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Design of Reversible Sequential Circuits
Optimizing Quantum Cost, Delay,
and Garbage Outputs

HIMANSHU THAPLIYAL and NAGARAJAN RANGANATHAN
University of South Florida, Tampa

Reversible logic has shown potential to have extensive applications in emerging technologies such
as quantum computing, optical computing, quantum dot cellu lar automata as well as ultra low
power VLSI circuits. Recently, several researchers have focused their efforts on the design and
synthesis of ef®cient reversible logic circuits. In these works, the primary design focus has been on
optimizing the number of reversible gates and the garbage ou tputs. The number of reversible gates
is not a good metric of optimization as each reversible gate i s of different type and computational
complexity, and thus will have a different quantum cost and d elay. The computational complexity of
a reversible gate can be represented by its quantum cost. Fur ther, delay constitutes an important
metric, which has not been addressed in prior works on reversible sequential circuits as a design
metric to be optimized. In this work, we present novel design s of reversible sequential circuits that
are optimized in terms of quantum cost, delay and the garbage outputs. The optimized designs of
several reversible sequential circuits are presented inclu ding the D Latch, the JK latch, the T latch
and the SR latch, and their corresponding reversible master-slave ¯ip-¯op designs. The proposed
master-slave ¯ip-¯op designs have the special property that they don't require the inversion of the
clock for use in the slave latch. Further, we introduce a novel strategy of cascading a Fredkin gate
at the outputs of a reversible latch to realize the designs of the Fredkin gate based asynchronous
set/reset D latch and the master-slave D ¯ip-¯op. Finally, a s an example of complex reversible
sequential circuits, the reversible logic design of the universal shift register is introduced. The
proposed reversible sequential designs were veri®ed through simulations using Verilog HDL and
simulation results are presented.
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1. INTRODUCTION

According to Landauer [1961], for irreversible logic compu tations, each bit of
information lost generates kTln2 joules of heat energy, whe re k is Boltzmann's
constant and T is the absolute temperature at which the compu tation is per-
formed. Thus, the amount of energy dissipated in a system bea rs a direct
relationship to the number of bits erased during the computa tion. Further,
Bennett [1973] showed that the kTln2 energy dissipation wou ld not occur if a
computation is carried out in a reversible manner. Reversib le computation can
be performed through circuits that do not lose information a nd are reversible in
nature. Reversible circuits are designed using reversible gates which are logic
gates that can generate unique output vector from each input vector, and vice
versa, that is, there is a one-to-one mapping between the inp ut and the output
vectors. There are a number of existing reversible gates suc h as the Fredkin
gate, the Toffoli gate, the Peres gate, and the Feynman gate. Reversible logic
has extensive applications in futuristic technologies suc h as quantum comput-
ing, quantum dot cellular automata, optical computing, ult ra low power VLSI
design etc. [Nielsen and Chuang 2000; Vedral et al. 1996; Vos and Rentergem
2005; Ma et al. 2008; Knill et al. 2001]. Due to no information and energy loss
in the reversible circuits, reversible logic is being explo red for low power VLSI
circuits working even beyond the thermodynamic limits of co mputation [Vos
and Rentergem 2005; Frank 2005a, 2005b]. Another promising application of
reversible logic is in quantum computers [Nielsen and Chuan g 2000; Vedral
et al. 1996]. A quantum computer will be viewed as a quantum ne twork (or
a family of quantum networks) composed of quantum logic gate s; each gate
performing an elementary unitary operation on one, two or mo re two-state
quantum systems called qubits. Each qubit represents an ele mentary unit of
information; corresponding to the classical bit values 0 an d 1. Any unitary oper-
ation is reversible and hence, quantum networks must be buil t from reversible
logic components.

The important cost metrics in reversible logic circuits are the quantum cost,
the delay, and the number of garbage outputs. Garbage output s are the unuti-
lized outputs in reversible circuits which exist just to maintain reversibility but
do not perform any useful operations. In the design of revers ible logic circuits,
research was primarily limited to the design of combination al circuits, due to
the convention that feedback is not allowed in reversible co mputing. However,
in one of the fundamental papers, Toffoli [1980] has shown th at feedback can
be allowed in reversible computing. According to Toffoli,º a sequential network
is reversible if its combinational part (i.e., the combinat ional network obtained
by deleting the delay elements and thus breaking the corresp onding arcs) is
reversible.º Further it is shown that in order to construct a reversible ®nite
automata one can construct a reversible realization of its t ransition function
and use it as a combinational part of the desired sequential c ircuit. Fredkin has
used this concept to propose the ®rst design of the reversibl e sequential circuit
called the JK latch [Fredkin and Toffoli 1982] having the fee dback loop from
the output. Rice [2006] has also refuted the claim that seque ntial reversible
networks are not reversible in nature.
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In the current literature on the design of reversible sequen tial circuits, the
number of reversible gates is used as a major metric of optimi zation [Thapliyal
et al. 2005; Rice 2006, 2008; Thapliyal and Vinod 2007; Chuan g and Wang
2008]. The number of reversible gates is not a good metric of o ptimization
as reversible gates are of different type and computational complexities and
hence, are of different quantum costs [Maslov and Miller 200 6]. In the current
literature, numerous works can be found on the ef®cient desi gn of combina-
tional reversible circuits such as full adders, BCD adders, BCD subtractors and
multipliers [Bruce et al. 2002; Thomsen and Gl Èuck 2008; Biswas et al. 2008;
Thapliyal et al. 2009; Haghparast et al. 2008] and several sy nthesis methods
have been proposed [Shende et al. 2003; Maslov and Dueck 2004 ; Gupta et al.
2006; G. Yang et al. 2008]. Recently, the design of reversibl e sequential circuits
has attracted the attention of researchers such as the work i n Thapliyal et al.
[2005], Chuang and Wang [2008], and Rice [2008]. A comprehen sive discussion
of these various existing works is given in the section on the related work. The
works that currently exist in the literature focus on optimi zing the reversible
sequential designs in terms of number of reversible gates an d garbage outputs.
Thus, none of the prior works on the design of reversible sequ ential circuits
consider the important parameters of quantum cost, the dela y, and the number
of garbage outputs. In this work, we introduce novel designs of reversible
sequential circuits which minimize the quantum cost, the de lay, and the
number of garbage outputs, and are more ef®cient compared to the existing
designs. The sequential circuits considered in this work ar e reversible designs
of latches, such as D latch, T latch, JK latch, SR latch, and th eir corresponding
master-slave ¯ip-¯ops. We also introduce negative enable r eversible D latch
to be used in master-slave ¯ip-¯ops. Because of the negative enable D latch,
we don't require the inversion of the clock for use in the slav e latch. Further,
this reduces the quantum cost of the master-slave ¯ip-¯ops. We also introduce
a novel strategy of using the Fredkin gate at the outputs of a r eversible latch
to make it an asynchronous set/reset latch. This strategy is used to design a
Fredkin gate based asynchronous set/reset D latch and the ma ster-slave D
¯ip-¯op. A reversible design of the universal shift registe r is also presented.
The motivation to design the reversible universal shift reg ister is its wide
applications in computing systems, and serves as an example of a complex
reversible sequential circuit. We have also illustrated th e simulation ¯ow
based on Verilog HDL that is used to simulate the reversible s equential
circuits.

The article is organized as follows: Section 2 presents the b asic reversible
gates and their quantum implementation; Section 3 presents the delay compu-
tation in reversible logic circuits; Section 4 presents the related work toward
the design of reversible sequential circuits; Section 5 dis cusses the design
methodology used in this work; In section 6, the design of rev ersible latches,
such as the D latch, the T latch, etc. are presented. The desig n of reversible
master-slave ¯ip-¯ops is presented in Section 7; Section 8 p resents the design
of reversible latches and master-slave ¯ip-¯ops with async hronous set/reset ca-
pability; Section 9 presents the design of reversible unive rsal shift register; In
Section 10, we discuss the simulation and veri®cation of the proposed designs.
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Fig. 1. NOT, Controlled-V and Controlled- V C Gates.

