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Abstract—1In [1] we have presented the reversible subtractor
designs based on a new reversible TR gate (TR refers to
Thapliyal Ranganathan). In [1] as the quantum gates imple-
mentation of the TR gate was not known, only the upper
bound on the quantum cost of the reversible subtractors units
were established. In this work, we present a new design of
the reversible half subtractor based on the quantum gates
implementation of the reversible TR gate. The reversible TR
gate is designed from 2x2 quantum gates such as CNOT
and Controlled-V and Controlled-V* gates. The design of
the proposed reversible half subtractor is shown to be better
than the design presented in [2], [1] in terms of the quantum
cost and delay while maintaining the minimum number of
garbage outputs. Further, we present a new design of the
reversible full subtractor based on the proposed quantum gates
implementation of the TR gate. The proposed reversible full
subtractor is optimized in terms of quantum cost, delay and
garbage outputs by utilizing the identity property of V and
V' reversible gates. The proposed reversible full subtractor is
shown to be better than the existing design reported in [3], [1].
The reversible subtractors proposed in this work will be useful
in a number of digital signal processing applications.

[. INTRODUCTION

Reversible logic is emerging as a promising computing
paradigm with applications in emerging technologies such as
quantum computing, quantum dot cellular automata, optical
computing, etc. Reversible circuits are those circuits that
do not lose information and reversible computation in a
system can be performed only when the system comprises
of reversible gates. These circuits can generate unique output
vector from each input vector, and vice versa, that is, there
is a one-to-one mapping between the input and output
vectors. Further, Landauer has shown that for irreversible
logic computations, each bit of information lost generates
kTIn2 joules of heat energy, where k is Boltzmann’s constant
and T the absolute temperature at which the computation is
performed [4]. Bennett showed that kTIn2 energy dissipation
would not occur if a computation is carried out in a reversible
way [5]. One of the major applications of reversible logic lies
in quantum computing. A quantum computer will be viewed
as a quantum network (or a family of quantum networks)
composed of quantum logic gates; each gate performing an
elementary unitary operation on one, two or more two-state
quantum systems called qubits. Each qubit represents an
elementary unit of information; corresponding to the classical
bit values O and 1. Any unitary operation is reversible
and hence quantum networks must be built from reversible
logical components[6], [7].
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The important cost metrics in the design and synthesis
of reversible logic circuits are the quantum cost, delay and
the number of garbage outputs [8], [9]. The garbage outputs
are the unutilized outputs in reversible circuits which exist
just to maintain reversibility but do not perform any useful
operations. Hence, the primary goal in reversible logic design
and synthesis is to minimize the quantum cost, delay and the
garbage outputs. Arithmetic units such as adders, subtractors,
multipliers form the essential component of a computing
system. Researchers have addressed the design of reversible
adders, multipliers, comparators, sequential circuits such as
in [10], [11], [12], [13], [14], [15], [16], [17]. However, the
design of quantum/reversible binary subtractors has not been
adequately referenced in the literature. The quantum half
subtractor designed in [2] is the most popular design that
is widely referenced in the literature [18], [19]. Similarly,
the design of quantum full subtractor is addressed in [3].
In [1], we proposed a new reversible gate called the TR
gate (TR refers to Thapliyal Ranganathan) that can singly
map half subtractor output functions. We used TR gate to
design the binary subtractors such as half subtractor, full
subtractor and parallel subtractor. The cost of the designs
were also estimated in terms of number of reversible gates,
garbage outputs and quantum cost. In [1], as the quantum
gates realization of the TR gate was not known only the
upper bound on the quantum cost of the reversible subtractors
units were estimated.

In this work, we present a new design of the reversible
half subtractor based on the quantum gates implementation
of the reversible TR gate. The reversible TR gate is designed
from 2x2 quantum gates such as CNOT and Controlled-V
and Controlled-V* gates. The design of the proposed
reversible half subtractor is shown to be better than the
design presented in [2], [1] in terms of the quantum cost and
delay while maintaining the minimum number of garbage
outputs. Further, we present a new design of the reversible
full subtractor based on the proposed quantum gates
implementation of the TR gate. The proposed reversible full
subtractor is optimized in terms of quantum cost, delay and
garbage outputs by utilizing the identity property of V and
V' reversible gates. The proposed full subtractor is shown
to be better than the existing design reported in [3], [1]. The
reversible subtractors proposed in this work will be useful
in a number of digital signal processing applications based
on reversible computing where dedicated subtractor units
are required.



