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Abstract. Reversible logic is emerging as a promising computing paradigm, 
having its applications in low-power CMOS, quantum computing, nanotech-
nology and optical computing. Firstly, we showed a modified design of 
conventional BCD subtractors and also proposed designs of carry look-ahead 
and carry skip BCD subtractors.  The proposed designs of carry look-ahead and 
carry skip BCD subtractors are based on the novel designs of carry look-ahead 
and carry skip BCD adders, respectively. Then, we introduced the reversible 
logic implementation of the modified conventional, as well as the proposed, 
carry look-ahead and carry skip BCD subtractors efficient in terms of the 
number of reversible gates used and garbage output produced. To the best of 
our knowledge, the carry look-ahead and carry skip BCD subtractors and their 
reversible logic design are explored for the first time ever in literature.  
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1   Introduction 

The decimal arithmetic is receiving significant attention, as financial, commercial, 
and Internet-based applications cannot tolerate errors generated by conversion 
between decimal and binary formats [1]. The major consideration in implementing the 
BCD arithmetic is to enhance its speed as much as possible. Reversible logic is 
emerging as a promising computing paradigm, having its applications in future 
computing technologies such as optical computing, nanotechnology and quantum 
computing [6,7]. Reversible circuits are those circuits that do not lose information, 
and reversible computation in a system can be performed only when the system 
comprises of reversible gates. These circuits can generate a unique output vector from 
each input vector and vice-versa; that is, there is a one-to-one mapping between input 
and output vectors. Researchers like Landauer have shown that for irreversible logic 
computations, each bit of information lost generates   kTln2 joules of heat energy, 
where k is Boltzmann's constant and T, the absolute temperature at which 
computation is performed [2]. Bennett showed that kTln2 energy dissipation would 
not occur if a computation is carried out in a reversible way [3], since the amount of 
energy dissipated in a system bears a direct relationship to the number of bits erased 
during computation.  

The major goal in reversible logic design is to minimize the number of reversible 
gates used and garbage output produced (Garbage output refers to the output that is 
not used for further computations) [4,5].  
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In this work, first, we showed a modified design of a conventional BCD subtractor. 
Two novel BCD subtractor architectures termed CLA (carry look-ahead) and CAS 
(carry skip) BCD subtractors are also proposed. The proposed designs of CLA and 
CAS BCD subtractors are based on novel designs of carry look-ahead and carry skip 
BCD adders. It is to be noted that a BCD subtractor internally consists of nine's 
complementer, BCD adder and parallel adder. Thus, special emphasis has been laid 
on their architecture to make them carry look-ahead and carry skip, to improve the 
overall efficiency of the subtractor. 

Second, this paper introduces reversible logic implementation of the conventional 
and the proposed carry look-ahead and carry skip BCD subtractors, efficient in terms 
of number of reversible gates and garbage output. For achieving this goal, novel 
reversible gates have been proposed and novel techniques have been adopted which 
are discussed in appropriate sections  in the paper.   

The paper is organized as follows. Section 2 deals with the introduction of pro-
posed modified conventional BCD subtractor. Section 3 and Section 4 introduce the 
proposed carry look-ahead and carry skip BCD subtractors, respectively. Section 5 
deals with the introduction of basic reversible gates used in the proposed work. 
Section 6 deals with the reversible design of conventional BCD subtractor introduced 
in Section 2. Section 7 and Section 8 deal with the reversible design of proposed carry 
look-ahead and carry skip BCD subtractors, respectively. Section 9 and 10 provide 
the implementation results and conclusions of this work, respectively.   

2   BCD Subtractor  

In the BCD subtraction, the nine's complement of the subtrahend is added to the 
minuend. In the BCD arithmetic, the nine's complement is computed by nine minus 
the number whose nine's complement is to be computed. This can be illustrated as the 
nine's complement of 5 will be 4 (9-5= 4), which can be represented in BCD code as 
0100.  In BCD subtraction using nine's complement, there can be two possible 
possibilities [8]:  

1. The sum after the addition of minuend and the nine's complement of subtrahend 
is an invalid BCD Code (an example is when 5 is subtracted from 8) or a carry 
is produced from the MSB (an example is when 1 is subtracted from 9). In this 
case, add decimal 6 (binary 0110) and the end around carry (EAC) to the sum. 
The final result will be the positive number represented by the sum.        

2. The sum of the minuend and the nine's complement of the subtrahend is a valid 
BCD code which means that the result is negative and is in the nine's 
complement form.   An   example is, when 8 is subtracted from 5.                   