2. BASIC REVERSIBLE GATES

Several 3£ 3 reversible gates such as the Fredkin gate [Fredkin and Toff oli
1982], the Toffoli gate [Toffoli 1980], and the Peres gate [P eres 1985] have been
reported in the literature. Each reversible gate has a cost a ssociated with it
called the quantum cost [Smolin and DiVincenzo 1996]. The qu antum cost of
a reversible gate is the number of 1 £ 1 and 2£ 2 reversible gates or quantum
logic gates required in its design. The quantum costs of all r eversible 1£ 1 and
2 £ 2 gates are taken as unity [Smolin and DiVincenzo 1996; Hung e t al. 2006;
Maslov and Miller 2006]. Any reversible gate can be realized u sing the 1 £ 1
NOT gate, and 2 £ 2 reversible gates such as Controlled-V and Controlled- V C

(V is a square-root-of NOT gate and V C is its hermitian) and the Feynman
gate which is also known as the Controlled NOT gate (CNOT). Th us, in simple
terms, the quantum cost of a reversible gate can be calculate d by counting the
numbers of NOT, Controlled-V, Controlled- V C and CNOT gates required in its
implementation. A few cases as exceptions have been pointed out in Hung et al.
[2006].

2.1 The NOT Gate

A NOT gate is a 1 £ 1 gate represented as shown in Figure 1(a). Since it is a
1£ 1 gate, its quantum cost is unity.

2.2 Controlled-V and Controlled-V C Gates

The controlled-V gate is shown in Figure 1(b). In the control led-V gate, when
the control signal A D 0 then the qubit B will pass through the controlled part
unchanged, i.e., we will have Q D B. When A D 1 then the unitary operation
V D i C1

2 ( 1 ¡ i
¡ i 1 ) is applied to the input B, that is, Q D V(B). The controlled- V C

gate is shown in Figure 1(c). In the controlled- V C gate when the control signal
A D 0 then the qubit B will pass through the controlled part uncha nged, that
is, we will have Q D B. When A D 1 then the unitary operation V C = V ¡ 1 is
applied to the input B, that is, Q D V C(B).
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Fig. 2. CNOT gate, its quantum implementation and its useful properties.

The V and V C quantum gates have the following properties:
V £ V D NOT ;

V £ V C D V C£ V D I ;
V C£ V C D NOT :

These properties show that when two V gates are in series they will behave
as a NOT gate. Similarly, two V C gates in series also function as a NOT gate.
A V gate in series with V C gate, and vice versa, is an identity. The more details
of the V and V C gates can be found in Nielsen and Chuang [2000] and Hung
et al. [2006].

2.3 Feynman Gate (CNOT Gate)

The Feynman gate (FG) or the Controlled-NOT gate(CNOT) is a 2 -input 2-
output reversible gate having the mapping (A, B) to (P D A, Q D A © B) where
A, B are the inputs and P, Q are the outputs, respectively. Sin ce it is a 2 £ 2
gate, it has a quantum cost of 1. Figures 2(a) and 2(b) show the block diagrams
and quantum representation of the Feynman gate. The Feynman gate can be
used for copying the signal thus avoiding the fanout problem in reversible logic
as shown in Figure 2(c). Further, it can be also be used for gen erating the
complement of a signal as shown in Figure 2(d).

2.4 Toffoli Gate

A Toffoli Gate (TG) is a 3 £ 3 two-through reversible gate as shown in Figure 3(a).
Two-through means two of its outputs are the same as inputs wi th the mapping
(A, B, C) to (P D A, Q D B, R D A ¢B © C), where A, B, C are inputs and P, Q,
R are outputs, respectively. Toffoli gate is one of the most p opular reversible
gates and has quantum cost of 5 as shown in Figure 3(b). The qua ntum cost of
Toffoli gate is 5 as it needs 2 Controlled-V gates, 1 Controll ed-V C gate and 2
CNOT gates to implement it.

2.5 Peres Gate

A Peres gate is a 3 inputs 3 outputs (3 £ 3) reversible gate having the mapping
(A, B, C) to (P D A, Q D A © B, R D (A ¢B) © C), where A, B, C are the inputs and
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Fig. 3. Toffoli Gate and its quantum implementation.

Fig. 4. Peres Gate and its quantum implementation.

Fig. 5. Fredkin Gate and its quantum implementation.

P, Q, R are the outputs, respectively. Figure 4(a) shows the P eres gate [Peres
1985] and Figure 4(b) shows the quantum implementation of th e Peres gate
(PG) with quantum cost of 4 [Hung et al. 2006]. The quantum cos t of Peres gate
is 4 since it requires 2 Controlled- V C gates, 1 Controlled-V gate and 1 CNOT
gate in its design. In the existing literature, among the 3 ¤ 3 reversible gate,
Peres gate has the minimum quantum cost.

2.6 Fredkin Gate

A Fredkin gate is a (3 £ 3) conservative reversible gate, having the mapping (A,
B, C) to (P D A, Q D A'B C AC, R D AB C A'C), where A, B, C are the inputs
and P, Q, R are the outputs, respectively [Fredkin and Toffol i 1982]. It is called
a 3£ 3 gate because it has three inputs and three outputs. Figure 5 (a) shows
the Fredkin gate and Figure 5(b) shows its quantum implement ation with
quantum cost of 5 [Hung et al. 2006]. Please note that each dot ted rectangles
in Figure 5(b) is equivalent to a 2 £ 2 Feynman gate and so the quantum cost
of each dotted rectangle is 1 [Smolin and DiVincenzo 1996]. T his assumption
is used in Hung et al. [2006] for calculation of the quantum co st of the Fredkin
gate. Hence Fredkin gate cost consists of 2 dotted rectangle s, 1 Controlled-V
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gate and 2 CNOT gates resulting in its quantum cost as 5. For ca lculating the
quantum cost of the reversible sequential circuits, we have also followed the
assumption of Smolin and DiVincenzo [1996] and used the quan tum cost of the
Fredkin gate as 5 in our calculations.

3. DELAY CALCULATION IN REVERSIBLE LOGIC CIRCUITS

In this section, we discuss the importance of delay as a param eter in the
design of reversible sequential circuits. In many of the ear lier works [Biswas
et al. 2008; Khan 2002] the delay of 2 £ 2, 3£ 3 and 4£ 4 reversible gates are
considered to be of unit delay irrespective of their computa tional complexity.
The unit delay model does not aid fair comparisons, as delay w ill vary according
to the complexity of a reversible gate. In our delay calculat ions, we use the
logical depth as measure of the delay [Mohammadi and Eshghi 2 009]. The
delay of each 1x1 gate and 2 £ 2 reversible gate is taken as unit delay called 1 .
Any 3 £ 3 reversible gate can be designed from 1 £ 1 reversible gates and 2 £ 2
reversible gates, such as CNOT gate, Controlled-V and Contr olled-V C gates.
Thus, the delay of a 3 £ 3 reversible gate can be computed by calculating its
logical depth when it is designed from smaller 1 £ 1 and 2£ 2 reversible gates.

The Toffoli gate, the Peres gate, and the Fredkin gate are the three major
3£ 3 reversible gates used in this work for designing the revers ible sequential
circuits, thus in this section we calculate the delays of the Toffoli gate, the Peres
gate and the Fredkin gate. Figure 2(b) shows the logic depth i n the quantum
implementation of the Toffoli gate. Thus, it can be seen that the Toffoli gate
has the delay of 5 1 . Each 2£ 2 reversible gate in the logic depth contributes to
1 1 delay. Similarly, the Peres gate and the Fredkin gate shown i n Figure 4(b)
and Figure 5(b), respectively, have the logic depth of 4 and 5 , respectively, that
results in their delay as 4 1 and 5 1 , respectively.