The paper is organized as follows: Section II presents the
basic reversible gates and their quantum implementation;
Section IIT presents the delay computation in reversible
logic circuits; Section IV presents the proposed reversible
half subtractor; In Section V, the design of reversible full
subtractor is proposed. Section VI provides the discussions
and conclusions.

II. BASIC REVERSIBLE GATES

Several 3x3 reversible gates such as the Fredkin gate
[20], the Toffoli gate [21] and the Peres gate [22] have
been reported in the literature. The reversible gate has a
cost associated with it called the quantum cost [23]. The
quantum cost of a reversible gate is the number of 1x1 and
2x2 reversible gates or quantum logic gates required in its
design. The quantum costs of all reversible 1x1 and 2x2 gates
are taken as unity [23], [24], [25]. Any reversible gate can be
realized using 1x1 NOT gate, and 2x2 reversible gates such
as Controlled-V and Controlled-V* (V is a square-root-of
NOT gate and V7 is its hermitian) and the Feynman gate
which is also known as the Controlled NOT gate (CNOT).
Thus, in simple terms, the quantum cost of a reversible
gate can be calculated by counting the numbers of NOT,
Controlled-V, Controlled-V+ and CNOT gates required in
its implementation. A few cases as exceptions are pointed
out in [24].

A. The NOT Gate

A NOT gate is a 1x1 gate represented as shown in Fig.
1(a). Since it is a 1x1 gate, its quantum cost is unity.

B. The Controlled-V and Controlled-V*+ Gates

The controlled-V gate is shown in Fig. 1(b). In the
controlled-V gate, when the control signal A=0 then the
qubit B will pass through the controlled part unchanged,
i.e., we will have Q=B. When A=1 then the unitary operation
V= % ( fl _1i) is applied to the input B, i.e., Q=V(B). The
controlled-V* gate is shown in Fig. 1(c). In the controlled-
VT gate when the control signal A =0 then the qubit B will
pass through the controlled part unchanged, i.e., we will have
Q=B. When A=1 then the unitary operation V* = V=1 is
applied to the input B, i.e., Q=V " (B).

The V and V' quantum gates have the following proper-
ties:

VxV=NOT
VxVt=Vtxv=I
VTt x VT =NOT

The properties above show that when two V gates are in
series they will behave as a NOT gate. Similarly, two VT
gates in series also function as a NOT gate. A V gate in
series with V' gate, and vice versa, is an identity. For more
details of the V and V' gates, the reader is referred to [6],
[24].
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A —@— P=A
(a) NOT Gate

A P=A

:

(b) Controlled-V Gate

Q=If (A) THEN
V(B) ELSEB

A P=A

:

(c) Controlled-V+ Gate

Q=If(A) THEN
V*(B) ELSEB

Fig. 1. The NOT and the Controlled-V and Controlled-V+ Gates
A— —— P=A
FG —— Q=A®B
B—
(a) CNOT Gate
A 1 P=A
B b Q=A®B

(b) Quantum representation of CNOT Gate

Fig. 2. The CNOT gate and its quantum representation

C. The Feynman Gate (CNOT Gate)

The Feynman gate (FG) or the Controlled-NOT
gate(CNOT) is a 2-input 2-output reversible gate having the
mapping (A, B) to (P=A, Q=A & B) where A, B are the
inputs and P, Q are the outputs, respectively. Since it is a
2x2 gate, it has a quantum cost of 1. Figures 2(a) and 2(b)
show the block diagrams and quantum representation of the
Feynman gate.

D. The Toffoli Gate

The Toffoli Gate (TG) is a 3x3 two-through reversible gate
as shown in Fig. 3(a). Two-through means two of its outputs
are the same as the inputs with the mapping (A, B, C) to
(P=A, Q=B, R=A -B& C), where A, B, C are inputs and
P, Q, R are outputs, respectively. The Toffoli gate is one of
the most popular reversible gates and has quantum cost of 5
as shown in Fig.3(b) [21]. The quantum cost of Toffoli gate
is 5 as it needs 2V gates, 1 VT gate and 2 CNOT gates to
implement it.

