graphs involved.

1 Introduction

1.1 Background

The general form of a combinatorial reconstruction problem is the following:
Given a mathematical structure S (e.g., a graph, a hypergraph, a characteristic
polynomial of a graph, etc.) and a collection D(S) of its associated substructures
(e.g., vertex-deleted subgraphs, edge-deleted subgraphs, characteristic polyno-
mial of subgraphs, etc.), is it possible to reconstruct S from D(S) with some mi-
nor or no imperfections? This reconstruction problem is interesting not only from
the mathematical point of view but also for its diverse applicability in several
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fields. In bioinformatics, the multiple sequence alignment problem (MSA) [CL88]
is to reconstruct a sequence with minimum gap insertion and maximum number
of matching symbols, given a list of protein or DNA sequences. In computer
networking, the reconstruction problem appears in the following scenario: Given
a collection of sketches depicting partial network connections in a city from dif-
ferent locations, construct the network connection in the entire city.

In this paper, we are concerned with reconstruction problems arising in graph
theory. The foremost open problems in the theory of reconstruction of graphs
are the Reconstruction Conjecture and the Edge-Reconstruction Conjecture. The
Reconstruction Conjecture, formulated by Kelly and Ulam in 1942 [Kel42,Ula60],
asserts that every finite simple undirected graph on at least three vertices is
determined uniquely (up to isomorphism—we treat our graphs broadly as unla-
beled) by its collection of 1-vertex-deleted subgraphs. Harary [Har64] formulated
the Edge-Reconstruction Conjecture, which states that a finite simple graph with
at least four edges can be reconstructed from its collection of 1-edge-deleted sub-
graphs. For more on these conjectures, the reader can refer to a number of survey
papers (see, for instance, [BH77,NW78 Man88,Bon91]) and the book [LS03].

Nash-Williams [NW78] posed an interesting computational problem: Given
a collection of graphs, how can we decide whether this has been generated from
some graph by deleting one vertex every possible way, i.e., whether the collec-
tion is legitimate? A similar problem has been posed where we ask whether the
collection is generated from some graph by deleting one edge every possible way.
These problems are known as the Legitimate Vertex-Deck Problem (LVD) and
the Legitimate Edge-Deck Problem (LED), respectively. Other, seemingly eas-
ier, problems are the Vertez-Deck Checking Problem (VDC) and the Edge-Deck
Checking Problem (EDC) where, given a graph G and a collection D of graphs,
we ask whether D can be generated from G by deleting one vertex, respectively
one edge, every possible way.

Mansfield [Man82] and Kratsch and Hemaspaandra [KH94] studied complex-
ity aspects of legitimate deck problems and deck checking problems. Kratsch
and Hemaspaandra [KH94] showed that LVD is logspace many-one hard for
the Graph Isomorphism problem (this extends the earlier result of Mans-
field [Man82], of which [KH94] were unaware, that polynomial-time many-one
hardness holds). Mansfield [Man82] showed that LED is polynomial-time Tur-
ing equivalent to the Graph Isomorphism problem (GI). Kratsch and Hema-
spaandra [KH94] proved that GI is logspace isomorphic to VDC and ob-
tained polynomial-time algorithms for LVD when restricted to certain classes
of graphs—including graphs of bounded degree, partial k-trees for any fixed k,
and graphs of bounded genus. K6bler, Schoning, and Tordn [KST93] showed that
if the Reconstruction Conjecture holds then LVD is in the class LWPP [FFK94].
Thus, conditional on the truth of the Reconstruction Conjecture, they showed
that LVD is low for PP, i.e., PPLYP = PP. This result can be viewed as sug-
gesting that LVD cannot be NP-complete, since if it were NP-complete then
the result of [KST93] would immediately imply that either the Reconstruction
Conjecture fails or PPNF = PP. But both these claims are widely suspected to



be false.

