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Abstract

This paper proposes an alternative way to identify nodes
with high betweenness centrality. It introduces a new metric,
k-path centrality, and a randomized algorithm for estimating
it, and shows empirically that nodes with high x-path cen-
trality have high node betweenness centrality. Experimen-
tal evaluations on diverse real and synthetic social networks
show improved accuracy in detecting high betweenness cen-
trality nodes and significantly reduced execution time when
compared to known randomized algorithms.

Categories and Subject Descriptors G.2.2 [Graph The-
ory]: Graph algorithms and network problems

General Terms theory, algorithms, measurement

Keywords betweenness centrality, social network analysis,
algorithms, experimental evaluation

1. Introduction

Social network analysis tools have been used in various
fields such as physics, biology, genomics, anthropology, eco-
nomics, organizational studies, psychology, and IT. The re-
cent phenomenal growth of online social networks exacer-
bates the need for such tools that are scalable for applica-
tions in military, government, and for commercial purposes,
to name only a few. Some of the relevant network metrics are
local, such as degree centrality, while others capture global
structural properties of the graph, such as the betweenness
centrality. This important global graph metric is a centrality
index that quantifies the importance of a node or an edge as
a function of the number of shortest paths that traverse it.
Node betweenness centrality is relevant to problems such
as identifying important nodes that control flows of infor-
mation between separate parts of the network and identify-
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ing causal links to influence other entities behavior, such as
genes in genomics or customers in marketing studies. Be-
tweenness centrality has been used to analyze various so-
cial or general networks [13, 18, 19], to identify influential
nodes surrounded by other influential nodes in social net-
works [14], and to measure network traffic in communica-
tion networks [21].

Node betweenness centrality, however, is computation-
ally expensive. The best known algorithm for computing ex-
act betweenness centrality of all vertices is Brandes’ algo-
rithm [5], which takes time O(nm) on unweighted graphs
and O(nm + n?logn) on weighted graphs. Some random-
ized algorithms for estimating betweenness centrality have
been proposed in the literature [3, 6, 12], but the accuracy
of these randomized algorithms decreases and the execu-
tion time increases considerably with the increase in the
network size. Variants of betweenness centrality, such as
flow betweenness [8] and random-walk betweenness [17],
take computation time at least of the order nm. Thus, exist-
ing approaches for determining node betweenness centrality,
which work well on small networks, are infeasible for net-
works with millions of nodes and edges.

We introduce a new approach for identifying highly in-
fluential nodes based on their betweenness centrality score,
according to the following observations. First, we observe
that the value of the betweenness centrality is irrelevant: it is
the relative “importance” of nodes (as measured by between-
ness centrality) that matters. Second, we observe that for the
vast majority of applications, it is sufficient to identify cate-
gories of nodes of similar importance: thus, identifying the
top 1% most important nodes is significantly more relevant
than precisely ordering the nodes based on their relative be-
tweenness centrality. Third, we observe that distant nodes in
(social) networks are unlikely to influence each other [10].
Finally, we use the observation that influence may not be re-
stricted to shortest paths [22]. Capturing these observations,
we introduce a new distance-based centrality index called
K-path centrality, present a randomized algorithm for esti-
mating it, and show empirically that nodes with high x-path
centrality have high betweenness centrality.



The contributions of this paper are:
— A new node centrality measure, x-path centrality, that is in-
tuitively more appropriate for very large social networks be-
cause it limits graph exploration to a useful neighborhood of
# social hops around each node. The supporting intuition is
twofold: first, in social networks, distant nodes are unlikely
to influence each other, and thus the (long) shortest path
that connects them is irrelevant in practice. Second, shortest
paths are not always the choice for information transmission,
as information may travel on less optimal paths.
— A randomized algorithm that estimates the x-path central-
ity index for all nodes in a network of size n, up to an addi-
tive error of at most n'/2+® with probability at least 1 —1/n>
in time O(k3n?~2%logn), where o € [—1/2,1/2] controls
the tradeoff between accuracy and computation time.
— An empirical demonstration on a set of real and synthetic
social networks that nodes with high k-path centrality have
high betweenness centrality.
— An experimental demonstration that the running time of
our randomized algorithm for estimating x-path centrality
is orders of magnitude lower than the runtime of the best
known algorithms for computing exact or approximate be-
tweenness centrality, while maintaining higher accuracy, es-
pecially in very large networks.