For delay calculations in the reversible sequential circui ts such as reversible
latches, we determine the reversible gates in the critical p ath, replace the re-
versible gates with corresponding quantum gates, now sum up the correspond-
ing delay values for the quantum gates to arrive at the path de lay. The path
or paths with the maximum path delay value will constitute th e critical path.
It should be noted that the path delay corresponds to the logi cal depth of the
reversible circuit. In other words, the logical depth corre sponds to the number
of quantum gates in the path. Thus, the quantum cost of the cir cuit is the total
number of quantum gates in the circuit while the delay is the n umber of quan-
tum gates in the critical path of the circuit and thus both wil l be different values.

4. RELATED WORK

The design of reversible sequential circuits was ®rst intro duced in Fredkin and
Toffoli [1982], in which the design of the JK latch was discus sed. Later, the
design of the RS latch was introduced in Picton [1996]. The de sign uses two
cross-coupled reversible NOR gates as used in conventional logic for designing
the RS latch. The design was clock less in nature, that is, the re was no en-
able signal. The NOR gates were designed from the reversible Fredkin gate.
The work was limited to the design of RS latch only. Thapliyal et al. [2005]
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introduced reversible latches such as D latch, T latch, etc. , along with their cor-
responding ¯ip-¯ops. The ¯ip-¯ops were designed using mast er-slave strategy
in which one reversible latch works as a master latch and the o ther works as a
slave latch. Thapliyal et al. [2005] were the ®rst to discuss the complete design
of reversible sequential circuits, however their implemen tation was expensive
as each irreversible logic gate was mapped to its correspond ing reversible coun-
terpart. Rice [2006], the reversible RS latch that avoids th e fanout problem in
the design proposed by Picton [1996] was proposed. Rice [200 6] had primarily
focussed on the RS latch. All the other latches were designed as the sub-units
from reversible RS latch as a part of master-slave ¯ip-¯ops. Thapliyal and Vinod
[2007] proposed the designs of reversible latches and ¯ip ¯o ps. The proposed
designs were shown to be better than the designs presented in Rice [2006] in
terms of the number of reversible gates and garbage outputs. The transistor
implementations of the reversible gates were also addresse d. Recently, in Rice
[2008] a more detailed analysis of the reversible RS latch de sign is presented.
In Morita [2008], a discussion on how a universal reversible computer could be
constructed from reversible logic elements and reversible sequential machines
is given from the standpoint of computation theory, but no ac tual hardware de-
sign was presented. Other designs of reversible sequential circuits are given in
Sastry et al. [2006] and Banerjee and Pathak [2007]. Recentl y in Chuang and
Wang [2008], all reversible latch(except the SR latch) and t heir corresponding
master-slave ¯ip-¯ops were proposed that are better than th e designs in Thap-
liyal et al. [2005] and [Rice 2006]. The parameters used in co mparison were the
number of reversible gates and garbage outputs. Thus, from a careful survey
of the existing works on reversible sequential circuits, it can be concluded that
most of these works considered the optimization of number of reversible gates
and garbage outputs, while ignoring the important paramete rs of quantum cost
and delay. In this work, our goal is to optimize the design of r eversible sequen-
tial circuits in terms of all three important parameters, vi z., the quantum cost,
delay and garbage outputs.

5. DESIGN METHODOLOGY

The output equations of the reversible gates are used as the t emplates for
mapping the characteristic equation of the latch into an equ ivalent reversible
design. For example, in the characteristic equation of a lat ch, suppose we have
an expression as A ¢ B © C, it can be easily matched with the template of
the output equation of the Peres gate, and hence Peres gate ca n be used to
synthesis this expression. The proposed design methodolog y is illustrated here
with the design of the reversible JK latch as an example circu it.

(1) Step 1. Make templates of the output equations of the basic reversible gates
as follows
(a) Peres gate: PG(A, B, C) D A ¢B © C
(b) Fredkin gate: F(A, B, C) D A0B C AC or F(A, B, C) D A0C C AB
(c) Toffoli gate (4 inputs, 4 outputs): TG4(A, B, C, D) D A ¢B ¢C © D
(d) Feynman gate: FG(A, B) D A © B
(e) NOT gate: NOT(A) D A0
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(2) Step 2. Derive the characteristic equation of the latch.
For example, the characteristic equation of the JK latch can be derived as
QC D (J ¢ ÅQC ÅK ¢Q) ¢E C ÅE ¢Q where J and K are the inputs to JK latch, Q
is the previous output, E is the enable or clock signal and QC is the current
output. Please note that in further discussions E represent s the enable or
clock signal.

(3) Step 3. Derive the minimum number of garbage outputs need ed to convert
the characteristic equation as a reversible function.
For example, as evident from the characteristic equation of the JK latch
for the eight inputs combinations (E D 0, J D 0, K D 0, Q D 0),(E D 0, J D
0, K D 1, Q D 0), (E D 0, J D 1, K D 0, Q D 0), (E D 0, J D 1, K D 1, Q D
0), (E D 1, J D 0, K D 0, Q D 0), (E D 1, J D 0, K D 1, Q D 0), (E D 1, J
D 0, K D 1, Q D 1) and (E D 1, J D 1, K D 1, Q D 1), the output QC is 0.
Thus it will require at least 3 garbage outputs to have eight d istinct output
combinations when QC is 0.

(4) Step 4. Rewrite the characteristic equation by replacin g the functions in
the parenthesis by variables to have the modi®ed characteri stic equation
with less variables.
For example, the JK latch characteristic equation can be rew ritten as QC D
M ¢E C ÅE ¢Q where M is the new variable substituted for J ¢ ÅQ C ÅK ¢Q.

(5) Step 5: From the templates in Step 1, ®nd the template whic h exactly maps
the equation in Step 4 with minimum quantum cost.
For example, the equation QC D M ¢E C ÅE ¢Q maps on the Fredkin gate
with minimum quantum cost of 5 where E is equivalent of input A to the
Fredkin gate. This step is illustrated in Figure 6(a)

(6) Step 6. Find the template matching for the functions repr esented by vari-
ables in Step 4.
For example, the variable M substituted for J ¢ ÅQ C ÅK ¢Q can be mapped
on the Fredkin gate with the Fredkin gate inputs as A D Q, B D J and C
D K0 hence has the quantum cost of 6 (quantum cost of 1 Fredkin gate C
quantum cost of 1 NOT gate). This step is illustrated in Figur e 6(b)

(7) Step 7. Avoid the fanout in the derived reversible circui t by properly using
the Feynman gates. Further maintain the lower bound in terms of garbage
outputs by carefully utilizing the outputs.
For example, by avoiding the fanout using Feynman gates and c arefully
reutilizing the unused outputs, the derived design of the re versible JK
latch is shown in Figure 6.

6. DESIGN OF REVERSIBLE LATCHES

In this section, we present novel designs of reversible latc hes that are optimized
in terms of quantum cost, delay, and the number of garbage out puts.

6.1 The SR Latch

The SR latch can be designed using two cross-coupled NOR gate s or two
cross-couple NAND gates. The S input sets the latch to 1, whil e the R input
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Fig. 6. An example of the design methodology.