1.2 Owur Contributions

A more general reconstruction problem deals with collections consisting of all
subgraphs obtained through the deletion of (exactly) some fixed number ¢ > 1
of vertices (or edges). Kelly [Kel57] first raised the possibility of deleting several
vertices from a graph, Manvel [Man74] made some observations on this problem,
and Bondy (see Section 11.2 in [Bon91]) surveyed results on this more general
reconstruction problem. (Also, see a review [Nyd01] on the progress made on this
problem in the past three decades.) In this paper, one of our investigations is of
the complexity of legitimate deck problems and deck checking problems for the
general case when these problems are defined in terms of deletion of some fixed
number ¢ > 1 of vertices (or edges) of a graph. We observe that the logspace
isomorphism between GI and VDC [KH94] holds, for every ¢ > 1, between GI
and VDC, and between GI and EDC.. (Here and henceforth, the subscript “¢” in
the name of a problem refers to the more general problem based on the deletion
of ¢ vertices or edges of a graph.) We strengthen the result of [Man82] to show
that, for every ¢ > 1, GI is, in fact, polynomial-time isomorphic to LED.. For
LVD,, we observe that for every ¢ > 1, GI <P, LVD, (the ¢ = 1 case of this
already follows from [KH94]).

We next look at the question of reconstructing a graph from a subdeck (a sub-
set of all possible vertex-deleted or edge-deleted subgraphs). See [HP66,Bon69,
Lau83] for this line of investigation in the reconstruction of trees. Our results
on the complexity aspects of the reconstruction of a graph from a subdeck are
described in Section 3.2. Again, we obtain a strong relationship between these
problems and the graph isomorphism problem. Harary and Plantholt [HP85] in-
troduced a parameter, called the ally-reconstruction number vrns(G) of a graph
G, and defined it as the minimum number of 1-vertex-deleted subgraphs needed
to identify G (as always, up to isomorphism). A similar definition is used for the
reconstruction number ernz(G), which is defined in terms of 1-edge-deleted sub-
graphs (see p. 120 of [LS03]). We introduce two new parameters, vrny(G) and
erny(Q), for a graph G and give an example of a family {G,, } >4 of graphs on n
vertices for which vrng(G,,) < vrny(G,). We also give a family of collections of
k graphs on (28! +1)n + k vertices with 2" 1-vertex-preimages, thus construct-
ing an exponential richness of number of preimages. (Due to space limitations,
in this version most proofs are omitted; please refer to the (in-preparation) full
version.)

2 Preliminaries

2.1 Notation

Our alphabet is X = {0,1}. Let [, .. ., .] denote multisets. We use U to denote set
union as well as multiset union. Let (...) be a multi-arity, polynomial-time com-
putable and polynomial-time invertible pairing function. We tacitly assume that



multisets and graphs are encoded in a standard fashion. For background in com-
plexity theory and for notions such as P, NP, reductions and completeness, we
refer the reader to any textbook on complexity theory [HO02]. We consider only
finite, undirected graphs with no self-loops. Given a graph G, let V(G) denote
the vertex set and E(G) denote the edge set of G. For notational convenience, we
alternatively represent a graph G by (V, E) where V = V(G) and E = E(G). The
degree of a vertex v in G, denoted by degg (v), is the number of edges incident on
v. 6(G) = min{degg(v) | v € V(G)} and A\(G) is the minimum number of edges
whose deletion from G disconnects G. The neighborhood N¢(v) of a vertex v in
a graph G is the set of vertices that are at a distance at most one from v, that
is, Ng(v) = {v} U {w | {v,w} € E(G)}. The union of graphs G1, Go,...,Gy,
k > 2, is denoted by G = Gy UG2 U --- U Gy where V(G) = Ule V(G;) and
EG) = Ule E(G;). For a graph G, and an integer m > 0, mG represents
the union of m vertex-disjoint (isomorphic) copies of G. The join of graphs
Gi,...,Gr, k> 2, is denoted by G = Gy + ... + Gy, where V(G) = J*_, V(G))
and E(G) = Ui, B(G:) U Uy, {{u,v} | u € V(G:) Av € V(G;)}. The notions
of union and join of graphs will always require disjoint sets of vertices and thus
for graphs G and H with V(G) NV (H) # 0, we assume that isomorphs G' and
H of G and H, respectively, with V(G) N V(H) = (), are used in place of G
and H. For n > 1, K, is the complete graph and P, is the path graph on n
vertices. That is, (V(Py),E(P,)) = ({1,...,n},{{i,i+1} |1 <i < n—1}).
The line graph L(G) of a graph G is defined by: V(L(G)) = E(G) and
E(L(GQ)) = {{e1,e2} | e1,e2 € E(G) A e; and ey have exactly one vertex in
common}.