In BCD arithmetic, instead of subtracting the number from nine, the nine's 
complement of a number is determined by adding 1010 (Decimal 10) to the one's 
complement of the number. The nine's complementer circuit using a 4-bit adder and 
XOR gates is shown in Fig.1 [8].  We have realized that there is no need to use XOR 
gates in the nine's complementer for complementing.  The use of NOT gates will 
better suit the purpose and will reduce the complexity of the circuit, both in CMOS as 
well as reversible logic implementation. The proposed modified design of nine's 
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complementer is shown in Fig.2; it replaces 4 XOR gates by 4 NOT gates and thus is 
better compared to the existing design in literature. The one-digit BCD subtractor, 
using the nine's complementer circuit, is shown in Fig.3. In Fig.3, after getting the 
nine's complement of the subtrahend, it is added to the minuend using the BCD 
adder. Then the required 1010 is added by using the complement of the output carry 
of the BCD adder. The sign represents whether the number stored is positive or 
negative (for example, 5-8 will be stored as Sign=1 and Magnitude (S3...S0) = 3). 

 

 

 

Fig. 1. Nine's Complementer Fig. 2. Proposed Nine's Complementer 

 

Fig. 3. Modified Conventional BCD Subtractor 
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3   Proposed Carry Look-Ahead BCD Subtractor  

As evident from Fig.3, the nine's complementer, BCD adder and 4-bit adder are the 
integral components of the BCD subtractor. Thus, we propose the replacement of the 
conventional nine's complementer, the BCD adder and the 4-bit adder by their carry 
look-ahead counterparts. This will help us to design a faster and more efficient overall 
BCD subtractor.  

3.1   Carry Look Ahead BCD Adder  

A carry look ahead BCD adder is proposed which is a modification over the 
architecture proposed in [9,10] and is especially improved for making it suitable for 
CMOS and reversible logic implementation.  In the proposed CLA BCD adder, OR 
gates used in the equations proposed in [9,10] are carefully chosen and replaced by 
XOR gates. One cannot replace the OR gates in the equations in [9,10] randomly. 
Hence, a rigorous study has been done and OR gates in the equations in [9, 10] have 
been replaced in certain places. The functional verification of the proposed CLA BCD 
adder is done in Verilog HDL using the Active HDL simulator. The advantages of 
using this approach are as follows: 

1. In the conventional CMOS logic, the XOR gate can be designed, with a fewer  
number of transistors compared to the OR gate.                          

2. In reversible logic, the multi-input XOR gate can be designed with a less 
complex reversible gate and one less garbage output compared to the multi-input 
OR gate.  For example, the equation  ab c  can be realized with only one (3x3  
reversible gate) and two garbage output compared to  a+b+c ( here +  refers an 
OR gate), which can be realized with one 4x4  reversible gate and  three garbage 
output, or two 3x3 reversible gates with four garbage output. Thus, in reversible 
logic it is better to realize equations as XOR functions.  This advantage of XOR 
gate will become more dominant as the input size is increased beyond three. 

Consider two BCD numbers a and b of 4 bits each, using the proposed approach, the 
modified functions used to generate the carry look-ahead BCD adder are as follows 

//  1st   Part 
g[j] = a[j] · b[j] 0   j   3 ªgenerateº 
p[j] = a[j] + b[j] 0  j   3 ªpropagateº 
h[j] = a[j]  b[j] 0  j   3 ªhalf-adderº 

//2nd  Part 
k = g[3]  (p[3] · p[2]) + (p[3] · p[1])  (g[2] · p[1]) 
L= p[3]  (g[2] +  (p[2] · g[1]))   
(Here k and L are the carry generate and propagate functions of the first three bits of 
the decimal number a and b (a[3]a[2]a[1] and b[3]b[2]b[1]), respectively. The details 
and complete description of k and L can be found in [9]) 
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C1 = g[0] + (p[0] ·  Cin) ªcarry out of 1's positionº 
 

//3rd Part 
S[0] = h[0]  Cin 
S[1] = ((h[1] k) · ~C1) + (~(h[1]   L) · C1) 
S[2]=(~p[2]·g[1])  (~p[3]·h[2]· ~p[1])  
             ((g[3]  (h[2]·h[1]))· ~C1)+  (((~p[3] · ~p[2] ·   
            p[1])  (g[2] · g[1])  (p[3] · p[2])) · C1) 
S[3]=((~k· L)· ~C1) (((g[3] · ~h[3])  
             (~h[3] · h[2] · h[1])) · C1) 
Cout = k + (L · C1). 