2. Node Betweenness Centrality

Node betweenness centrality is a global centrality index that
quantifies how much a vertex controls the information flow
between all pairs of vertices in a graph. In this section, we
review the formal definition of node betweenness central-
ity and briefly overview algorithms used in the experimen-
tal evaluation, that compute exact and approximate between-
ness of all vertices in a graph.

2.1 Definition and Notations

Let G = (V,E) be any (directed or undirected) graph,
described by the set of vertices V' and the set of edges
E. The number of vertices (edges) in GG is denoted by n
(respectively, m). Let W be a non-negative weight function
on the edges of (G, assuming without loss of generality that
each edge e of G has W(e) = 1 if G is unweighted. We
define the length of any path p in G as the sum of weights of
edges in p. A shortest path from s to ¢ is a path of minimum
length; its length is denoted by d (s, t). Let Ps(t) denote the
set of predecessors of t on shortest paths from s to t. Let 0
denote the number of shortest paths from s to t and, for any
v € V, let 05 (v) denote the number of shortest paths from
s to t that go through v. Note that dg(s,s) = 0, 055 = 1,
and o5 (v) = 0if v € {s,t} or if v does not lie on any
shortest path from s to t. The betweenness centrality index
of a vertex v is the summation over all pairs of end vertices
of the fractional count of shortest paths going through v.

DEFINITION 2.1. (Betweenness Centrality [2, 9]) For ev-
eryvertexv € V of a weighted graph G(V, E), the between-

ness centrality Cp(v) of v is defined by
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2.2 Brandes’ Algorithm

Brandes’ algorithm [5] for computing betweenness central-
ity defines the notion of the dependency score of any source
vertex s on another vertex v as 0s (V) = >, , U;—(Z’) No-
tice that the betweenness centrality Cp(v) of any vertex v
can be expressed in terms of dependency scores as follows:
Cp(v) = > 44, 0s«(v). The following recurrence relation

on d4. (v) is significant to Brandes’ algorithm:

S T+ G (w).
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The algorithm takes as input a graph G = (V, E) and an
array W of edge weights and outputs the betweenness cen-
trality Cp[v] of every v € V. The running time of Brandes’
algorithm on weighted graphs is O(nm + n?logn) if the
min-priority queue ) is implemented by a Fibonacci heap.
Using BFS instead of Dijkstra’s algorithm when the input
graph is unweighted, the running time reduces to O(nm).

2.3 RA-Brandes Algorithm

Adapting the technique of Eppstein and Wang [7] for esti-
mating the closeness centrality, Jacob et al. [12] and, inde-
pendently, Brandes and Pich [6] proposed a randomized ap-
proximation algorithm for estimating the betweenness cen-
trality of all vertices in any given graph. This algorithm,
which we refer to as Randomized-Approximate Brandes or
in short RA-Brandes, is different from Brandes’ algorithm
in only one main respect: Brandes’ considers dependency
scores J,(+) of all n start vertices s, whereas RA-Brandes
considers these scores of only a multiset S of ©((logn)/€?)
vertices. The multiset S is selected by choosing vertices uni-
formly at random with replacement. The estimated between-
ness centrality Cp[v] of any vertex v is then defined as the
scaled average of these scores: Cpp[v] = 187 Y scs Osx (V).

The running time of RA-Brandes on unweighted graphs
is O( 1052” (m+n)), and on weighted graphs is O( 106%" (m+
nlogn)). The algorithm guarantees computing, for each
vertex v, an approximation Cp[v] that is within Cp[v] &
en(n — 1) with high probability 1 — 1/n%1),

2.4 AS-Brandes Algorithm

Bader et al. [3] proposed a randomized algorithm for esti-
mating the betweenness centrality of all vertices in any given
graph. Their algorithm is based on the adaptive sampling
technique of Lipton and Naughton [16] used in an algorithm
for estimating the size of the transitive closure of a directed
graph. The adaptive sampling technique requires selecting
a multiset of start vertices by sampling vertices adaptively
in the sense that the number of vertices chosen varies with



the information gained from each sample. Because of its
similarity to Brandes’ algorithm and application of adaptive
sampling technique, we refer to this algorithm as Adaptive-
Sampling Brandes or in short AS-Brandes.