Fig. 7. Peres Gate based SR latch.

resets the latch to 0. As an example the NAND gates based desig n is shown in
Figure 7(a). In the existing literature, the cross coupled N OR gate strategy was
used to design the Fredkin gate based SR latch and the cross-c oupled NAND
gate strategy was used for designing the Toffoli gate based S R latch [Picton
1996; Rice 2008]. The Toffoli gate and the Fredkin gate based SR latches
require two Toffoli gates and two Fredkin gates, respective ly, and hence will
have a quantum cost of 10 and delay of 10 1 . In Thapliyal and Vinod [2007], the
Modi®ed Toffoli gate (MTG) based SR latch that requires two MT G gates was
proposed. These reversible SR latch designs do not have enab le signal (clock)
hence are not gated in nature. We can decrease the quantum cos t and the delay
of the cross-coupled reversible SR latch by using the two Per es gate working
as cross-coupled NAND gates as in Figure 7(b). Since the Pere s gate has a
quantum cost of 4 and the delay of 4 1 , thus, the proposed design will have a
propagation delay of 8 1 and the quantum cost of 8. To verify the functionality
of the design, we coded the Peres gate based cross-coupled reversible SR latch
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Table I. Modi®ed Truth
Table of the SR Latch

S R Q QC

0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 0
1 0 0 1
1 0 1 1
1 1 0 0
1 1 1 1

in Verilog HDL using the simulation ¯ow discussed in Section 10. Through
simulations we observe that the cross-coupled reversible S R latch does not
satisfy the behavior of the SR latch in all possible input cas es. This behavior of
the cross-coupled reversible SR latch that it oscillates in some input combina-
tions is also pointed by Rice [2006]. Thus, we conclude that t he cross-coupled
method is not the proper design strategy for designing the re versible SR latch.

In order to design a reversible SR latch that can work for all p ossible in-
put combinations with minimum number of garbage outputs, we studied the
characteristic equation of the SR latch which is given as QC D S C ÅR ¢Q. From
the characteristic equation, we observe that for ®ve input c ombinations (S D
0, R D 0, Q D 1), (S D 1, R D 0, Q D 0), (S D 1, R D 0, Q D 1), (S D 1, R
D 1, Q D 0) and (S D 1, R D 1, Q D 1) we have QC D 1; thus, it requires at
least 3 garbage outputs to have the reversible implementati on of the SR latch.
Further, the SR latch enters in the unstable condition when S D 1 and R D 1. In
order to design a reversible SR latch that can work for all inp ut combinations
and is optimized in terms of garbage outputs, we modify the ou tput Q for the
selective input combinations as follows: When (S D 1, R D 1, Q D 0) the output
QC is assigned the value of 0; and when(S D 1, R D 1, Q D 1) the output QC is
assigned the value of 1. Thus, when S D 1 and R D 1, we have QC D Q. After
the modi®cations in the output for these two selective input combinations, we
observe that now for only four input combinations (S D 0, R D 0, Q D 1), (S D 1,
R D 0, Q D 0), (S D 1, R D 0, Q D 1), and (S D 1, R D 1, Q D 1) we have QC D 1.
Thus it will require only two garbage outputs to realize the r eversible SR latch.
Thus, the garbage outputs in the reversible SR latch will be o ne less than the
number of garbage outputs in the conventional irreversible SR latch. Further,
this removes the unstable condition in the SR latch when we ha ve S D 1 and R
D 1. The modi®ed truth table of the SR latch is shown in Table I. F rom Table I,
a new characteristic equation as QC D (S © Q) ¢(S © R) © Q is derived for the
reversible SR latch. This equation can be easily matched wit h the template of
the Peres gate considering A D S© Q, B D S© R and C D Q where A, B, C are the
inputs of the Peres gate using the design strategy mentioned in Section 5. The
functions S © Q and S © R match with the template of the Feynman gate and
hence Feynman gates can be used to generate these functions. The proposed
design of the reversible SR latch is shown in Figure 8(a). The new reversible
SR latch has the quantum cost of 7, delay of 7 1 and has the bare minimum of
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Fig. 8. Reversible SR latch based on modi®ed truth table.

Table II. A Comparison of Reversible SR Latches

Quantum Cost Delay Garbage Outputs
Fredkin gate based [Rice 2008] 10 10 2
Toffoli Gate based [Rice 2008] 10 10 2

Proposed Design 7 7 2
Improvement in % w.r.t [Rice 2008] 30 30 -

2 garbage outputs. The proposed design achieves an improvem ent of 30% both
in terms of the quantum cost as well as the delay, and 50% impro vement in
terms of garbage outputs compared to the design presented in Rice [2008]. The
results are summarized in Table II.

In order to design the gated reversible SR latch, we derive a n ew character-
istic equation of the gated reversible SR latch as QC D (E ¢(S© Q)¢(S© R))© Q.
From the characteristic equation, it can be easily seen that it requires three
garbage outputs for the reversible realization of the gated reversible SR latch.
Further, using the design strategy considering A D E, B D (S © Q), C D S © R
and D D Q where A, B, C, D are the inputs of the 4 input Toffoli gate, the
characteristic equation can be easily matched with the temp late of the Toffoli
gate(TG4). The variables B D (S © Q) and C D S © R needed above match with
the template of the Feynman gate. The gated reversible desig n of SR latch is
shown in Figure 8(b) and has the quantum cost of 16 (the quantu m cost of 4
inputs Toffoli gate is 13 [Maslov and Dueck 2004]), and has th e delay of 16 1 .
The design has 3 garbage outputs, which is minimal. The compa rison with the
existing work is summarized in Table III.

6.2 The D Latch

The characteristic equation of the D latch can be written as QC D D ¢E C ÅE ¢Q.
When the enable signal(clock) is 1, the value of the input D is re¯ected at the
output that is QC D D. While, when E D 0 the latch maintains its previous state,
that is QC D Q. The characteristic equation of the D latch can be mapped to the

ACM Journal on Emerging Technologies in Computer Systems, V ol. 6, No. 4, Article 14, Pub. date: December 2010.



Design of Reversible Sequential Circuits ² 14:13

Table III. A Comparison of Gated Reversible SR Latches

Quantum Cost Delay Garbage Outputs
[Thapliyal et al. 2005] 34 29 6

Proposed Design 16 16 3
Improvement in 52.9 44.8 50

% w.r.t [Thapliyal et al. 2005]

Fig. 9. Designs of reversible D latch.

Fredkin gate (F) as it matches the template of the Fredkin gat e. Figure 9(a)
shows the realization of the reversible D latch using the Fre dkin gate and the
Feynman gate (fanout is not allowed in reversible logic and t he role of Feynman
gate is to avoid the fanout) [Thapliyal and Zwolinski 2006; T hapliyal and Vinod
2007; Chuang and Wang 2008]. The quantum cost of the design pr esented in
Thapliyal and Zwolinski [2006], Thapliyal and Vinod [2007] , and Chuang and
Wang [2008] is 6 and is realized with two garbage outputs. We o bserved that it
cannot be further optimized in terms of quantum cost and the g arbage outputs.
This can be understood as follows: From the characteristic e quation of the D
latch QC D D ¢E C ÅE ¢Q, we can see that for the four inputs combinations (E D
0, D D 0, Q D 0), (E D 0, D D 1, Q D 0), (E D 1, D D 0, Q D 0), and (E D 1, D D
0, Q D 1), the output QC is 0. The addition of one garbage output can resolve
only two output positions since one bit can produce only two d istinct output
combinations. Since 2 2 D 4 > 3, thus it will require at least 2 garbage outputs
to have four distinct output combinations when QC is 0. We are also showing
the propagation delay of the Fredkin gate based D latch. Sinc e in this design
we have 1 Fredkin gate and 1 Feynman gate in series, its propag ation delay is
6 1 which is the summation of 5 1 propagation delay of the Fredkin gate and
1 1 propagation delay of the Feynman gate.