In the above equations, S[3], S[2],S[1], S[0] represents the sum bits produced  by 
addition of BCD numbers a and b with input carry Cin. The output carry produced by 
the CLA BCD adder is represented by Cout.   

3.2   Carry Look-Ahead Binary Adder 

As evident in the architectures of the nine's complementer and the modified 
conventional BCD subtractor shown in Figs.2 and 3, respectively, the improvement in 
the 4-bit adder is the key requirement to increase their efficiency. We propose the 
replacement of 4-bit adder blocks with their carry look-ahead counterparts. Recently, 
a modified carry look-ahead adder (abbreviated as MCLA) is proposed which is 
similar to CLA (carry look-ahead adder) in basic construction [11]. The drawback of 
MCLA is that, despite its faster speed, it occupies a larger area due to the excessive 
number of NAND gates used for faster carry propagation. This problem will 
significantly increase when MCLA is used to design a higher order CLA. This is the 
reason why we are proposing a new carry look-ahead adder, modifying the structure 
of MCLA to make it more economical in terms of the number of gates (area), without 
losing its speed efficiency. The MCLA [11] uses the modified full adder (MFA) as 
shown in Fig.4. In our proposed carry look-ahead adder shown in Fig.5, we propose 
replacing the 4th MFA in the MCLA by a full adder to reduce the area (number of 
gates) without sacrificing speed improvement.It can easily be verified that there will 
be a reduction in the number of gates to generate the final carry, as shown in Fig.5. In 
order to have further savings in terms of the number of gates, the proposed 4-bit CLA 
can be cascaded in a series to design an expanded width CLA, as shown in Fig.6.  
 

 

Fig. 4. MFA (modified full adder)[11] 
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Fig. 5. Proposed 4-bit Carry Look-Ahead Adder 

 

Fig. 6. Cascading for Expanded Width CLA 

 

Fig. 7. CLA Nine's Complementer 

Figure 7 shows the proposed nine's complementer using the proposed carry look-
ahead adder and using the proposed concept of using NOT gates for complement- 
ting (rather than XOR gates). The proposed nine's complementer satisfies the 
requirements of the carry look-ahead approach pertaining to fast speed and reduced 
area (inherit property of proposed CLA). 
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Evaluation of the Proposed Approach 
The adders are coded in Verilog HDL and synthesized using Xilinx VirtexE FPGA. 
For 16-bit addition, the CPA (carry propagate adder) has a delay of 26.109 ns with 
cell usage of 36, while MCLA has a delay of 16.954 ns with cell usage of 46. The 
proposed CLA takes 21.931 ns of delay with cell usage of 35. It can be concluded 
from the above results that the proposed carry look-ahead adder approach is of great 
significance, since it provides a good speed, with cell usage nearly the same as that of 
the CPA. Thus, the proposed carry look-ahead adder having a delay in between the 
MCLA and CPA, and an area nearly equal to CPA, is the best choice.  

3.3   Carry Look-Ahead BCD Subtractor 

After having its key components (BCD adder, 4-bit adder and nine's complementer) 
designed in carry look-ahead fashion, the carry look-ahead BCD subtractor can be 
designed by integrating the components. Figure 8 shows the design of the proposed 
carry look-ahead BCD subtractor. It is to be noted that we have laid emphasis on 
improving the individual modules of the BCD subtractor, to improve its overall 
efficiency and make it more suitable for reversible logic implementation.  
 

 

Fig. 8. Proposed CLA BCD Subtractor 

4   Proposed Carry Skip BCD Subtractor 

In order to design the carry skip equivalent of the BCD subtractor, we propose the 
carry skip equivalent design of its individual components. 
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Fig. 9. Proposed Carry Skip BCD Adder 

4.1   Carry Skip BCD Adder 

In this work, we propose the design of carry skip BCD adder.  It is constructed in  
such a way that the first full adder block consisting of 4 full adders can generate the  
output carry `Cout' instantaneously,  depending on the input signals and `Cin'. This 
avoids carry to be propagated in the ripple carry fashion. Figure 9 shows the proposed 
carry skip BCD adder. The working of the proposed carry skip BCD adder (CS BCD 
Adder) can be explained in this manner: In the single bit full adder operation, if either 
input is a logical one, the cell will propagate the carry input to its carry output. Hence, 
the ith full adder carry input Ci, will propagate to its carry output Ci+1 when Pi= 
Xi Yi, where Xi and Yi represents the input signal to the ith full adder. Thus, the four 
full adders at the first level making a block can generate a ªblockº propagate signal 
`P'. When `P' is one, it will make the block carry input `Cin', to propagate as the 
carry output `Cout' of the BCD adder, without waiting for the actual propagation of 
carry in the ripple carry fashion.  An AND gate is used to generate a block propagate 
signal `P'. Depending on the value of `Cout', appropriate action is taken. When 
`Cout' is equal to one, binary 0110 is added to the binary sum (correction logic to 
convert sum in BCD format) using another 4-bit binary adder at the second level or 
bottom level,  as shown in Fig.9. The output carry generated from the bottom binary 
adder is ignored, since it supplies information already available at the output carry 
terminal. 