AS-Brandes considers dependency scores of only a mul-
tiset S of at most 7 start vertices. It estimates betweenness
centrality of any vertex v by noting how fast the sum of de-
pendency scores for v reach a threshold cn, where ¢ > 2
is supplied to the algorithm. To this end, for each vertex v,
the algorithm maintains a running sum R.S[v] of dependency
scores d,(v) for start vertices s and it records in a variable
k[v], the number of start vertices used for v until RS[v] be-
comes greater than cn; k[v] is set to 7" if RS[v] never ex-
ceeds cn. The estimated betweenness centrality Cs [v] of any
vertex v is then defined as the scaled average of these scores
over k[v] samples: Cs [v] =n- R]ﬂ?] .

Since AS-Brandes considers only 7 start vertices while
Brandes’ considers n, AS-Brandes should be roughly Q(n/T)
times faster than Brandes’. It guarantees that, for 0 < € <
0.5, if the betweenness centrality Cp[v] of a vertex v is at
least n2 /t for some constant ¢ > 1, then with probability at
least 1 — 2, its estimated betweenness centrality Cp[v] is
within (1 £ 1/e€) - Cp[v] with et samples of start vertices.

3. K-Path Centrality

As introduced in [17], the random-walk betweenness cen-
trality is based on the traversal of the network with absorb-
ing random walks. Assume the traversal of a message (e.g.,
news or rumor) originating from some source s over a net-
work and intending to finally reach some destination ¢ in the
network along a path, and assume that each node in the net-
work has only its own local view (i.e., has information only
of its outgoing neighbors). Thus, when the message is at a
current node v, the node v forwards the message based on
its local view to one of its outgoing neighbors chosen uni-
formly at random. The message continues to travel in this
manner until it reaches the destination node ¢, and then stops.

The notion of x-path centrality is based on a similar
assumption regarding the random traversal of a message
from a source s. However, we make two further assumptions
in order to reduce the computation time without deviating
much from the above random walk model. First, we consider
message traversals along simple paths only, i.e., paths in
which vertices do not repeat. As non-simple paths do not
correspond to the intuitive notion of ideal message traversals
in a social network, their consideration in the computation of
centrality indices is a noisy factor. To discount non-simple
paths, we assume that each intermediate node v on a partially
traversed path forwards the message to a neighbor chosen
randomly, with probability inversely proportional to edge
weights, from the current set of unvisited neighbors; the
message traversal is assumed to stop if all the outgoing
neighbors of the current node v already appear in the path up
to v. Although choosing a random neighbor in this manner

at each step requires the premise that the message carries the
history of the path traversed so far, this premise is needed
to express the average contribution of any simple path in
the overall information flow and to efficiently simulate such
random simple paths. Second, we assume that the message
traversals are only along paths of at most x links (edges),
where x is a parameter dependent on the network. It has
been found in many studies on social networks that message
traversals typically take paths containing few links [10], and
so this seems to be a reasonable assumption in the context
of social networks. Based on these assumptions, we define
k-path centrality:

DEFINITION 3.1. (k-Path Centrality) For every vertex v
of a graph G = (V,E), the k-path centrality Cy(v) of
v is defined as the sum, over all possible source nodes s,
of the probability that a message originating from s goes
through v, assuming that the message traversals are only
along random simple paths of at most k edges.