Given a graph G and a set S C V(G), G—S denotes a graph with V(G—-S5) =
V(G) — S and E(G — S) = E(G) — {{u,v} | {u,v} € E(G) A {u,v} NS # 0}.
Similarly, if S C E(G), then G — S denotes a graph with V(G — S) = V(G)
and E(G — S) = E(G) — S. We will call any collection of graphs with an iden-
tical number of vertices a “vertex-deck” and will use the term “edge-deck” to
denote a collection of graphs with identical numbers of edges. The graphs in a
vertex-deck are called vertex-cards and the graphs in an edge-deck are called
edge-cards. For a graph G and for any ¢ > 1, the c-vertex-deleted-deck of G,
denoted by vertex-deck.(G), is the multiset [G — S | S C V(G) and ||S|| = ],
and the c-edge-deleted-deck of G, denoted by edge-deck, (G), is the multiset
[G—S|S CE(G) and ||S|| = ¢]. We say that a vertex-deck D, = [Gy,...,Gy]
is equivalent to a vertex-deck Dy = [GY,...,G},], denoted by Dy = Do, if there
exists a one-one mapping that maps each graph from D; to an isomorphic graph
from D,. We use a similar definition for the equivalence of two edge-decks: An
edge-deck Dy =[G4, ...,Gp] is equivalent to an edge-deck Dy = [GY,...,G".],
denoted by Dy = Ds, if there exists a one-one mapping that maps each graph
from D; to an isomorphic graph from Ds. The notion of D; C D, is de-
fined analogously. For any ¢ > 1, we say a graph G is a c-vertex-preimage of
[G1,...,Gg] if [G1,...,G] C vertex-deck.(G), and say a graph G is a c-edge-
preimage of [Gy,...,Gy] if [G1,...,Gk] C edge-deck.(G). For any ¢ > 1, we
say that a graph H is a c-vertex-card (respectively, c-edge-card) of a graph



G if H € vertex-deck.(G) (respectively, H € edge-deck.(G)). [G1,...,Gy] is
a legitimate c-vertex-deck (c-vertex-subdeck) if there is a graph G such that
[G1,...,G}] = vertex-deck.(G) ([G1,-..,G] C vertex-deck.(G)). The notions
of legitimate c-edge-deck and legitimate c-edge-subdeck, for any ¢ > 1, are de-
fined in a similar way. For any graph G, the endvertex-deck of GG, denoted by
endvertex-deck(G), is the multiset consisting of the subgraphs G — v where v is
an endvertex of G, i.e., degg(v) = 1.

2.2 Graph Isomorphism

A graph G is isomorphic to a graph H if there is a bijective mapping ¥ :
V(G) - V(H) such that, for all v1,v, € V(G), {v1,v2} € E(G) if and only if
{(v1),¢¥(v2)} € E(H). In this case, ¢ is called an isomorphism between graphs
G and H, and we write G = H. If G = H via the identity mapping, then we use
G = H to represent this fact. A yes-instance (G, H) of the graph isomorphism
problem (GI) is an encoding of graphs G and H where G is isomorphic to H.