4.2   Carry Skip BCD Subtractor  

Figure 10 shows our proposed design of the carry skip BCD subtractor. It is to be 
noted that the carry skip implementation of the nine's complementer in the proposed 
circuit will not be beneficial, making the carry look-ahead as the best choice for its 
implementation. The carry skipping property of the BCD adder can be beneficial only 
when its input carry Cin=1. Thus, in order to extract the benefit of the carry skip 
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property of  the BCD adder in the proposed BCD subtractor, we have made the LSB 
output (n[0]) of the nine's complementer  as input carry `Cin' of the carry skip BCD 
adder and passed  `0'  in its place for addition to the BCD adder (please refer Fig.10).  
Therefore, the numbers passed for addition in carry skip BCD adder will be 
X+(n[3]n[2]n[1]'0')+n[0], where n[0] will work as Cin. The last block of the 4-bit 
adder in the proposed circuit has also been designed in the carry skip fashion to 
further improve the efficiency of the proposed design. This will result in the 
generation of Cout in Fig.10 in carry skip fashion. As far as existing literature and our 
knowledge is concerned, the proposed circuit is the maiden attempt to provide the 
carry skip equivalent of the conventional BCD subtractor.  

 

Fig. 10. Proposed Carry Skip BCD Subtractor 

5   Basic Reversible Gates  

There are a number of existing reversible gates in literature. We have used  Fredkin 
gate [12,13], Feynman Gate [12,13], Toffoli Gate (TG) [12,13],  New Gate (NG) [14], 
New Toffoli Gate (NTG)[15], TKS[17], R2 Gate and TS-3 gate(3*3 and 4*4 
Feynman gate, respectively) and TSG Gate[16] to design the reversible BCD 
subtractors.  Since the major reversible gate used in designing the BCD subtractors 
are Feynman, Modified Toffoli Gate [19], Toffoli, Fredkin and  TSG gate, only these 
reversible gates are discussed in this section. 
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5.1   Fredkin Gate 

Fredkin gate is a (3*3) conservative reversible gate originally introduced by Petri [12, 
13] as shown in Fig.11. It is called 3*3 gate because it has three input and three 
output.  
 

 

 

 

 

 

Fig. 11. Fredkin Gate Fig. 12. Feynman Gate Fig. 13. Toffoli Gate 

5.2   Feynman Gate 

Feynman gate [12,13] is a 2*2 one-through reversible gate shown in Fig.12. It is 
called 2*2 gate because it has 2 input and 2 output. One-through gate means that one 
input variable is also the output. An n input and n output Feynman gate can be 
described as mapping (x1,x2,x3¼..xn)   to (x1,x2,x3¼..,x1 x2 x3 ¼xn-1 xn). 

5.3   Toffoli Gate  

Toffoli Gate (TG) [12, 13] is a  3*3   two-through reversible gate as shown in Fig. 13. 
A n input and n output Toffoli gate can be described  as mapping  (x1,x2,x3¼..xn)   
to (x1,x2,x3¼..,(x1x2x3¼xn-1) xn). 

5.4   TSG Gate 

Recently, a 4*4 one-through reversible gate called TS gate ªTSGº was proposed [16]. 
The reversible TSG gate is shown in Fig.14.  It can be verified that the input pattern 
corresponding to a particular output pattern can be uniquely determined. The TSG 
gate can implement all Boolean functions. One of the prominent functionalities of the 
TSG gate is that it can work singly as a reversible full adder unit. Figure 15 shows  
the implementation of the TSG gate as a reversible full adder. TSG can implement the 
reversible full adder with a bare minimum of two garbage output (at least two garbage 
output will be required to realize a reversible full adder). 

 

Fig. 14. Reversible 4 *4 TS Gate           Fig. 15. TSG as a Reversible Full Adder  
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5.5   Modified Toffoli  Gate 

Modified Toffoli gate (MTG) is a 3*3 reversible gate and is shown in Fig. 16 [19]. An 
n input and n output MTG gate can be described  as mapping  (x1,x2,x3¼..xn) to 
(x1,x2,x3¼..,(x1|x2|x3|¼xn-1) xn).  