3.1 Estimating K-Path Centrality

We present a randomized approximation algorithm for es-
timating the r-path centrality of all vertices in any graph.
The algorithm takes as input a graph G = (V, E), a non-
negative weight function W on the edges of GG, and param-
eters o« € [—1/2,1/2] and integer x = f(m,n), and runs
in time O(xk*n?~2%Inn). For each vertex v, it outputs an
estimate of C,(v) up to an additive error of +n'/2T* with
probability at least 1 — 1/n?. We refer to this algorithm as
Randomized-Approximate rpath or in short RA-rkpath.
Input: Graph G = (V, E), Array W of edge weights, « € [—1/2,1/2],
and integer kK
Output: Array CA,.E of k-path centrality estimates
begin
foreach v € V do
count[v] « 0; Explored[v] < false;
end
/* S is a stack and n = |V| */

T — 2620 "2%1lnn; S — 0;
for i+ 1 to T do

/* simulate a message traversal from s containing ¢ edges */

s < a vertex chosen uniformly at random from V';
{ — an integer chosen uniformly at random from [1,k];
Explored[s] < true; push s to S;j « 1;
while (j < £ and 3J(s,u) € E s.t. !Explored[u]) do
v «— a vertex chosen randomly from {u | (s,u) € E
and !Explored[u]} with probability
proportional to 1/W(s,v);
Explored[v] « true; push v to S;
count[v] «— count[v] + 1;
s—wv;j—Jg+1;
end
/* reinitialize Explored[v] to false */
while S is nonempty do
pop v < S; Explored[v] « false;

end
end
foreach v € V do

Culv] — mn - cou;t[u] ;
end

return Cy;
end

The algorithm performs T = 2x2n'~2%lnn iterations (the
expression for 7' comes from the analysis of the algorithm).



In each iteration, a start vertex s € V and a walk length
¢ € [1,k] are chosen uniformly at random, and then a
random walk consisting of £ edges from s is performed that
essentially simulates a message traversal from s in G using
the assumption made in Definition 3.1. The number of times
any vertex v is visited over all the random walks is recorded
in a variable count[v]. The estimated -path centrality Cy [v]
of any vertex v is then defined as the scaled average of the
times v is visited over T walks: C,;[v] = Kn - Co%t[v]

THEOREM 3.2. The algorithm RA-kpath runs in time

O( ﬁ3n2’2o‘log n), and outputs, for each vertex v, an esti-
mate C,.[v] of C.[v] up to an additive error of £n'/2+< with
probability 1 — 1/n?.

The proof, omitted here due to space constraint, can be found
in the full version of this paper [1].

4. Experimental Evaluation

In order to assess the performance of RA-xpath, we com-
pare its accuracy and running time with that of Brandes’,
RA-Brandes and AS-Brandes. We performed experiments
on both real and synthetic social networks. The real networks
were selected from various online sources to cover a wide
range of application domains and scales, and are presented
in Table 1. In order to test the performance of RA-kpath
on social graphs that maintain consistent social properties
with increase in their size, we created a set of synthetic net-
works using a synthetic social network generator based on
the model in [20]. We used this generator to produce net-
works with 1K, 10K, 50K and 100K nodes. All experi-
ments were done on a cluster with identical nodes with two
AMD Opteron processors at 2.2 GHz and 4GB RAM.

4.1 Performance Metrics

For evaluating the accuracy of x-path centrality in estimat-
ing the relative importance of a node as per the between-
ness centrality index, we choose two accuracy metrics. The
first metric, called RA-kpath correlation, is the correlation
between the approximate x-path centrality values computed
by RA-kpath and the exact betweenness centrality values
computed by Brandes’ algorithm. We apply the same ap-
proach to measure the accuracy of the two approximation
algorithms, RA-Brandes and AS-Brandes, in estimating the
node betweenness centrality. We refer to these metrics as
RA-Brandes and AS-Brandes correlation, respectively.

The second accuracy metric captures the ability to iden-
tify the top N% high centrality betweenness nodes. We mea-
sure the percentage of the overlap between the top N%
nodes as returned by a particular approximation algorithm
(out of RA-kpath, RA-Brandes, and AS-Brandes) and the
top N% nodes as identified by Brandes’. We refer to this
metric as top N% RA-kpath, top N% RA-Brandes, and top
N% AS-Brandes, respectively.
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Figure 1. RA-xpath correlation and RA-xpath speedup in a real
social network and a synthetic social network.