Definition 1 ([KST93], see also [Kad88,RR92,LT92]). An or-function for
a set A is a function f mapping sequences of strings to strings such that for every
SEqUENCe T1, ..., Ty, it holds that f((z1,...,2,)) € A<= (Fi € {1,...,n})[z; €
Al]. An and-function for a set A can be defined similarly.

Proposition 1 ([KST93]). GI has a polynomial-time computable or-function
and a polynomial-time computable and-function (both of them in the sense of
Definition 1).

Throughout the paper, we use orgy to denote the or-function and use andg;
to denote the and-function of GI mentioned in Proposition 1. The existence
of orgr implies that if a set L disjunctive truth-table reduces to GI, then L
polynomial-time many-one reduces to GI. We will use this property to obtain
polynomial-time many-one reductions from certain sets to GI.

2.3 Computational Problems on the Reconstruction of Graphs

Kelly [Kel57] first proposed the idea of generalizing the Reconstruction Conjec-
ture to c-vertex-deleted subgraphs for ¢ > 1. Kelly showed that there are graphs
that are not determined uniquely (up to isomorphism) by their 2-vertex-deleted
subgraphs. However, it is believed that, for any ¢ > 1, all sufficiently large graphs
satisfy the general reconstruction problem for ¢-vertex-deleted subgraphs. From a
computational complexity point of view, it is interesting to analyze the complex-
ity of problems related to the reconstruction of a graph from its c-vertex-deleted
or c-edge-deleted subgraphs for different values of ¢. With this motivation, we
define the computational problems we study in this paper.

1. VERTEX-DECK CHECKING, (abbreviated VDC,)
VDC. = {(G;[G1,...,Gr)) | [G1,...,Gn] = vertex-deck.(G)}.



2. EDGE-DECK CHECKING., (abbreviated EDC,)
EDC. = {{(G;[G1,...,Gn]) | [G1,---,Gm] = edge-deck.(G)}.

3. LEGITIMATE VERTEX-DECK, (abbreviated LVD,)
IVD, = {{[G1,...,Gx]) | BG)[[G1,...,Gn] = vertex-deck.(G)]}.

4. LEGITIMATE EDGE-DECK., (abbreviated LED,)
LED. = {{[G1,...,Gn]) | GG)[[G1,...,Gn] = edge-deck, (G)]}

For any fixed k > 2, one can study the k-vertex-(edge-)card versions of the
above-mentioned problems. These problems are denoted by k-VDC,, k-EDC,,
k-LVD. and k-LED,, respectively. We give the formal definition of k-VDC,; the
other problems are defined analogously.

1". k-VERTEX-SUBDECK CHECKING, (abbreviated k-VDC,)
k-VDC, = {(G;[G1,...,Gk]) | [G1,.-.,Gr] C vertex-deck.(G)}.

3 Reconstruction from Vertex-(Edge-)Deck

3.1 Reconstruction from a Complete Deck

In this section, we investigate the complexity of VDC,, EDC., LVD. and LED,
for any ¢ > 1. Kratsch and Hemaspaandra [KH94] showed that GI is logspace
isomorphic to VDC;. By generalizing their proof, we strengthen this result, and
show that, for any ¢ > 1, GI is logspace isomorphic to VDC,. as well as to EDC...
Theorem 1(2) will be used in showing that for each ¢ > 1, LED. <P, GI.

Theorem 1. (1) For all ¢ > 1, GI is logspace isomorphic to VDC,. (2) For all
¢ > 1, GI is logspace isomorphic to EDC,.

Kratsch and Hemaspaandra [KH94] showed that GI <! LVD;. We strengthen
this result and show that, for any ¢ > 1, GI <! LVD,. Mansfield [Man82] showed
that GI is polynomial-time Turing equivalent to LED;. We strengthen this result
and show that, for any ¢ > 1, GI is polynomial-time isomorphic to LED..

Theorem 2. (1) For every ¢ > 1, GI <! LVD.. (2) For every ¢ > 1, GI is
polynomial-time isomorphic to LED,.