 

 

 (a) (b) 

Fig. 16. MTG Gate Fig. 17. (a) New Gate (NG), (b) as a reversible half adder 

5.6   New Gate (NG) 

New gate (NG) [14] is another important 3*3 gate used in our designs of BCD 
subtractors, shown in Fig.17.a. New gate can work singly as a reversible half adder 
with minimum of one garbage output, as demonstrated in Fig.17.b.     

6   Reversible Design of Conventional BCD Subtractor 

It is evident from Fig. 3 that in order to design reversible BCD subtractors, the whole 
reversible design must be divided into three sub-modules. 

1. Design of the reversible nine's complementer (which, in turn, has to be designed 
using reversible parallel adders). 

2. Design of the reversible BCD adder. 
3. Integration of the modules using existing reversible gates to design the reversible 

BCD subtractor.  

Our primary goal in this work is to design reversible BCD subtractors with a minimal 
number of reversible gates and garbage output.   

6.1   Reversible Nine's Complementer 

Figure 18 shows the proposed reversible nine's complementer using the NOT gates, 
New gates (NG) and the 3*3 Feynman Gate (FG3). The proposed design is 
implemented with 7 reversible gates and 3 garbage output.   To minimize the garbage 
at the bottom 4-bit adder, we have utilized the proposed property of regenerating the 
constant value at the garbage output (the constant input `1' at the NG gate is 
regenerated at one its garbage output and is used as input to FG3.We observed that 
the S0 can be directly generated without requiring any addition circuitry (referring to 
Fig. 1, we observed that second input to the full adder is `0' as well as the Cin is `0' ). 
Further examination showed that there is no need for the full adder in the 2nd place, 3rd 
place and 4th place of the bottom 4-bit adder. Half adders and 3 input XOR gate can 
perform the required addition operations. The reversible half adder can be designed 
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by New gate (NG) with only one garbage output (refer to Fig.17.b), and the 3 input 
XOR gate can be designed using FG3 with only two garbage output. Utilizing the 
reversible full adder in those places would have increased the garbage, as at least two 
garbage output are required in a reversible full adder. Moreover, the output carry is 
not required in the nine's complementer. Thus, using the reversible full adder would 
have generated the output carry leading to an increase in garbage count.   

 

Fig. 18. Reversible Nine's Complementer 

 

Fig. 19. Reversible Logic Implementation of the Conventional BCD Adder 

6.2   Reversible BCD Adder  

Figure 19 shows the reversible implementation of the conventional BCD adder using 
the reversible TSG and New Gate. In BCD addition, the steps are as follows:  

Step 1:  The two decimal digits (X and Y), together with the input carry (Cin), are first 
added using a 4-bit binary adder to produce the binary sum (So3,So2,So1,S0) and 
output carry(c4).  
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Step 2: When the output carry (c4) is equal to zero, nothing is added to the binary sum. 
When it is equal to one, binary 0110 is added to the binary sum using another 4-bit 
binary adder. Instead of directly adding 0110, it is added by generating Cout=C4+ 
So3(So2+So1). In 0110 addition, where `1' is required, Cout is used instead.    

In Fig.19, the 4 TSG gates at the top in Fig.19 perform Step 1. The three New gates 
generate Cout=c4+So3 (So2+So1). The final addition is performed using NG, TSG 
and FG reversible gates. The proposed BCD adder architecture in Fig. 19 uses only 
10 reversible gates and produces only 14 garbage output. As can be observed in 
Fig.19, the connections are carefully made to avoid the garbage. The proposed BCD 
adder is shown to be much better than the earlier proposed architecture both in terms 
of number of reversible gates and garbage output. Recently in [18], the BCD adder is 
implemented with 23 reversible gates and 22 garbage output. A comparison between 
our proposed design and the existing design is shown in Table 1. The proposed design 
in this paper is the most efficient design of reversible BCD adder and achieves an 
improvement ratio of 2.3 and 1.69 in terms of the number of reversible gates and 
garbage output, respectively. 