For evaluating the run time performance, we determine
the ratio of the execution time of each of the three approx-
imation algorithms over our implementation of Brandes’.
We refer to this metric as RA-xpath speedup, RA-Brandes
speedup, and AS-Brandes speedup, respectively.

4.2 Comparison with Brandes’ Algorithm

We compute the correlation and speedup of RA-xpath with
respect to Brandes’ for the real and synthetic social networks
for k varying from 2 to 20 in increments of 2 and « varying
from 0 to 0.5 in increments of 0.1. Due to space limitation,
we present the speedup and correlation results of one real
and one synthetic social network in Figure 1.

We found that, as « decreases, the correlation of RA-xpath
increases and its speedup decreases (both with respect to
Brandes’). The maximum correlation achieved is in the
range of 0.70 to 0.95 and the maximum speedup achieved
is in the range of 102 to 10%, depending on the values of c,
K, and the network size. A general observation from these
results is that we can achieve a near optimal performance
of RA-kpath in both correlation and speedup performance
metrics when, for a network of n vertices and m edges, « is
set to 0.2 and & is set to In(n + m). We use these values of
« and k in the following experiments that compare the per-
formance of RA-kpath with RA-Brandes and AS-Brandes.

4.3 Comparison with RA- and AS-Brandes

Figures 2(a) and 2(b) show the correlation and speedup re-
sults of RA-xpath, RA-Brandes, and AS-Brandes with re-
spect to Brandes’ on real networks. These results were ob-
tained for ¢ = 0.5 for RA-Brandes, and s = 20 and ¢ = 5 for
AS-Brandes. This choice of parameters for AS-Brandes has
also been used in [3]. The results demonstrate the superiority



Real Number of | Number of | Directed/ Weighted/ Source | Network

Networks Vertices Edges Undirected | Unweighted Type

Kazaa 2,424 13,354 Undirected | Weighted [11] File sharing

SciMet 2,729 10,416 Undirected | Unweighted | [4] Citation
CA-CondMat 23,133 186,936 Undirected | Unweighted | [15] Co-authorship
Cit-HepPh 34,546 421,578 Directed Unweighted | [15] Citation

Email-Enron 36,692 367,662 Undirected | Unweighted | [15] Email communication
Soc-Epinionsl 75,879 508,837 Directed Unweighted | [15] Social
Soc-Slashdot0922 | 82,168 948,464 Directed Unweighted | [15] Social

Table 1. Summary information of the real networks used in this study.

Network / nodes RA-K | RA-B | AS-B | RA-K | RA-B | AS-B | RA-K | RA-B | AS-B
1% 1% 1% 5% 5% 5% 10% 10% 10%
Kazaa/2.4K 79.2 58.3 58.3 72.7 64.5 66.9 72.3 79.3 79.8
SciMet / 2.7K 85.2 48.1 44.4 779 66.2 64.0 76.5 70.2 69.1
CA-CondMat / 23.1K 74.5 48.1 48.9 76.6 73.2 724 76.9 81.8 81.8
Cit-HepPh / 34.5K 71.3 539 47.8 66.1 61.2 61.4 66.3 68.9 69.7
Email-Enron / 36.7K 75.1 79.0 76.8 63.8 88.5 89.1 65.6 92.7 92.7

Soc-Epinions1 / 75.9K 80.6 70.2 71.0

75.0 90.2 90.0 72.7 94.8 95.0

Soc-Slashdot0922 / 82.2K | 85.9 67.4 67.7

85.2 88.8 88.3 78.4 92.1 92.0

synthetic / 1K 83.0 70.0 65.0 82.4 70.6 69.6 77.3 70.1 69.7
synthetic / 10K 88.3 58.0 584 824 67.8 67.8 78.7 78.5 78.5
synthetic / 50K 86.6 61.6 60.8 81.7 76.5 77.0 77.5 83.5 83.8
synthetic / 100K 87.5 61.0 60.4 81.4 79.7 79.8 77.1 84.4 84.6

Table 2. Percentage overlap of the top N% nodes as computed by the three algorithms with respect to the exact betweenness centrality
values. The speedups of the three algorithms were first matched to set the parameter values and then the algorithms with the parameter values
set were ran for their percentage overlap of the top N% nodes. The values in bold denote the highest in the respective (N-value) category.

of RA-kpath over the other algorithms in both performance
metrics for most of the real networks examined.