E. The Peres Gate

The Peres gate is a 3-input 3-output (3x3) reversible
gate having the mapping (A, B, C) to (P=A, Q=A&B, R=
(A-B)&C), where A, B, C are the inputs and P, Q, R are
the outputs, respectively [22]. Figure 4(a) shows the Peres
gate and Fig. 4(b) shows the quantum implementation of the



A— —— P=A

B— TG [ Q=B

C— —— R=AB®C

(a) Toffoli Gate
1 2 3 4 5

A T &P T P- P=A
B I— t Q=B
C v v —R=AB®C

(b) Quantum implementation of Toffoli Gate
Fig. 3. The Toffoli Gate and its quantum implementation

Peres gate (PG) with quantum cost of 4 [24]. The quantum
cost of Peres gate is 4 since it requires 2 V' gates, 1 V gate
and 1 CNOT gate in its design.

A— —— P=A
B— PG I— Q=A®B
C— —— R=AB®C
(a) Peres Gate
] 2 3 4
A T 1 P=A
B & Q=A®B

R=AB®C

(b) Quantum implementation of Peres Gate

Fig. 4. The Peres Gate and its quantum implementation

III. DELAY COMPUTATION IN REVERSIBLE LOGIC
CIRCUITS

Delay is another important parameter that can indicate the
efficiency of reversible circuits. Here, delay represents the
critical delay of the circuit. In many of the earlier works
on reversible combinational circuits such as in [26], [12],
the delays of each reversible gate such as 2x2, 3x3 and
4x4 reversible gates, all are considered to be of unit delay
irrespective of their computational complexity. This is not
fair for comparison as delay will vary according to the
complexity of a reversible gate. In our delay calculations, we
use the logical depth as the measure of the delay [8]. The
delays of all 1x1 gate and 2x2 reversible gate are taken as
unit delay called A. Any 3x3 reversible gate can be designed
from 1x1 reversible gates and 2x2 reversible gates, such
as the CNOT gate, the Controlled-V and the Controlled-
V+ gates. Thus the delay of a 3x3 reversible gate can be
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computed by calculating its logical depth when it is designed
from smaller 1x1 and 2x2 reversible gates. Figure 3(b) shows
the logic depth in the quantum implementation of Toffoli
gate. Thus, it can be seen that the Toffoli gate has the delay of
5 A. Each 2x2 reversible gate in the logic depth contributes
to 1 A delay. Similarly, Peres gate shown in Fig. 4(b) has
the logic depth of 4 that results in its delay as 4 A.

IV. PROPOSED REVERSIBLE HALF SUBTRACTOR

Before discussing the existing design of quantum half sub-
tractor, the basic working of a half subtractor is illustrated.
Let A and B are two binary numbers. The half subtractor
performs A-B operation. Table I shows the truth table of the
half subtractor. The output of the XOR gate produces the
difference between A and B. The output of the AND gate
A-B produces a Borrow. Thus, the output function will be
Borr = A- B; Diff = A® B. In the existing literature,
the quantum half subtractor as shown in Fig. 5 is designed
from 2 CNOT gates (2 Feynman gates) and 1 Toffoli gate
[2]. The design in [2] is the most widely used design of
quantum half subtractor [18], [19]. The existing design of
the reversible half subtractor in [2] has the quantum cost of
7 and delay of 7 A, while the existing design in [1] has the
quantum cost of 6 and delay of 6 A. In this work, we propose
the reversible half subtractor design based on a new quantum
implementation of the reversible TR gate. The reversible TR
gate is a 3 inputs 3 outputs gate having inputs to outputs
mapping as (P=A, Q=A ® B, R = A- B @ C as shown
in Fig.6(a). The implementation of the TR gate with 2x2
reversible gates is shown in Fig. 6(b) which shows that the
proposed TR gate has quantum cost of 4 and delay of 4 A.
It is to be noted that the upper bound on the quantum cost
of the TR gate was estimated as 6 in [1].