Table 1. A comparison of Reversible BCD Adder 

 Number  of   Gates Number of  Garbage Output 

Proposed Circuit 10 13 

Existing Circuit[18] 23 22 

Improvement Ratio 2.3 1.69 

6.3   Reversible BCD Subtractor 

Figure 20 shows the reversible BCD subtractor using the reversible nine's 
complementer, reversible BCD adder, TSG, NG and Feynman gate (FG). In the above 
sections, we have proven that the proposed reversible designs of the nine's 
complementer and BCD adder are designed with minimal number of reversible gates 
and garbage output. In order to design a more efficient complete BCD subtractor in 
terms of the number of reversible gates and garbage output, we have used Feynman 
Gate for generating the XOR/NOT function and copying the output (as fan-out is not 
allowed in reversible logic). We chose Feynman gate as it can generate the 
XOR/NOT function and copy the output with minimum number of reversible gates 
and garbage output. This can be understood by the fact that there are exactly two 
output corresponding to the input of a Feynman gate, a `0' in the second input will 
copy the first input in both the output of that gate. It makes the Feynman gate most 
suitable for a single copy of bit, since it does not produce any garbage output. 

It is to be noted that we have carefully examined the architecture of BCD subtractors 
and in the middle of Fig. 20 used the Feynman gates as chains for generating the XOR, 
copying and NOT functions, with zero garbage. If the architecture is not deeply 
examined, it can lead to an inefficiently designed reversible circuit with increased 
garbage. The reason for this stems from the fact that when the Feynman gate is used for 
generating the XOR and NOT functions, it produces at least one garbage output in both 
cases.  



112 H. Thapliyal, H.R. Arabnia, and M.B. Srinivas 

The bottom 4-bit binary adder required in BCD subtractor is also designed very 
efficiently to minimize the garbage. This is achieved by carefully passing the input 
signal and thereby utilizing the garbage output for further computation along with 
identifying suitable places where reversible full adders can be replaced by reversible 
half adders. It is to be noted  that we have designed the bottom 4-bit adder with 4 
reversible gates and 4 garbage output. An inefficient approach of simply designing 
the 4-bit adder with the reversible full adder could lead to 8 garbage output (at least 
two garbage output are produced in a reversible full adder). The BCD adder requires 
10 reversible gates and 13 garbage output as proven above. The nine's complementer 
is designed with 7 reversible gates and 3 garbage output. The generation of XOR 
functions, copying and NOT functions are designed in such an optimal manner that it 
requires 5 Feynman gates with zero garbage output. The bottom 4-bit reversible adder 
is designed with 4 reversible gates and 4 garbage output. Thus, the proposed 
reversible BCD subtractor is designed with 10+7+5+4=26 reversible gates while the 
garbage output is minimal of 13+3+4=20.  

 

Fig. 20. Proposed Reversible BCD Subtractor 

7   Reversible Design of Carry Look Ahead BCD Subtractor 

As evident from the earlier discussion, the reversible implementation of carry look-
ahead BCD subtractor will require the reversible implementation of carry look-ahead 
BCD adder, the proposed carry look-ahead nine's complementer and 4-bit carry look-
ahead adder.  
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7.1   Reversible Carry Look Ahead BCD Adder 

The reversible logic implementation of the carry look-ahead BCD adder is shown in 
Fig.21. The reversible gates used for designing the proposed reversible carry look-
ahead BCD adder are Feynman gate (FG), TKS gate, New Toffoli gate (NTG), and 
R2 gate (a 4*4 Feynman Gate) and TS-3 gate (the details of these reversible gates are 
discussed in Section V). In the proposed reversible circuit, Feynman Gates (FG) can 
be used for copying the output and to avoid the fan-out problem. The proposed 
reversible CLA BCD adder can be of significant use in future computing 
technologies. Furthermore, it is a hierarchical architecture; hence, huge power savings 
can be obtained by switching off the blocks which are not in use, through a control 
circuitry. It is to be noted that appropriate reversible gates are used in Fig.21, to 
design it overall efficient in terms of number of reversible gates and garbage output. 

 

(a) Part 1. Generation of g[j], p[j] and h[j] for 0  j   3 

 

(b) Part 2. Generation of k,L and C 

   

(c) Part 3. Generation of Sum Bits S3,S2, S1,S0 and Cout 

Fig. 21. Reversible Implementation of proposed Carry Look Ahead BCD Adder 
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7.2   Reversible Carry Look Ahead Adder 

The key consideration while designing reversible carry look-ahead adder is to 
generate Pi, Si and Gi' signals with the minimum number of reversible gates and 
garbage output. Thus, in order to generate Pi, Si and Gi' signals with the best possible 
case of 1 reversible gate and 1 garbage output (at least one garbage output will  
be required to make the function Pi, Si and Gi' reversible.  For  two cases (input 
combinations), we will get the same output which can be removed by addition of one 
garbage bit), we propose the design of a novel 4*4 reversible gate called RMF gate as 
shown in Fig.22.a. The RMF gate can realize Pi, Si and Gi' signal as shown in  
Fig. 22.b (termed as RMFA block). Thus, RMF is able to realize the Pi, Si and Gi' 
with the lower bound of 1 reversible gate and 1 garbage output.  