6.2.1 The D Latch with Outputs Q and Q 0. The design shown in Figure 9(a)
does not produce the complement output Q 0 which is required often in
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Table IV. A Comparison of Reversible D Latches

Quantum Cost Delay Garbage Outputs
[Thapliyal et al. 2005] 47 25 6
[Thapliyal and Vinod 2007] 10 10 2
Proposed Design 7 7 2
Improvement in % w.r.t [Thap-
liyal et al. 2005]

85 72 67

Improvement in % w.r.t [Thap-
liyal and Vinod 2007]

30 30 -

sequential circuits [Rice 2008]. Among the existing design s, only the design
presented in Thapliyal et al. [2005], and Thapliyal and Vino d [2007] have both
the outputs Q and its complement Q 0. The design in Thapliyal et al. [2005]
requires 4 New gates and 3 Feynman gates, and thus has the quan tum cost
of 47. The propagation delay of the D latch design in Thapliya l et al. [2005]
is 25 1 from input D to output Q', and has 6 garbage outputs. In Thapli yal
and Vinod [2007] two Fredkin gates are used to design the D lat ch having the
outputs Q and Q'. Since each Fredkin gate has the quantum cost of 5, thus the
design presented in Thapliyal and Vinod [2007] has the quant um cost of 10 and
needs two garbage outputs. Further, the design in Thapliyal and Vinod [2007]
has two Fredkin gates connected in series, thus its propagat ion delay is 10 1 .
In this work, we propose a novel design of the D latch that has b oth the outputs
Q and Q', and is designed with the 1 Fredkin gate and the 2 Feynm an gates as
shown in Figure 9(b). In the design, the Feynman gate is used t o generate the
complement of the output Q as illustrated in Figure 2(d). The proposed design
has the quantum cost of 7 (quantum cost of the 1 Fredkin gate+ q uantum cost
of the 2 Feynman gates) and has bare minimum of two garbage out puts. The
propagation delay of this design is 7 1 . A comparison of the proposed design
with the existing designs is shown in Table IV which shows tha t the proposed
design achieves improvement ratios of 85%, 72% and 67 % in ter ms of quan-
tum cost, delay and the garbage outputs compared to the desig n presented in
Thapliyal et al. [2005]. The improvement ratios compared to Thapliyal and
Vinod [2007] are 30% both in terms of quantum cost as well as de lay, while
maintaining the minimum 2 garbage outputs.

6.2.2 The Negative Enable Reversible D Latch. In this work, we introduce
a design of the reversible D latch that will pass the input D to the output Q
when E=0; otherwise maintains the same state. The character istic equation
of such a negative enable D latch can be written as QC D D ¢ ÅE C E ¢Q. This
characteristic equation of the negative enable reversible D latch matches with
the template of the Fredkin gate. Thus, it can be mapped on the 2nd output
of the Fredkin gate as shown in Figure 10(a). The Feynman gate used in the
design plays the role of avoiding the fanout of more than one. In this work,
the negative enable D latch is designed with a special purpos e of utilizing it in
master-slave ¯ip-¯ops. This is because it will help to design master-slave ¯ip-
¯ops in which no clock inversion is required, the details of w hich are discussed
in Section 7. The design shown in Figure 10(a) does not have th e output Q'
which can be generated as shown in Figure 10(b).
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Fig. 10. Fredkin gate based negative enable reversible D lat ch.

6.3 The T Latch

The characteristic equation of the T latch can be written as QC D (T ¢Q)¢EC ÅE¢Q.
But the same result can also be obtained from QC D (T ¢E) © Q. The T(toggle)
latch is a complementing latch which complements its value w hen T D 1, that
is when T D 1 and E D 1 we have QC D Q'. When T D 0, the T latch maintains
its state and we have no change in the output. The T latch chara cteristic
equation can be directly mapped to the Peres gate and the fano ut at output
Q can be avoided by cascading the Feynman gate (we can see that T ¢E © Q
matches with the template of the Peres gate). The proposed de sign is shown in
Figure 11(b). The design has the quantum cost of 5 (quantum co st of 1 Peres
gateC 1 Feynman gate), delay of 5 1 and requires 2 garbage outputs. The
proposed reversible T latch design has the minimum garbage o utputs as from
the characteristic equation of the T latch QC D (T ¢E) © Q, we can see that for
the four inputs combinations (E D 0, T D 0, Q D 0), (E D 0, T D 1, Q D 0), (E
D 1, D D 0, Q D 0), and (E D 1, T D 1, Q D 1), the output QC is 0. Thus it will
require at least 2 garbage outputs to have four distinct outp ut combinations
when QC is 0.

The existing design in the literature [Chuang and Wang 2008] has the quan-
tum cost of 6, and delay of 6 1 , and also requires 2 garbage outputs. Thus,
the proposed design is better than the design presented in [C huang and Wang
2008], and achieves the improvement ratios of 17% in terms of both quantum
cost and delay, as shown in Table V. But these designs do not pr oduce the
complementary output Q'. In the existing literature the rev ersible T latch de-
sign having both Q and the complementary output Q' is present ed in Thapliyal
et al. [2005] and Thapliyal and Vinod [2007]. In this work, we are proposing a
novel design of the T latch based on the Peres and the Feynman g ates that has
both the outputs Q and Q'. The proposed design is shown in Figu re 11(b) and
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Fig. 11. Designs of reversible T latch.

Table V. A Comparison of Reversible T Latches having only Out put Q

Quantum Cost Delay Garbage Outputs
[Chuang and Wang 2008] 6 6 2
Proposed Design 5 5 2
Improvement in % 17 17 -

has the quantum cost of 6, delay of 6 1 and produces 2 garbage outputs. The
design uses the Feynman gate to generate the complement of th e output Q as
illustrated in Figure 2(d). The proposed reversible T latch with outputs Q and
Q' achieves an signi®cant improvement compared to the desig ned presented in
[Thapliyal et al. 2005] in terms of quantum cost, delay and th e garbage outputs,
respectively. The comparison is summarized in Table VI.

6.4 The JK Latch

The design of the reversible JK latch has been discussed in Se ction 5 and is
shown in Figure 6. The JK latch have the capability to set the o utput, reset
the output or complement the output depending on the value of J and K. When
E(clock) is 1, the J input can set the output to 1 (when J D 1), the reset input
can reset the output to 0 (when K D 1), and when both J and K are set to 1 the
output Q is complemented. The proposed reversible JK latch d esign has the
quantum cost of 12, delay of 12 1 and produces 3 garbage outputs. The existing
design in literature in Chuang and Wang [2008] is designed wi th 2 4 £ 4 Toffoli
gates, 1 3£ 3 Toffoli gate and 1 Feynman gate. The quantum cost of 4 £ 4 Toffoli
gate is 13 [Maslov 2009]. Since quantum cost is also the measu re of logical
depth, the delay of 4 £ 4 Toffoli gate is 13 1 . Thus the JK latch proposed in
Chuang and Wang [2008] has the quantum cost of 32, delay of 32 1 and needs
3 garbage outputs. Thus the design of JK Latch proposed in thi s work achieves
an improvement of 62.5% both in terms of quantum cost as well a s delay, while
maintaining the 3 garbage outputs. The result is summarized in Table VII.
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Table VI. A Comparison of Reversible T Latches having output s Q and Q'

Quantum Cost Delay Garbage Outputs
[Thapliyal et al. 2005] 46 35 12
[Thapliyal and Vinod 2007] 10 10 2
Proposed Design 6 6 2
Improvement in % w.r.t [Thap-
liyal et al. 2005]

87 83 83

Improvement in % w.r.t [Thap-
liyal and Vinod 2007]

40 40 -

Table VII. A Comparison of Reversible JK Latches having only Output Q

Quantum Cost Delay Garbage Outputs
[Chuang and Wang 2008] 32 32 3
Proposed Design 12 12 3
Improvement in % 62.5 62.5 -

The above discussed designs of JK latch do not produce the com plemented
output Q'. Thus we are illustrating another design of the JK l atch in Figure 12,
which produces both the output Q and its complement Q'. The de sign has the
quantum cost of 13, and delay of 13 1 , and produces 3 garbage outputs. In
this design also, the Feynman gate is used to generate the com plement of the
output Q. The proposed design achieves a signi®cant improve ment compared
to the existing design in literature [Thapliyal et al. 2005; Thapliyal and Vinod
2007]. The comparison is summarized in Table VIII.