However, we believe that the choice of parameter val-
ues € = 0.5 and s = 20 is not suitable for the sizes of
the networks we examined: For example, in [3] where these
values for parameters s and c are used in AS-Brandes, the
largest networks evaluated have < 10K nodes and < 50K
edges. For this reason, we decided to match the speedups
of the three algorithms in order to infer less biased param-
eter values for AS-Brandes and RA-Brandes. We thus per-
formed several experiments with various values of e (for RA-
Brandes) and s (for AS-Brandes), and settled on the follow-
ing heuristic that helped us to closely match the speedups of
the three algorithms with respect to Brandes’ algorithm:

— € =2 x ((RA-rpath speedup) x In(n)/n)'/? and

— s =2 x (RA-kpath speedup)

Intuition for this choice of e: RA-Brandes considers depen-
dency scores of ©((Inn)/e?) start vertices while Brandes’
considers these scores of n start vertices, and so RA-Brandes
speedup can be estimated to ©(ne?/Inn); setting this esti-
mate to RA-kpath speedup yields the above expression for
€. The intuition for the choice of s has similar reasoning.

Figures 2(c) and 2(d) show that the correlations of RA-xpath,
RA-Brandes, and AS-Brandes vary widely when their speedups

are matched. In many cases RA-xpath outperforms the
other two algorithms by a factor of 0.1 to 0.6, depending
on the network. This degradation of correlation in the case
of RA-Brandes and AS-Brandes is expected as these algo-
rithms contain an inherent trade-off between speedup and
accuracy. For the synthetic social networks, the values pre-
sented are averaged over ten executions on ten independently
generated networks for each size.

Table 2 shows top N% RA-kpath (RA-K), top N% RA-
Brandes (RA-B), and top N% AS-Brandes (AS-B), for the
real and synthetic social networks and for N = 1, 5, and 10.
These results are obtained after the algorithms were matched
in speedup as mentioned earlier. Overall, RA-xpath outper-
forms the other two algorithms by a factor of 20% to 30%,
in identifying the top 1% most important nodes in all the
sizes and types of networks. There is a decrease in the perfor-
mance of RA-xpath when we consider the top 5% and top
10%. This performance deterioration for large /N could be
due to the arbitrary ordering of low k-path centrality nodes
arising from closeness in their values.

5. Summary

In this paper, we introduced a new graph centrality index
called x-path centrality and presented a randomized algo-
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Figure 2. (a,b) Unmatched speedup and respective correlation of
RA-kpath, RA-Brandes, and AS-Brandes using default parameters
(¢ =02,k = In(n+m), e = 0.5,s = 20, and ¢ = 5). (¢)
Matched speedup of the three algorithms to set parameter values,
(d) respective correlation using the set values.

rithm RA-xpath for estimating its value for all vertices.
Our experimental evaluation demonstrates that this central-
ity metric can be used to scalably estimate the relative im-
portance of nodes as per the betweenness centrality index:
the correlation between the two centrality indices reaches
from 0.70 to 0.95 for all network sizes for a speedup gain
of up to 6 orders of magnitude for networks with more than
10, 000 nodes. Our experiments show that RA-xpath is very
effective in identifying the top 1% or the top 5% nodes
in the exact betweenness score, outperforming previously
known approximate betweenness centrality algorithms AS-
Brandes and RA-Brandes. The near optimal performance
of RA-kpath in both correlation and speedup performance
metrics can be achieved when its parameters are set to o =
0.2 and k = In(n + m), where n and m are the number of
nodes and the number of edges in the network, respectively.

Through our experiments, we have shown that k-path
centrality can be used as an alternative to node between-
ness centrality since (a) x-path centrality closely models the
spread of information in a network and allows to quantify
the influence of any node in the network and (b) the speedup
performance of RA-xpath for estimating x-path centrality
surpasses those achieved by existing methods of computing
exact or approximate betweenness centrality values.
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