3.2 Reconstruction from a Subdeck

We next investigate the complexity of problems related to the reconstruction
of a graph from its partial (incomplete) deck of vertex-deleted or edge-deleted
subgraphs. Theorem 3 states that GI is polynomial-time isomorphic to the k-card
versions of VDC,. and EDC, for each ¢ > 1 and k£ > 2.

Theorem 3. For every ¢ > 1 and k > 2, GI is polynomial-time isomorphic to
k-VDC. and k-EDC..



We now consider the relative complexity of GI and k-LVD., and that of GI and
k-LED., for £ > 2. Lemma 1 gives an alternate characterization of an instance
of 2-LVD, in terms of polynomially many instances of GI. As an immediate
consequence of Lemma 1, we have that 2-LVD, <%, GI. From the explanation
given in Section 2.2, it follows that 2-LVD, <P GL

Lemma 1. For each ¢ > 1, [G1,G5] is a legitimate c-vertez-subdeck if and only
if there exist Uy C V(G1) and Uy C V(Gs), where 1 < ||Uy|| = ||Uz|| < ¢, such
that G1 — Uy is isomorphic to Go — Us.

Proof Fix a ¢ > 1. Suppose that [G1,G2] is a legitimate c-vertex-subdeck. By
definition, there exist a graph G, distinct sets T1,T» C V(G), where ||T1]| =
[|T2|| = ¢, and isomorphisms ¢4 from G — T3 to Gy and ¢ from G — T» to Ga.
Clearly, G; — 91 (T> — T) is isomorphic to G — (T1 UT») and G — ¢2(Ty — T3)
is isomorphic to G — (T} U Tz). Thus, G1 — ¢ (T> — T1) is isomorphic to Gy —
P2 (Ty — Td).

Now assume that there exist Uy = {uii,u12,...,u1¢} C V(G1) and
Us = {u2,1,u2,2,...,u2¢} C V(G2), where 1 < £ < ¢, such that G; — Uy is
isomorphic to G2 — Uz via 1. We now construct a graph G» by adding new
vertices va1,...,v2,c in Gy and by including new edges incident on them. The
graph G, is defined as follows. Initially, Go := G5. For each 1 < i < ¢, add a
vertex v, ; in G, and connect v, ; to every vertex in ¢(Ng, (u1,;) — Uy). For each
1<i<j </ add an edge {vs,;,v2;} in Gy if and only if {u ;,u1;} € E(G1).
Finally, for each 1 < ¢ < ¢ — £, add a new vertex vs ¢4; and connect it to every
other vertex in Go. We construct another graph G; in a similar way. Initially,
Gi := Gi. For each 1 <14 </, add a vertex v1,; in G; and connect vy ; to every
vertex in 11 (Ng, (ua,;) — Uz). For each 1 <i < j < ¢, add an edge {v1;,v1,;}
in Gy if and only if {us;,us;} € E(G2). Finally, for each 1 <i < ¢ — ¢, add a
new vertex vy ¢y; and connect it to every other vertex in Gj.

Let ¢’ : V(G1) — V(G2) be defined as follows: ¢'(V(G1 — Ur)) = Y(V(G1 —
Uh)), for every 1 < i < ¥, ¢'(u1;) = vo; and 9/ (v1;) = ua,, and for every
L+1<i< ¢ Y(v,;) = vaj. It can be verified that ¢’ is an isomorphism
from Gi to Gs. Since G1 (= Gi — {v1,1,---,V1,c}) is a c-vertex-card of G; and
G2 (= G —{v2,1,--.,V2,c}) is a c-vertex-card of G, and since {va1,...,v2.c} #
V' ({v1,---,v1,c}), it follows that [G1, G2] is a legitimate c-vertex-subdeck. |

Corollary 1. For every ¢ > 1, 2-LVD, <P, GI.