7. DESIGN OF THE REVERSIBLE MASTER-SLAVE FLIP-FLOPS

The reversible master-slave ¯ip-¯ops were ®rst presented i n Thapliyal et al.
[2005] in which the authors had used the strategy of using one latch as a master
and the other latch as a slave to design the reversible ¯ip-¯o ps. The same
strategy was followed in Rice [2006], Thapliyal and Vinod [2 007], and Chuang
and Wang [2008]. The proposed work is also based on the same st rategy and the
goal is to optimize the quantum cost and the delay of the ¯ip-¯ ops along with
the garbage outputs. All the existing reversible master-sl ave ¯ip-¯op designs
require the clock to be inverted for use in the slave latch. Th e proposed master-
slave ¯ip-¯ops designs have a special characteristic of not requiring the clock to
be inverted for use in the slave latch. This is because as they use the negative
enable D latch as the slave latch, thus no clock inversion is r equired.

Figure 13(a) shows the design of the master-slave D ¯ip-¯op i n which we
have used positive enable Fredkin gate based D latch shown in Figure 9(a) as
the master latch, while the slave latch is designed from the n egative enable
Fredkin gate based D latch shown earlier in Figure 10(a). Fig ures 13(b), 13(c),
and 13(d) show the designs of master-slave T ¯ip-¯op, JK ¯ip- ¯op and SR ¯ip-
¯op, respectively. It is to be noted that in the proposed mast er-slave ¯ip-¯op
designs, the master is designed using the positive enable co rresponding latch,
while the slave is designed using the negative enable Fredki n gate-based D
latch. For example, in the master-slave JK ¯ip-¯op, the mast er is designed
using the positive enable JK latch, while the slave is design ed with the neg-
ative enable D latch. The use of negative enable D latch makes sure that we
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Fig. 12. Reversible JK Latch with outputs Q and Q 0.

Table VIII. A Comparison of Reversible JK Latches having out puts Q and Q'

Quantum Cost Delay Garbage Outputs
[Thapliyal et al. 2005] 46 35 12
[Thapliyal and Vinod 2007] 16 16 3
Proposed Design 13 13 3
Improvement in % w.r.t [Thap-
liyal et al. 2005]

72 63 75

Improvement in % w.r.t [Thap-
liyal and Vinod 2007]

19 19 -

do not have to invert the clock which saves the NOT gate genera lly used in
the designs for inversion of clock. This decreases the quant um cost and the
propagation delay of the design. Now comparing with the exis ting designs in
literature, Thapliyal et al. [2005] have shown only the desi gn of master-slave
JK ¯ip-¯op. In Rice [2006], Chuang and Wang [2008] and Thapli yal and Vinod
[2007], the designs of master-slave D ¯ip-¯op, JK ¯ip-¯op, a nd T ¯ip-¯op are
shown. Thus, we can conclude that the proposed work is also th e ®rst work
in the literature to show the design of master-slave SR ¯ip-¯ op and has the
quantum cost of 22, delay of 22 1 and has 4 garbage outputs. A comparison
of the proposed designs of master-slave ¯ip-¯ops with the ex isting designs in
literature is shown in Tables IX, X, and XI. From Table IX, it c an be con-
cluded that the proposed master-slave D ¯ip-¯op achieves th e improvement
ratios of 74%, 65.7%, and 75% in terms of quantum cost, delay a nd the garbage
outputs, compared to the design presented in Rice [2006]. Th e improvement
compared to the design presented in Chuang and Wang [2008] is 7.6% both
in terms of quantum cost as well as delay, while maintaining t he same num-
ber of garbage outputs. The improvement compared to the desi gn presented in
Thapliyal and Vinod [2007] is 7.6% both in terms of quantum co st as well as
delay, and 25% in terms of number of garbage outputs. Regardi ng the design
of the reversible master-slave T ¯ip-¯op, it can be conclude d from Table IX
that the proposed design achieves the improvement ratios of 77.5%, 75% and
78.5% in terms of quantum cost, delay, and the garbage output s compared to
the design presented in Rice [2006]. The improvement compar ed to the design
presented in Chuang and Wang [2008] is 15% in terms of both the quantum
cost and the delay, while maintaining the same number of garb age outputs.
The improvements compared to the design presented in Thapli yal and Vinod
[2007] is 35% both in terms of quantum cost as well as delay, an d 25% in
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Fig. 13. Design of reversible master-slave ¯ip-¯ops.

terms of number of garbage outputs. The proposed reversible master-slave JK
¯ip-¯op also achieves the improvements of 72%, 59%, and 71.4 % in terms of
quantum cost, delay and the number of garbage outputs, respe ctively, com-
pared to the design presented in Rice [2006]. The improvemen t compared to
the design presented in Chuang and Wang [2008] is 55% both in t erms of quan-
tum cost and delay while maintaining the minimum number of ga rbage out-
puts. Further, the proposed reversible master-slave JK ¯ip -¯op design achieves
the improvements of 21.7%, 18%, and 25% in terms of quantum co st, de-
lay and the number of garbage outputs compared to the design p resented in
Thapliyal and Vinod [2007].
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Table IX. A Comparison of Reversible Master-Slave D Flip-Flo ps

Quantum Cost Delay Garbage Outputs
[Rice 2006] 47 35 12

[Chuang and Wang 2008] 13 13 3
[Thapliyal and Vinod 2007] 13 13 4

Proposed Design 12 12 3
Improvement in % w.r.t 74 65.7 75

[Rice 2006]
Improvement in % w.r.t 7.6 7.6 -

[Chuang and Wang 2008]
Improvement in % w.r.t 7.6 7.6 25

[Thapliyal and Vinod 2007]

Table X. A Comparison of Reversible Master-Slave T Flip-Flops

Quantum Cost Delay Garbage Outputs
[Rice 2006] 65 44 14

[Chuang and Wang 2008] 83 13 3
[Thapliyal and Vinod 2007] 17 17 4

Proposed Design 11 11 3
Improvement in % w.r.t 77.5 75 78.5

[Rice 2006]
Improvement in % w.r.t 15 15 -

[Chuang and Wang 2008]
Improvement in % w.r.t 35 35 25

[Thapliyal and Vinod 2007]

Table XI. A Comparison of Reversible Master-Slave JK Flip-Flops

Quantum Cost Delay Garbage Outputs
[Rice 2006] 64 44 14

[Chuang and Wang 2008] 39 39 4
[Thapliyal and Vinod 2007] 23 22 5

Proposed Design 18 18 4
Improvement in % w.r.t 72 59 71.4

[Rice 2006]
Improvement in % w.r.t 55 55 -

[Chuang and Wang 2008]
Improvement in % w.r.t 21.7 18 25

[Thapliyal and Vinod 2007]

8. DESIGN OF THE REVERSIBLE LATCH AND THE MASTER-SLAVE
FLIP-FLOP WITH ASYNCHRONOUS SET AND RESET CAPABILITY

In this work, we propose a novel design of the reversible D lat ch that can
be asynchronously set and reset according to the control inp uts. Before we
discuss the design of the asynchronously set/reset D latch, the properties of the
Fredkin gate that will be helpful in understanding the desig n are discussed in
the following.