    

            (a)                                                  (b)                        

Fig. 22. (a) Proposed 4*4 Reversible Gate (b) RMF for Generating Pi,Si & Gi' 

 

Fig. 23. Reversible Carry Look-Ahead Adder 

Figure 23 shows the complete reversible design of the 4-bit carry look-ahead adder. 
In the complete reversible design of proposed CLA, appropriate reversible gates are 
used wherever required for generating the function with the minimum number of 
reversible gates and garbage output. The garbage output is not shown in Fig.23, but it 
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can be identified as the output which is not used in further computations. The fan-out 
problem is also not considered just to simplify the circuit, as it can be easily avoided by 
using the Feynman gate. TKS and Peres Gate (NTG) combination is used for 
generating the multi-input NAND functions. The 4th block (adding A3 & B3) in Fig.23 
consists of only the TSG gate, as only the reversible full adder block is required. The 
reversible nine's complementer is designed with the proposed reversible CLA, as 
shown in Fig.24, using NOT gates for complementing. 

 

Fig. 24. Reversible Nine's Complementer 

7.3   Reversible Carry Look-Ahead BCD Subtractor 

After designing the individual reversible components of the carry look-ahead BCD 
subtractor, the components are combined together to design the complete reversible 
carry look-ahead BCD subtractor, as shown in Fig.25. It is to be noted that we have 
used the same strategy of connecting the Feynman gates as chains for generating the 
XOR, copying and NOT functions, with zero garbage (Please refer  to Fig.8, in which 
four XOR and one NOT gate is required in the middle of the CLA BCD subtractor). 
Thus, the architecture is designed efficiently in terms of the number of reversible 
gates and garbage output. 

8   Reversible Design of Carry Skip BCD Subtractor  

The reversible logic design of carry skip BCD subtractor requires the reversible 
design of carry skip BCD adder. 
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Fig. 25. Proposed Reversible Carry Look-Ahead BCD Subtractor 

8.1   Reversible Carry Skip BCD Adder 

Figure 26 shows the block diagram of the reversible carry skip adder block 
constructed with TSG gate, Toffoli gate (TG), Fredkin gate (F) and New gate (NG). 
In this work, we have minimized the number of reversible gates and garbage output 
by adopting various strategies, and designed the reversible carry skip BCD adder 
with 12 reversible gates and 15 garbage output. The first strategy is to  introduce the 
6 input Toffoli gate in the middle of  Fig.26 to perform the operation P & Cin,  where 
P is block propagate signal (P=p[0]&p[1]&p[2]&p[3]) and Cin is the input carry. This 
will minimize the garbage to 5 (if three input Toffoli gates were used for performing 
P&Cin operation, the garbage count will be 8). Referring to Fig.26, we have 
efficiently regenerated the `Cin'  at the garbage output of the 1st full adder (TSG gate), 
which helps in avoiding the garbage as well as the fan-out problem (the garbage of 
this TSG gate is reduced to zero). Referring to Fig.9, the generation of Cout as 
P1+C4+So3 (So2+So1) is done using 4 input MTG gate, where So3(So2+So1) is 
generated using  two NG gates. MTG can implement 3 input OR function with bare 
minimum of 3 garbage output. Thus, the proposed reversible carry skip BCD adder 
only has 14 garbage output (that is, with only one more garbage output compared to  
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Fig. 26. Reversible Logic Implementation of the Carry Skip BCD Adder 

the efficient design of reversible conventional BCD adder proposed in this work). 
Furthermore, the proposed carry skip BCD adder will be faster due to its carry 
skipping property. 

8.2   Reversible Carry Skip BCD Subtractor 

Figure 27 shows the reversible implementation of the proposed carry skip BCD 
subtractor.  It is to be noted  that the proposed work is the maiden attempt to design a 
reversible carry skip BCD subtractor. In the proposed reversible implementation, the 
reversible nine's complementer can be chosen from the nine's complementer that we 
designed, as shown in the above sections.  The other component, the reversible carry 
skip BCD adder, is already shown in Fig.26. Another interesting component in Fig.27 
is the reversible implementation of the bottom 4-bit carry skip adder block, which we 
have designed with 6 reversible gates and 7 garbage output. Thus, the proposed 
reversible carry skip BCD subtractor is an efficient design in terms of the number of 
reversible gates and garbage output. It  led us to conclude that utilizing the garbage 
output for regenerating the constant input like `1' and `0' will significantly help in 
reducing  the garbage output. This can be considered as the indirect contribution of 
this paper to the reversible logic community.  