In Theorem 4(1) and Theorem 5, we obtain the polynomial-time isomorphism
from GI to 2-LVD, for each ¢ > 1, and from GI to k-LED, for each ¢ > 1 and
k> 2.

Theorem 4. (1) For every ¢ > 1, GI is polynomial-time isomorphic to 2-LVD...
(2) For every ¢ > 1 and k > 2, GI <! k-LVD,.

Theorem 5. For every ¢ > 1 and k > 2, GI is polynomial-time isomorphic to
k-LED..



4 Reconstruction Number of Undirected Graphs

Definition 2 ([HP85,Myr89]). The ally-reconstruction number of a graph G
is the minimum number of one-vertex-deleted subgraphs (or 1-vertex-cards) that
identify G (up to isomorphism).

Since the ally-reconstruction number of a graph G is characterized by the ex-
istence of the same number of 1-vertex-cards of G, we will denote this number
for G by vrnz(G). Likewise, we use ernz(G) to denote the minimum number of
1-edge-cards that identify G. We also define an analogous definition of recon-
struction number for a graph G, denoted by vrny(G) (respectively, erny(G)), in
which a certain number of 1-vertex-cards (respectively, 1-edge-cards), irrespec-
tive of their choice, suffice to recognize G. Thus, no matter which 1-vertex-cards
(respectively, 1-edge-cards) an adversary selects for a graph G, vrny(G) (respec-
tively, erny(G)) many 1-vertex-cards (respectively, 1-edge-cards) are enough to
identify G up to isomorphism. If such a number doesn’t exist, we define it to be
0.

It is clear that for any graph G for which vrn3(G) < oo (respectively,
ernz(G@) < o), vrna(G) < vrny(G) < ||[V(G)|| (respectively, ernz(G) <
erny(G) < ||E(G)||)- Note that vrna(G) is finite for every graph G if and only
if the Reconstruction Conjecture is true, and ernz(G) is finite for every graph G
if and only if the Edge-Reconstruction Conjecture is true. Theorem 6 says that
for any disconnected graph G, vrng(G) (consequently, vrny(G)) is finite.

Theorem 6 ([Myr89]). If G is a disconnected graph with not all components
isomorphic then vrnz(G) = 3. Moreover, if G is a disconnected graph with all
components isomorphic then vrng(G) < ¢ + 2 where ¢ is the number of vertices
m a component.

In the next lemma, we give an example of a family of disconnected graphs G
(parameterized by n, the number of vertices of the n’th graph in the family) for
which vrna(G) < vrny(G).

Lemma 2. For all n > 4, there is a disconnected graph G, such that
[|[V(Gr)|| = n and vrna(G,) < vrny(Gy).

Proof Let n > 4. Define the ordered pair

G H) = (Kzy1 UKz _1,2K3) if n is even,
( n ")_ (KnT—1+1UKnT—1_1UK1,2KnT—1UKl)ifniSOdd-

By Theorem 6, vrnz(G,) = 3. It is clear that G, and H, are noniso-

morphic graphs. For even n, both G, and H, have 3 + 1 1-vertex-cards

that are isomorphic to Kz U K= 4, and for odd n, both G, and H,
n—1

have 5= + 1 1-vertex-cards that are isomorphic to Kn-1 U K»-1_; U K.

Thus, for even n, vrny(G,) > § 4+ 2 > wvrna(Gr) :23, and for odd n,
vrny(Gr) > %51 +2 > vrnz(Gr) = 3. |



The Reconstruction Conjecture can be restated as follows: For each n > 3, given
any collection D of n graphs with n— 1 vertices in each, there can be at most one
1-vertex-preimage of D. What can we say about the number of nonisomorphic
1-vertex-preimages of a collection D of graphs with n — 1 vertices in each where
the size of D is smaller than n? Is there a subset of vertex-deck; (G) that suffices
to identify G up to isomorphism? Myrvold [Myr90] showed that for any tree T,
the number of nonisomorphic preimages of endvertex-deck(T') is exactly one; the
unique preimage up to isomorphism is T itself. However, the following theorem
by Bryant [Bry71] says that there are graphs G for which the endvertex-deck(G)
has more than one nonisomorphic preimage.