(1) As shown in Figure 14(a), the Fredkin gate can be used to av oid the fanout
of a signal by assigning that signal to its input A. The other t wo inputs B
and C of the Fredkin gate are assigned the values as B D0 and CD1. This
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Fig. 14. Working of the Fredkin gate in various modes.

will result in copying of the input A of the Fredkin gate at the outputs P
and Q, thus avoiding the fanout problem.

(2) As shown in Figure 14(b), by assigning the value 0 to the in puts B and C
of the Fredkin gate we can reset the outputs Q and R to 0. This is a very
useful property to asynchronously reset the Q and R outputs o f the Fredkin
gate.

(3) As shown in Figure 14(c), by assigning the value 1 to the in puts B and C of
the Fredkin gate we can set the outputs Q and R to 1. This is a ver y useful
property to asynchronously set the outputs Q and R of the Fred kin gate.

The design of the asynchronously set/reset D latch is shown i n Figure 15(a).
The design has 2 Fredkin gates and 1 Feynman gate. We can obser ve that the
®rst Fredkin gate maps the D latch characteristic equation, while the second
Fredkin gate help in asynchronous set/reset of the output Q. The fanout is
avoided by use of the Feynman gate. The design has two control inputs C1 and
C2. When C1 D 0 and C2 D 1, the design works in normal mode implementing
the D latch characteristic equation. When C1 D 0 and C2 D 0, the second
Fredkin gates will reset the output Q to 0. When C1 D 1 and C2 D 1, the design
will be set to Q D 1. Thus, the control inputs help the design to work in various
modes. The design has the quantum cost of 11, delay of 11 1 and has 4 garbage
outputs.

The reversible design of the master-slave D ¯ip-¯op with asy nchronous
set/reset is shown in Figure 15(b). The design contains posi tive enable D latch
as the master latch and negative enable asynchronous set/re set D latch as the
slave latch. The design has the quantum cost of 17, delay of 17 1 and has 5
garbage outputs. The designs of the reversible T latch, the r eversible JK latch,
and the reversible SR latch can also be conditioned similarl y as asynchronous
set/reset designs. For example, asynchronous set/reset de sign of the T latch can
be designed by replacing the Feynman gate in Figure 11(a) wit h 1 Fredkin gate
and 1 Feynman gate. Fredkin gate will have control signals C1 and C2 while
the Feynman gate will avoid the fanout.

9. DESIGN OF REVERSIBLE UNIVERSAL SHIFT REGISTER

In this section, we present a reversible universal shift reg ister to demonstrate
the application of the proposed asynchronous set/reset D ¯i p-¯op in designing
complex reversible sequential circuits. Universal shift r egister is a register that
has both shifts and parallel load capabilities [Mano 2002].

ACM Journal on Emerging Technologies in Computer Systems, V ol. 6, No. 4, Article 14, Pub. date: December 2010.



14:22 ² H. Thapliyal and N. Ranganathan

Fig. 15. Design of asynchronous set/reset reversible sequential circuits.

Fig. 16. Design of a reversible 4:1 MUX.

The reversible universal shift register needs to have the fo llowing function-
alities and components

(1) Reversible D ¯ip-¯ops with capability of asynchronousl y reset
(2) Clock input for synchronization of operations
(3) Shift-right control signal and shift-left control sign al to enable shift right

operation and shift left operation, respectively
(4) A parallel-load control to enable a parallel transfer th rough the n input

lines. Parallel output lines to capture the data
(5) A control unit designed from reversible 4:1 multiplexer s that enable vari-

ous operations such as shift right or shift left, and is also helpful in leaving
the register values unchanged if required. The 4:1 multiple xers are con-
trolled by two select signals S1 and S0. When S1S0 D00, input 0 is selected;
S1S0D01 enables input 1 to be selected, and so on for the other input s.

Figure 17 shows the design of a 4 bit reversible universal shi ft register
as an example circuit. The shift register consists of 4 rever sible D ¯ip-¯ops
with asynchronous reset capability, and four reversible 4: 1 multiplexers (R-4 £ 1
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Fig. 17. Design of a Reversible universal shift register.

MUX) that work as a control unit. The design of a 4 bit reversib le multiplexer
is shown in Figure 16. It is designed from 3 Fredkin gates and h as 5 garbage
outputs. The quantum cost of the design is 15. In the design sh own in Figure 16,
the ®rst three 4:1 MUXes have 3 garbage outputs each. This is be cause as the
garbage outputs having the S0 and S1 signals can be used as inp uts to the
next 4:1 MUX. But the 4th 4:1 MUX have 5 garbage outputs since the garbage
outputs having the S0 and S1 signals cannot be used further in computation.
Thus in the design of the 4 bit reversible universal shift reg ister 4 4:1 MUXes
will have 3 £ 3 C 5 D 14 garbage outputs, and their quantum cost is 4x15=60.

Another component in the design of a reversible universal sh ift register is
reversible D ¯ip-¯ops with asynchronous reset capability, the design of which is
shown in Figure 15(b). We can see from Figure 17 that we need C1 and C2 sig-
nals to be passed as inputs to the next D ¯ip-¯ops. In each D ¯ip -¯op, the copies
of the C1 and C2 signals can be generated by using the 2 Feynman gates, one for
C1 and one for C2. We don't need Feynman gates at the 4th D ¯ip-¯ op as C1 and
C2 are not required further in computation. Thus the quantum cost of 4 D ¯ip
¯ops is 3 £ (2£ quantum cost of Feynman gate C quantum cost of D ¯ip ¯op) C
quantum cost of D ¯ip-¯op D 3£ (2£ 1 C 36) C 36 D 150. We can see further
from Figure 17 that we need 10 Feynman gates in the design to av oid the
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Fig. 18. Verilog HDL based simulation ¯ow for reversible seq uential circuits.

fanout. For example, the Feynman gates are needed at the outp uts A0, A1 and
so on. Thus, the total quantum cost of the 4 bit universal shif t register will be
10 C 60 C 150 D 220. The working of the reversible universal shift register can
be described as follows:

When S1S0 D 00, the outputs of each reversible D ¯ip-¯ops are fed back as
inputs to them. Thus during the next edge of the clock, the sam e value is main-
tained at the outputs of the reversible ¯ip ¯ops and no change occurs in their
states. When S1S0 D 01, this enables input 1 of the multiplexers to be passed as
input to the reversible D ¯ip-¯ops. As can be seen from the Fig ure 17, S1S0=01
enables the shift-right operation with the serial input get ting transferred to
reversible ¯ip-¯op A3. When S1S0 D 10, the 2nd inputs of the multiplexers are
enabled resulting in a shift-left operation with the serial input getting trans-
ferred to the reversible ¯ip-¯op A0. When we have S1S0 D 11, the 3rd inputs
of the multiplexers enabled resulting in transfer of inform ation from parallel
input lines to the reversible D ¯ip ¯ops, simultaneously, in the next clock edge.

10. SIMULATION AND VERIFICATION

The proposed designs were functionally veri®ed through sim ulations coding
their designs in the Verilog Hardware Description Language . In order to
achieve this, we built a library of reversible gates in Veril og HDL and use
it to code the proposed designs of sequential circuits. The l ibrary contains the
Verilog codes of reversible gates such as the Fredkin gate, t he Toffoli gate, the
Peres gate, etc. We have created test benches for every rever sible sequential
circuits proposed in this work to verify their correctness. The functional veri®-
cation of our Verilog HDL codes is done using the ModelSim and S ynaptiCAD
simulators. The waveforms shown in this work are generated u sing the Synap-
tiCAD Verilog simulator. The simulation ¯ow used in this wor k is shown in
Figure 18.

10.1 Simulation of the Proposed Reversible Latches

Figure 19(a) shows the simulation of the D latch. In our Veril og simulations,
we have added an arti®cial signal CLR equivalent of clear sig nal to initialize
the output Q to the value 0. This will help the simulation to ru n correctly since
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Fig. 19. Simulation of D latch.