TABLE I
TRUTH TABLE OF HALF SUBTRACTOR

A|B Borr | Diff
0] O 0 0
0|1 1 1
1]0 0 1
1 1 0 0
B 7 P=B
C N Q=B&®C
A \. \.% R=A®B.C)®C

Fig. 5. Existing design for quantum half subtractor [2]

A. Functional Verification of The Quantum Implementation
of The TR Gate

We have functionally verified the working of the proposed
quantum implementation of the TR gate. The output P of the
TR gate is equal to A and the output Q is equal to A@ B thus
the functionality of the outputs P and Q is easy to verify. The



TABLE II
TRUTH TABLE FOR THE TR GATE

A[B]|C P QR
000 0[O0
001 0101
010 Ol 10
011 011
I 0[O0 T[1 1
T 101 IT[1]0
T |10 T0][0
T 111 I]0 1
A— P
B—1 TR Q=A®B
C— L R=AB®C
(a) TR Gate
1 2 3 4
A l T P=A
B Q=A®B
C V+ v|— R=AB®C

(b) Quantum implementation of TR gate

C2
A P=A
Cl C3
B N Q=A®B
C V+ v|— R=AB®C

(c) Controlled Signals C1,C2 and C3 in path from input C
to output R

Fig. 6. The TR Gate and its working in various modes

path of the outputs Q consists of V' and V gates thus cannot
be directly verified. In order to verify the output R, we use
the truth table of the TR gate which is shown in Table II, and
compare the expected output with the output produced. For
the path from input C to output R, the controlled signals of
V+ and V gates are labeled as C1, C2 and C3 as shown in
Fig. 6(c). A small illustration of the verification of the output
R is shown below for two input combinations in which the
inversion and identity properties of V and V' gates will be
utilized (the properties of V and VT gates working as an
NOT gate and identity gate are discussed earlier in Section
IL.B):
1) Consider the case when inputs ABC to have value 101.
Now we have A=1, B=0 and C=1 thus control signals
Cl1, C2 and C3 will have values as C1=0, C2=1 and
C3=1, thus first VT gate will not play the controlling
role and will just work as a wire transferring the input
C. The second and third V gates will be active playing
the controlling role resulting in a NOT gate (two V
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gates in series work as a NOT gate). Thus at output R
we will have the inverted value of C resulting in the
value at output R as ’0’. From the logic equation the
output R is R = A - B ® C which also produce the
value as 0. This verifies the working of the quantum
implementation of the TR gate for inputs ABC to have
value 101.

Consider the case when inputs ABC to have value 111,
we have A=1, B=1 and C=1 thus control signals C1, C2
and C3 will have values as C1=1, C2=1 and C3=0. The
second V gate will not play control role since control
signal C3 is 0, the first VT and third VT gate will
form an identity resulting in value of input ¢ passed to
output R producing R=C. Thus the output R will be 1.
From the logic equation R is R = A- B C which also
produce the value as 1. This verifies the working of
the quantum implementation of the TR gate for inputs
ABC to have value 111. Similarly, the proposed design
is tested for all 8 inputs combinations and it matches
the expected output.

2)

B. Improved Design of Reversible Half Subtractor

Figure 7(a) shows the working of the TR gate as a
reversible half subtractor. As shown in Fig.7(b), the TR
gate implements the reversible half subtractor with quantum
cost of 4, delay of 4 A and 0 garbage outputs (the inputs
regenerated at the outputs are not considered as garbage
outputs). A comparison of the reversible half subtractors
is shown in Table III. Thus proposed design achieves 43%
reduction in terms of quantum cost (QC) and delay compared
to design presented in [2], while the improvement is 33% in
terms of the quantum cost (QC) and the delay compared to
design presented in [1].

B—] —— P=B
A—1 TR [~ Q=A®B
0 — - R=AB
(a) TR gate as a reversible half subtractor
1 2 3 4

B l T P=B
Q=A®B

0 V+ \Y

(b) Quantum implementation of TR gate based reversible half
subtractor

Fig. 7. Improved design of The TR Gate based reversible half subtractor

V. PROPOSED REVERSIBLE FULL SUBTRACTOR

To subtract three binary numbers, one can use a full
subtractor which realizes the operation Y=A-B-C. The truth
table of the full subtractor is shown in Table IV. This