9   Experimental Results 

All the BCD adders and subtractors are coded in Verilog HDL for functional 
verification. The designs are synthesized in Xilinx VirtexE FPGA using Xilinx 9.1 for 
understanding the delay and area parameters [20]. FPGA synthesis results show that 
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Fig. 27. Reversible Logic Implementation of the Carry Skip BCD Adder 

the conventional BCD adder has a propagation delay of 12.441ns with a cell usage of 
12. The CLA BCD adder has a propagation delay of 11.619ns with a cell usage of 29. 
The carry skip (CAS) BCD adder has a cell usage of 21, with a propagation delay of 
7.209ns when there is a carry skip. Otherwise, the delay is nearly the same as that of 
the conventional BCD adder. The conventional modified BCD subtractor has a 
propagation delay of 16.029ns with a cell usage of 17. The CLA BCD subtractor has a 
propagation delay of 14.952ns with a cell usage of 37. The carry skip (CAS) BCD 
subtractor has a cell usage of 24 and propagation delay of 7.553ns when there is carry 
skipping; otherwise, the delay is the same as that of the conventional modified BCD 
subtractor. Tables 2 and 3 summarize the FPGA synthesis results for BCD adders and 
BCD subtractors, respectively. It can be observed that CLA BCD architectures are 
fastest compared to other designs, but consumes more area. Carry skip designs seem 
to be the attractive choice when there is an area constraint, and we require the 
propagation delay better than the conventional BCD subtractors  (the propagation 
delay will be the same as that of the conventional BCD subtractor except when there 
is carry skipping). 

The reversible logic implementation of the BCD adders and subtractors are only 
functionally verified due to lack of proper technology to implement the reversible 
gates. One of the existing ways of implementing the reversible gate is using  
r-MOS technology [21,22]. r-MOS circuits make use of more transistors compared  
to CMOS circuits for implementing a design, hence dissipating more power. Thus,  
r-MOS circuits show that it is conceptually possible to implement the reversible gate in 
MOS transistors. However, they do not guarantee less power consumption compared to 
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Table 2. Synthesis Results of BCD Adders 

 Conventional 

BCD  Adder 

CLA BCD 

Adder 

CAS BCD Adder 

Delay 12.641 ns 11.619ns 7.20ns*                    

* Carry Skipping 

Area (Cell Usage) 12 29 21 

Table 3. Synthesis Results of BCD Subtractors 

 Conventional 

BCD  Subtractor 

CLA BCD 

Subtractor 

CAS BCD Subtractor 

Delay 16.029 ns 14.952ns 7.553ns*                

* Carry skipping 

Area (Cell Usage) 17 37 24 

CMOS designs due to resistive contributions. To verify this, we have designed various 
reversible full adders using a combination of existing reversible gates in r-MOS, and 
compared their power dissipation with CMOS full adders using HSPICE tool [23] in 
0.35um TSMC technology.  SPICE simulations have proven that r-MOS reversible full 
adders consume more power than CMOS full adders due to the resistive requirement of 
MOS technology. Implementing reversible designs in r-MOS technology is equivalent 
to a functional verification, which can also be done in Verilog HDL. We have built a 
library of reversible gates in Verilog HDL and used it to code the proposed designs of 
reversible BCD adders and BCD subtractors. The functional verification is done using 
the Active HDL simulator [24], which checks the correctness of our proposed designs.  

10   Conclusions 

In this work, we have proposed novel carry look-ahead and carry skip BCD 
subtractors based on novel designs of carry look-ahead and carry skip BCD adders, 
respectively. The architectures are especially designed to make them suitable for 
reversible logic implementation. We have shown the reversible logic designs of the 
modified conventional BCD subtractor (also proposed in this work), as well as  
the proposed carry look-ahead and carry skip BCD architectures, efficient in terms of 
the number of reversible gates and garbage output. As far as existing literature and 
our knowledge are concerned, this work is the maiden attempt to design carry look-
ahead and carry skip BCD subtractors and provide their reversible logic 
implementation. All the designs are functionally verified using Verilog HDL and 
synthesized using Xilinx VirtexE FPGA. In a nutshell, this paper provides the initial 
direction toward building more complex systems which can execute more 
complicated operations using reversible BCD arithmetic units.  
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