Fig. 20. Simulation of T and JK latch.

the value of the output Q won't be unknown while initializing the simulation.
Arrows A and B in the Figure 19(a) show that when CLK D 1, the value of
D becomes the output Q, that is we have QC D D. When CLK=0, the latch
maintains its previous state, that is we have QC D Q. Figure 19(b) shows
the simulation of the D latch with outputs Q and its complemen t Q'(QB) and
can be explained similar to Figure 19(b). While simulating t he latches, we have
functionally veri®ed both types of latches having output Q a s well as the latches
having output Q and Q'. But, since the simulation results of t he latches having
the output Q is similar to the simulation results of the latch es having outputs
Q and Q', we will only show the simulation results of the latches with output Q.

Figure 20(a) shows the simulation of the T latch. Arrow A, B, a nd D in the
®gure show that when CLK D 1 and T D 1, the output Q toggles and we will
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Fig. 21. Simulation of SR latch.

have next state QC D Q' (complement of the previous state). Arrow C represents
the case when CLK D 1 and T D 0, the output will maintain its previous state
and we will have QC D Q. We have also functionally veri®ed the working of the
T latch having outputs Q and Q'. Figure 20(b) shows the simula tion of the JK
latch. Arrow A shows that when CLK D 1, J D 0 and K D 1 we will have the
output Q D 0. Arrow B shows that when CLK D 1, J D 1 and K D 1 the output
toggles and we will have next state QC D Q'(complement of the previous state).
Arrow C shows that when CLK D 1, J D 1 and K D 0 we will have the output
Q D 1. It can be observed from Figure 20(b) that when CLK D 0 the JK ¯ip
¯op maintains the previous state that is QC D Q. This veri®es the functionality
of the reversible JK latch. Figure 21(a) shows the simulatio n of the SR latch
without enable signal (no clock). Arrow A shows that when S D 0 and R D 1 we
will have the output Q D 0, arrow B shows that when S D 1 and R D 0 we will
have the output Q D 1. Arrow C and D show that when S D 1 and R D1, the
output Q maintains its previous state that is we will have QC D Q. Figure 21(b)
shows the simulation of the gated SR latch. Its functional ve ri®cation is same
as the SR latch when the value of CLK is 1, otherwise when the va lue of the
CLK is 0 it maintains its previous state.

10.2 Simulation of the Proposed Reversible Master-Slave Flip-Flops

Figure 22(a) shows the simulation of the proposed reversibl e master-slave
negative-edge triggered D ¯ip-¯op. Arrows A and C show that w hen CLK D 1,
the master latch latches the value D D 1 which is re¯ected by the slave latch
as the output Q D 1 when CLK D 0. Arrow B shows that when CLK D 1, the
master latches the value D D 0 which is re¯ected by the slave latch as the
output Q D 0 when CLK D 0. This veri®es the working of the master-slave D
¯ip-¯op. Figures 22(b), 22(c), and 22(d) show the simulatio n of the master-slave
T ¯ip-¯op, JK ¯ip-¯op and SR-¯ip ¯op, respectively. The func tional correctness
of these designs can easily be observed from the waveforms.
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Fig. 22. Simulation of master-slave ¯ip-¯ops.

10.3 Simulation of the Proposed Reversible Asynchronous Set/Reset D Latch
and Master-Slave Flip-Flop

Figure 23(a) shows the simulation of the proposed reversibl e asynchronous
set/reset D Latch. In Figure 23(a) arrows A, B, D and E show tha t when control
signals C1 D 0 and C2 D 1, the latch works in normal mode and whenever we
have CLK D 1 the value of the D is re¯ected at the output. Arrow C shows
that when C1 D 1 and C2 D 1, we have the output Q asynchronously set to
1 irrespective of the value of the clock signal (For example a s shown in arrow
C when C1 D 1 and C2 D 1, the output Q becomes 1 even when the CLK has
the value as 0). Arrow E shows that when C1 D 0 and C2 D 0, the output Q
asynchronously resets to 0 irrespective of the value of the c lock signal.

Figure 23(a) shows the simulation of the proposed reversibl e asynchronous
set/reset D ¯ip-¯op in which master is designed from positiv e enable D latch
while the slave is designed from asynchronous set/reset D la tch, as shown
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Fig. 23. Simulation of asynchronous set/reset D Latch and ¯i p-¯op.

in Figure 15(b). In Figure 23 arrows C and E show that the ¯ip-¯ op can be
asynchronously set/reset depending on the value of control signals C1 and C2.
Arrows A, B and D represent the case when the design works as a n egative-edge
triggered master-slave D ¯ip ¯op as controls are C1 D 0 and C2 D 1.

10.4 Simulation of the Proposed Reversible Shift Register

Figure 24 shows the simulation of the proposed 4-bit reversi ble universal shift
register. Figure 24(a) shows its working for shift-right an d shift-left modes.
Arrow A shows that when S1 D 1 and S0 D 0, the designs works in left shift
mode and the value of SISL (Serial Input for Shift-Left) is tr ansferred to output
A0. The value at output A0 is left shifted by one place in every clock cycle.
Arrow B shows that when S1 D 0 and S0 D 1, the design works in right shift
mode and the value of the SISR (Serial Input for Shift-Right) is transferred to
output A3. The value at output A3 is right-shifted by one plac e in every clock
cycle. Figure 24(b) shows the parallel and the no change mode . In Figure 24(b)
arrows A, B, C, D show the parallel load mode when S1 D 1 and S0 D 0 in
which the value at inputs I0,I1,I2 and I2 are transferred to o utputs A0, A1,A2
and A3, respectively. Arrow E shows that when S1 D 0 and S0 D 0 there will
be no change and the shift register will maintain its previou s state. Thus the
waveforms matches with the functionality of the universal s hift register.

11. CONCLUSIONS

In this work we have presented novel designs of reversible la tches and ¯ip-
¯ops, which are being optimized in terms of quantum cost, del ay, and garbage
outputs. The present work differs from the existing approac hes in the litera-
ture that have optimized the reversible sequential circuit designs in terms of
number of reversible gates and garbage outputs. We have also discussed the
new designs of reversible D latch and D ¯ip-¯op with asynchro nous set/reset
capability. The reversible design of universal shift regis ter is also presented as
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Fig. 24. Simulation of 4-bit universal shift register

an example of designing complex reversible sequential circ uits. The reversible
designs are functionally veri®ed at the logical level by usi ng Verilog hardware
description language. The simulation ¯ow used for verifyin g is also presented.
The proposed reversible sequential designs are shown bette r than the existing
designs in literature in terms of quantum cost, delay and the garbage outputs.

One of the limitations of our work is that it does not calculat e the exact
minimal quantum gate realization (lower bound) of the rever sible sequential
circuits. The works in [Groûe et al. 2008; Groûe et al. 2009] a re fundamental
contributions in the direction of deriving exact minimal el ementary quantum
gate realization of reversible combinational circuits. Th eir main goal is to opti-
mize the number of quantum gates, however, they refer to work in Maslov and
Dueck [2004] for garbage minimization and do not address the issue of delay.
Further, although these works do not address sequential cir cuits, it may be pos-
sible to modify and adopt the proposed methods to design reve rsible sequential
circuits. The next future step in the design of reversible se quential circuits is to
investigate synthesis of reversible sequential circuits with possibly minimizing

ACM Journal on Emerging Technologies in Computer Systems, V ol. 6, No. 4, Article 14, Pub. date: December 2010.



14:30 ² H. Thapliyal and N. Ranganathan

or (with minimal) all three metrics of quantum gates, delay a nd garbage out-
puts. The proposed designs will form the basis of ef®cient re versible sequential
circuits to be used in nanocomputing regime.
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