Theorem 7 ([Bry71]). For any positive integer k, there exist nonisomorphic
graphs G and H, with k endvertices in each, such that endvertex-deck(G) =
endvertex-deck(H).

Note that Theorem 7 only talks about the existence of at least two nonisomorphic
1-vertex-preimages of a certain collection consisting of k 1-vertex-cards, for every
k > 2.In the next theorem, we show that there is a family of multisets of k graphs
on (2¥71 + 1)n + k vertices with 2" 1-vertex-preimages.

Theorem 8. For all k > 2 and n > 1, there is a deck D of k vertex-cards on
(281 + 1)n + k vertices with at least 2" 1-vertez-preimages.

Proof Each of the k vertex-cards in D is identical, and defined as follows.

1. 2o,...,%, are the vertices of the path graph P, ;.
2. v1,...,Ykr—1 are special selector vertices.
3. Fori:=1...n,
3.1 Let G; be the complete graph Kyi—1 and let V(G;) = {zi1 | I C
{1,...,k—1}}.
3.2 Connect z; to all the vertices of G;.
3.3 For each z;1 € V(G;), connect 2; 1 to each vertex y; where j € I.

Consider 1-vertex-preimages H of D of the following form.

1. zy,...,z, are the vertices of the path graph P, ;.
2. y1,--.,Yk—1,Yk are special selector vertices.
3. Fori:=1...n,
3.1 Let G; be the complete graph Ko«—1 and let V(G;) = {z;; | j €
{1,..., 211}
3.2 Connect z; to all the vertices of Gj.

3.3 The edges between the y-vertices and G; are defined according to
one of the following two cases.
Case 1. Let Yi,...,Y5k-1 be an enumeration of subsets of {1,...,k}
where each ||Yj|| is odd. For each j € {1,...,2¥7!}, connect 2;; to each
vertex y, where £ € Y.



Case 2. Let Yi,...,Y5k-1 be an enumeration of subsets of {1,...,k}
where each ||Yj|| is even. For each j € {1,...,2¥71} connect 2;; to each
vertex y; where £ € Y.

Note that H is a 1-vertex-preimage of D, since H — y; is isomorphic to the 1-
vertex-card in D for 1 < i < k. As ¢ varies from 1 to n, in step 3.3 each time
we can apply either Case 1 or Case 2. And every two distinct sequences of such
choices in the construction of H give rise to nonisomorphic graphs. Thus, the
number of nonisomorphic 1-vertex-preimages is at least 2.

5 Open Problems

In this section, we mention some open problems. Theorem 4(1) states that,
for every ¢ > 1, GI = | 2-LVD.. However, for k¥ > 2 and ¢ > 1, we do not
know whether k-LVD. is polynomial-time equivalent to GI or is NP-complete
(or neither). Since for k > 2 and ¢ > 1 it is not clear, even under the assumption
that the Reconstruction Conjecture is true, whether k-LVD, is low for PP, it is
at least possible that k-LVD, is NP-complete.

It is also interesting to investigate the complexity of problems related to the

reconstruction numbers. For instance, we define the following list of problems:
a) ExisT-vRN= {(G, k) | vrn3(G) < k}. b) UNiv-vRN= {(G, k) | vrny(G) < k}.
c) ExisT-ErN= {(G, k) | erna(G) < k}. d) UNiv-ERN= {(G, k) | erny(G) < k}.

It is easy to see that EXIST-VRN € X% (since GI is low for X%), UNIV-VRN €
coNPY! Ex1sT-ERN € NP®!, and UNIV-ERN € coNPC!. It would be interesting
to obtain tight (or tighter) bounds on the complexity of these problems. (For
instance, is EXIST-VRN complete for X7 Is UNIV-ERN coNP-hard?)
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