TABLE III
A COMPARISON OF REVERSIBLE HALF SUBTRACTORS

QC | Delay
Design proposed in [2] 7 7
Design proposed in [1] 6 6
Proposed design 4 4
Improvement in % w.r.t [2] 43 43
Improvement in % w.r.t [1] 33 33

gives the equation of the borrow and difference as follows:
Diff =A¢B&C; Borr=A-B®» A3 B-C. In the
existing literature, the reversible full subtractor is designed
with 2 Toffoli gates, 3 Feynman gates and 2 NOT gates [3].
The existing design of reversible full subtractor is shown in
Fig. 8. Thus, the existing reversible full subtractor has the
quantum cost of 15, delay of 15 A. In this work, we propose
the design of the reversible full subtractor in Fig.9. It requires
two TR gates to design a reversible full subtractor with zero
garbage outputs. The quantum realization of the TR gate
based reversible full subtractor is shown in Fig. 10(a). From
Fig. 10(a), we can see that the TR gate based reversible full
subtractor has the quantum cost of 8 with delay of 8 A. As
can be seen in the Fig. 10(a) the fourth gate (V gate) and the
fifth gate (V* gate) are in series thus forming an identity and
can be removed. This results in a new optimized design of
TR gate based reversible full subtractor with quantum cost
of 6 and delay of 6 A. Thus, compared to the existing design
[3], the proposed reversible full subtractor design based on
TR gate has an improvement ratio of 60% both in terms of
number of quantum cost(QC) and delay, while compared to
existing design [1], the improvement is 50% in terms of the
quantum cost and the delay. The results are summarized in
V.

TABLE IV
TRUTH TABLE OF FULL SUBTRACTOR

A|B|C Borr | Diff
00| O 0 0
0] 0] 1 1 1
0| 1]0 1 1
0| 1] 1 1 0
1 0[O 0 1
11071 0 0
1 1]0 0 0
1|1 ]1 1 1
C—@ ® P=C
A Q=4
B—{ D—— R=A®B&C
0 D D S=B.C®A(B®C)
Fig. 8. Existing design of quantum full subtractor [3]

VI. Di1SCUSSIONS AND CONCLUSIONS

In this work, we have presented efficient designs of
reversible subtractors based on the quantum gates imple-
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B— —— P=B
A— TR A®B
0 c— — Q=C
TR F— R=A.®B®C
AB — S—C(A®B)®AB

Fig. 9. The TR gate as a full subtractor

S=C(A®B)®A.B

(a) Quantum implementation of TR gate based reversible full subtractor

5
. @ —  oc

4
T eiel

B

A . a@f# % . R=A®B®OC
i E» S-C{A®B)®AB

0 V+ v
(b) Optimized Quantum implementation of TR gate based reversible
full subtractor

0 V+ A%

c GTJ Q=C

B ff P=B

A D p 3 $ . R=A®BOC
o

P=B

Fig. 10. Quantum implementation of TR gate based reversible full
subtractor
TABLE V
A COMPARISON OF REVERSIBLE FULL SUBTRACTORS
QC | Delay
Design proposed in [3] 15 15
Design proposed in [1] 12 12

Proposed Design 6 6
Improvement in % w.r.t [3] 60 60
Improvement in % w.r.t [1] 50 50

mentation of the reversible TR gate. The proposed reversible
subtractor designs are shown to be better than the existing
designs in terms of the quantum cost and delay while
maintaining the minimal number of garbage outputs. We
conclude that the design of a specific reversible gate for a par-
ticular combinational function can be very much beneficial in
minimizing the quantum cost, delay and the garbage outputs.
Further, we observe a special property of the reversible
TR gate in relation to the popular Peres gate. We derive
the inverse of the TR gate since a reversible gate can be
combined with its inverse reversible gate to minimize the
garbage outputs [20]. In order to derive the logic equations
of the inverse TR gate, we performed the reverse mapping
of the TR gate outputs working as inputs to generate the
inputs of the TR gate. We observe that the inverse of TR gate
is same as the existing Peres gate having inputs to outputs
mapping as (P=A, Q=A & B, R=A- B& C). Among the
existing 3x3 reversible gates, the TR gate and the Peres gate



have the minimum quantum cost. Thus, the proposed TR gate
can be combined with its inverse reversible gate (Peres gate)
to design minimal quantum cost and garbageless reversible
circuits. The proposed efficient designs of reversible sub-
tractors will find applications in emerging nanotechnologies
requiring dedicated reversible subtractors units.
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